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1 Introduction
In this paper, we are concerned with the existence and approximation of solutions for the
fourth-order nonlinear boundary value problem

A1) = f(t,x(t)), tel,
x'(0) = A, x'(1) =B, (1.1)
x///(o) =C, x///(l) =D,

where I =[0,1], f:I x R — R is continuous, and A,B,C,D € R.
The quasilinearization method is one of important tools to deal with nonlinear bound-
ary value problems, see [1-5] and the references therein. In [6], Khan studied the second

order nonlinear Neumann problem

—x"(t) =f(t,x(2)), tel,
X (0)= A4, x(1) =B,

(1.2)

wheref : I x R — R is continuous and A4, B € R. By using the quasilinearization technique,
the author obtained the existence and approximation of solutions of (1.2) in the presence
of a lower solution « and an upper solution $ in the reverse order « > B. For the case that
a lower solution « is not greater than an upper solution 8, we also refer the reader to the
papers [7-10].

There are a few papers which studied fourth-order boundary value problems with the
help of the quasilinearization technique, see [11-14]. In [13], Ma, Zhang, and Fu discussed
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a fourth-order boundary value problem

xW(t) = g(t,x(8),4"(1)), tel,
x(0) = x(1) = 27(0) = #”(1) = 0,

(1.3)

where g: I x R x R — R is continuous. They showed the existence of solutions between
a lower solution « and an upper solution 8 without any growth restriction on g by means
of the monotonicity method. Li [14] obtained the existence and uniqueness result for (1.3)
by the method of lower and upper solutions in the presence of a lower solution « and an
upper solution 8 with a < 8.

Inspired by [6, 14], in this paper, we study the existence of solution for (1.1) in the pres-
ence of a lower solution o and an upper solution § in the reverse order a > 8.

The paper is organized as follows. In Sect. 2, we establish a comparison principle related
to problem (1.1). In Sect. 3, the concept of a lower and upper solution of (1.1) is introduced
and the method of a lower and upper solution is mentioned. In Sect. 4, using the approach
of quasilinearization, we obtain the existence result of (extreme) solution for (1.1), and we
also discuss the quadratic convergence of the approximate sequence.

2 Comparison principle
Consider the linear problems

—x"(t) + Mx(t) =0 (t), tel,
x'(0) = a, xX(1)=b

(2.1)

and

@) - 22x() = h(p), tel,
x'(0) = A, x'(1) = B, (2.2)
x"(0) = C, x"'(1) =D,

where M, A,a,b,A,B,C,D e R,o,he C(I).
From [6], if M # —n?m?, (2.1) has a unique solution of the form

1
x(t) = Pf‘;{b)(t) + / Gy (t,s)o(s)ds, (2.3)

0

where

P, () = mg(@cosA(l 1) —bcosrr),  M=-3%3>0,
(a,b)\*/ —

1 _ 42
mnhk(bcosh)»t—ucosh)\(l—t)), M=221>0,

1 cosA(l—s)cosAt, 0<t<s<l,

ifM=-22<0, Gult,s)=——:
Asini cosA(l—£f)cosrs, 0<s<it<l,

1 coshA(l —s)coshAt, 0<t<s<l1,

ifM=22>0, Gult,s)=—
AsinhA | cosha(1—¢)coshis, 0<s<t<1.
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Lemma 2.1 ([6]) (i) Let—”T2 <M<0.Ifa<0<bando(t)>0,thenx(t) <0 foralltel.
Ifb<0<aando(t) <0, thenx(t) >0 foralltel.

(i) Lee M>0.Ifa<0<band o(t) >0, thenx(t) >0 forallt 1. If b <0 < a and
o(t) <0, thenx(t) <0 foralltel.

Lemma 2.2 Let 0 < A < 7. Then (2.2) has a unique solution %(t). Moreover, %(t) > 0 for all
telifB<O0<A C+MA<0<D+A\Bandh(t) <0;%(t)<O0foralltelifA<0<B,
D+A*B<0<C+A%A, h(t) > 0.

Proof Letting y(t) = —x"(t) — \2x(t), we get

—y"(t) + A2y(8) = h(8), tel,

2.4
¥'(0) = —C — A%4, y'(1)=-D-A’B 24
and
J! 2 _
=x"(t) - 1x(2) =y(t), tel, (2.5)
x'(0) = A, x'(1) =B.
Hence

, 1
x(t) = P(jf,B)(t) + /0 G_,2(t,8)y(s)ds

is a solution of (2.2), where

1
O =P s oo @)+ /0 Gy2(t,(s) ds.

Clearly, the solution of (2.2) is unique since the solution of (2.4) or (2.5) is unique.

If C+ 124 <0 <D+ A2%B and k(t) <0, using (ii) of Lemma 2.1, we get that y(t) < 0.
Together with B < 0 < A, we obtain that X(¢) > 0 by (i) of Lemma 2.1. Similarly, () < 0 if
A<0<B,D+A2B<0<C+A%A, h(t) > 0. This completes the proof. O

3 Lower and upper solutions
Definition 3.1 Function « € C*(J) is called a lower solution of (1.1) if

a®() <ft,a(t), tel,
a’(0) = A, o'(1) =B,
«"(0)<C,  o”(1)>D.

An upper solution 8 € C*(I) of (1.1) is defined similarly by reversing the inequalities.

Theorem 3.1 Let 0 < A < 7. Suppose that a and B are respectively lower and upper so-
lutions of (1.1) such that a(t) > B(t), t € L. If f(t,x) — A*x is nonincreasing in x, then there
exists a solution x € C*(I) of (1.1) such that

Bt) <x(t) <a(t), tel.
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Proof Define p(a(t),x, 8(t)) = min{a(t), max{x, 8(¢)}}. Then p(a(t),x, B(¢)) is continuous
and satisfies B(t) < p(a(t),x, B(t)) < () for all x € R, ¢ € 1. Consider the boundary value
problem

(@) - %) = v (6 x0), tel,
x'(0)=A, x'(1) =B, (3.1)
x///(o) =C, x///(l) =D,

where ¥ (t,x) = f(¢t, p(a(t),x, B(t))) — A*p(a(t),x, B(t)). Problem (3.1) is equivalent to the
integral equation

x = Tx,

1
(Tx)(®) = Py (0) + /0 G)Lz(t,‘r){PE\_ZC_)LZA_D_AZB)(T)

1
+/ sz(r,s)w(s,x(s))ds}dr.
0

. — 2 2
Since a, B, ¥, Pty P

(C-22A,-D-22B)’ G_,2 and G2 are continuous, there exist constants

c1,C,¢c3 > 0 such that

[W(tw)| <, telxeR,
32 2
Pan )] < e |P()‘—C—A2A,—D—)\ZB)(t)’ =&, tel
’G_Az(t,s)| <cs, !sz(t,s)| <c¢3, Lsel
Let |lu|| = max;e; |u(2)| and 2 = { € C(I) : ||u|| < ca + c3(ca + c3¢1)}. It is easy to show that
T :Q — Q is continuous and compact. Hence, T has a fixed point x € Q2 by the Schauder
fixed point theorem. Moreover, x € C*(I) is a solution of (3.1).
Let v(¢) = a(t)—x(t), t € I. Then v/(0) = 0 = v/(1) and v"/(0) + A2V (0) < 0 < v (1) + A2V/(1).
Since f(t,x) — A*x is nonincreasing in x and p(a(t),x, B(t)) < a(¢), t € I, we can see that
v () — A4(8)
= (W (t) - 1*a(®) - (x (@) - 1*x(2))
< (f(La®) - 2*a(®) - (f (& p(a@),x(), B(1)) - X*p(a(e),x(), B(1)))

S O;
which implies «(£) > x(t), ¢ € I. Similarly, x(¢) > 8(¢), t € I. Hence,

xB(8) = 2%x(8) = £ (t, p(a(6), x(0), B®))) - X*p(e(t), x(2), B(®))
=f(t,x(t)) - A*x(t), tel,

that is, x is a solution of (1.1). This completes the proof. d
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Theorem 3.2 Assume that o and B are respectively lower and upper solutions of problem
(L.1). Iff : I x R — R is continuous and for some 0 <A < 7,

fLa®) - A*al) <f(tB1) - 1*B(®),
then a(t) > B(t), tel.

Proof Let m(t) = a(t) — B(t), t € I. Then m(t) € C*(I), m'(0) = 0 = w/(1), m"”(0) <0 <
m'"(1), and m"'(0) + A%m’'(0) < 0 < m"”'(1) + A2m/(1). Using the definition of lower and
upper solutions, we have
m(0) = 24m(0) = (@9(0) - 2'a(e)) - (69(0) - 1B (0)
< (f(t,a®) - A *a(®) - (f(t, B®) - 1*B(2))
<0,

which implies that m(t) > 0, ¢ € I by Lemma 2.2. This completes the proof. 0

4 Main results
To prove the main theorem, we need the following assumptions:
(H1) The functions o, 8 € C*(I) are respectively lower and upper solutions of (1.1), and
a(t) > B(t), tel.
(Ha)f € CHIxR,R)and 0 < f(t, %) < (%)%, fux(t,%) < Ofor (¢, %) € I x [min B(¢), max a(¢t)].
(Hs3) There exists a constant k € (0, 7] such that

St x1) —f(,x) < k*(x1 —x2)
for B(t) <xp, <x1 <a(t), tel.

Theorem 4.1 Let (H,) and (H,) hold. Then there exists a monotone sequence {w,} con-

verging uniformly and quadratically to a solution of (1.1).

Proof Taylor’s theorem and condition (H,) imply that

Sex(£:€)
2!

fx) =fty) + Lt y)x - y) + (=) <f(t,9) +f(t, ) ~),

for (£,x), (t,y) € I x [min B(£), max «(t)], where ¢ € (min{x, y}, max{x, y}). Define
Ft,xy) =fty) +Lty)x-y), xyeRtel,

then F(¢,x,) is continuous and satisfies the relations

ft,x) <F(t,xy),  f(t,x)=F(t,xx%)

for (¢,x),(t,y) € I x [min B(t), max «(£)].
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Let A > 0 and A* = max{f,(¢,%) : (t,x) € I x [minB(f),maxa(t)]}. Then 0 < A < 7. Put
pe[B,al={xeC*I): B(t) <x(t) < a(t),t € I} and consider the problem

() = Hy(t, %) := M2 + F(t, plo, x,0), ) = A*pla, %, 0), tel
(4.1)

x(0)=A, %' (1) =B, x"(0)=C, x"(1) =D.

Clearly,

a®(t) <f(t,a) < F(t,a,¢) = A*a + F(t, p(a, @, ), ) — Ap(a, @, @),

(0)=4, D=8 a"(0)=<C,  a"(1)=D,

BY{) > f(t,B) = f(t, ) + M1 (B — @) = F(t, 0, 0) + A*B — Ao
= AB(t) + F(t, pla, B, @), ) — A*p(at, B, ¢),
B'(0)=A4, p'(1) =B, B"(0) = C, B (1) <D,

that is, « and B are respectively lower and upper solutions of (4.1).

On the other hand, the function

H,(8,%) = 2% = f(t,0) = fe(t, ) + (fet, ) = A*)p(e, %, )

is nonincreasing in x. From Theorem 3.1, (4.1) has a solution w; € [B,«]. Moreover, w; is

an upper solution of (4.1), which implies that

x(4)(t) = le (t, x)r
(4.2)

x(0)=A, x'(1) =B, x"(0)=C, x"(1)=D

has a solution w; € [w1, @]. Repeating the process, we obtain a sequence {w,} satisfying

BE) Swi1(t) < - S wu(t) <al?),
wf) =H,, ,(t,w,) = F(t,w,, w,_1),

w,(0) =4, w,(1) =B, w,'(0)=C, w,'(1) =D,
and {w,} is uniformly convergent. Let lim,,_,  w,(f) = x. Since F is continuous, we have

lim F(¢, w,, 0, 1) = F(t,x,x) = f(¢, %),

n—00

which implies that x is a solution of problem (1.1).

To show that the convergence of the sequence {w,} is quadratic, we begin by writing
e,(t) = x(t) — w,(¢), t € I, n € N*, where x is a solution of (1.1). It is clear that e, > 0 on I
and €,(0) = €,(1) = €/ (0) = €//(1) = 0. Let p* = min{f,(¢,x) : (t,x) € I x [min B(¢), max «(£)]}.
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ThenO<p < % In view of Taylor’s theorem, we obtain

6514) = x(4) - wf’f) :f(t, x) - F(t’ Wy, wn—l)

S8, €)
2!

- [f(t: a)n—l) +fx(t7 wn—l)(a)n - wn—l)]

zﬁc(t!wn—l) fxxztg) 3, 1

f;cx(t £)

:f(t; ®p-1) +]§c(t’ Wp-1)(X — wy_1) + (x - (1),,_1)2

2
lenall”s tel,

> pe

where w,_1(2) < £(¢) < x(£), t € I. Let y(t) be the unique solution of the boundary value
problem

y@ - pty =Dy 12 pe,
V(0)=0’ )/(1)=0,
y///(o) — O’ y///(l) — 0.

Similar to (3.1), y satisfies

1 1
y(t)=f0 G_pzu,r){[o G, =D ds} dr < Sllens I

where

1 1 1
8= 3 max{ f G_pz(t,t)/ G 2(1,8)fex(s,x) ds dr
0 0

((tx) el x [minﬂ,maxa]}.

Setting K,,(£) = e, () — y(2), ¢ € I, we get K/(0) = K/,(1) = K!”(1) = K/"(0) = 0 and K.\ —
0*K, > 0 on I. By Lemma 2.2, we easily obtain e,(¢) < y(¢), t € I. Thus |le,|| < §|le,_1]|
and we conclude that the convergence of the sequence {w,} is quadratic. This completes
the proof. O

Remark 4.1 In (H,), if the assumption f,,(t,x) < 0 is replaced by f,(¢,x) > 0 for (¢,x) €
I x [min B(t), max ()], and we let the other assumptions in Theorem 4.1 hold, then

f(trx) = F(t»x»y)> f(trx) = F(t,x,x)

for x,y € [min B(¢), max«(t)], ¢ € I. One can obtain a monotonically nonincreasing se-
quence {w,} of solutions of (4.1) with

Bl) =w,() <+ Zoi(t) =alt), tel,
which converges uniformly and quadratically to a solution of (1.1).

Theorem 4.2 Let (H;) and (Hs) hold. Then there exist monotone sequences {c,}, { B,} with
o =, Bo = B such that im,_, o0 o, (£) = u(2), limy,—, o0 B (t) = r(t) uniformly on I, and r, u

Page 7 of 10
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are the minimal and maximal solutions of (1.1), respectively, such that
Bo<Br<P=< - Bu<r<xu=zo,<---<ay=<a;=<a
on I, where x is a solution of (1.1) such that B(t) <x(t) <w(t),tel.

Proof For any ¢ € [B,a], we consider the equation

AW (8) - k*x(t) =f(t, (1) — k*(8), tel,
£0)=4, (1) =B, (4.3)
£"(0)=C,  ¥"(1)=D.

From (H3), we have

a® — Ko <f(t,a) - K*a <f(t,¢) —k*¢, tel,
a'(0) = A, a'(1) =B, a”(0)<C, a”(1) = D,

BY —k*B = f(t,B)-k*B=f(t,¢)-k*'¢, tel,
B'(0) =4, g1)=8,  B"(0)=C, B"(1) < D.

Hence, o, B are respectively lower and upper solution of (4.3). By Lemma 2.2 and Theo-
rem 3.1, (4.3) has a unique solution x € [8, «]. We can define an operator Q by x = Q¢ and
Q is an operator from [B,«] to [B,«]. Thus Qu <«, 8 < QB.

Now, we prove that Q is nondecreasing in [8,«]. Let 8 < u; < uy <a and n = Quq —
Quz. Then, by (H3), we have

n® — k*n =f(t 1) = K*pa —f (& p2) + ko > 0,

n'(0) =n'(1) = n"(0) =" (1) = 0.
By Lemma 2.2, n(¢) < 0, which implies Qu1 < Qpus.
Define the sequences {o,,}, {8,} with «p = «, By = B such that a1 = Quyy, 8,11 = QB;, for
n=0,1,2,... From the fact that Qo < «, 8 < Qf and the monotonicity of Q, we have
Bo<Br<Pr=- =B <--Smx<o1 <0
on [ and
_k2 1 k2
w(6) = P (0) + / Gt D PP os o ()
0
1
+ / sz(r,s)[f(s, a,,_l(s)) - k4an_1(s)] ds} dr,
0
k2 ! 2
ﬁn(t) = P(A,B)(t) + C';'—k2 (t’ t) Pf—C—sz,—D—sz)(T)
0

1
+/0 sz(t,s)[f(s,,Bn_l(s)) —k4,3n_1(s)] ds} dr.
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Therefore lim,_, o &, (£) = u(t), lim,_, o By(¢) = r(¢) uniformly on I. Clearly, u, r are solu-
tions of (1.1).

Finally, we prove that if x € [, «] is a solution of (1.1), then r <x < u on /. To this end,
we assume that, without loss of generality, 8,(¢) < x(¢) < «,(¢) for some n. We also know
that 8,41 < x < 41 on I from the monotonicity of Q. Since fy < x < oy on I, we can
conclude that

Ba(t) <x(t) <a,(t), tel, foralln.

Passing to the limit as # — 0o, we obtain that r < x < u. This completes the proof. O
Example 4.1 Consider the following problem:

D) = f (&, x(0) := 35(20) - J 5L +x(0), t€], @4

x'(0)=4/(1) =x"(0) =x"(1) =0

Let @ = +/2 and g = % It is easy to check that «, B are respectively lower and upper
solutions of (4.4). Moreover, for

2
1 /t+1 73 1 /t+1 B
fe(t,u) = 30< 3 +u) , fux(tou) = E + E( 3 +u) ,

win

we can easily check that 0 < f,.(¢,u) < (%)4 and fo (¢, u) > 0 for (¢,u) € I x [%, V2]. By Re-
mark 4.1, there exists a monotonically nonincreasing sequence {w,} which converges uni-
formly and quadratically to a solution of (4.4).

Example 4.2 Consider the following problem:

@ (2) = f(t,%(t)) := c(4 + x*(¢))[14* - arctan
x(0)=«'(1)=1, x"(0)=x"(1) =0,

1
e €D @5)

where ¢ > 0 is sufficiently small.
Leta(t) =A+tand B(t) = t— c(t t ,t€l,here A > ./(tan0.25)"1. Wehavea'(0) = a’(1) =
1’ a///(o) — a///(l) — 0,

1+t 1 1 1
_ 2 2 _ @)
fta)=c(d+a )(—4 —arctanA2 +c) >c(d+a )(Z_L —arctanAz) >0=a?(),

which means that « is a lower solution of (4.5).
Moreover, '(0) = /(1) = 1, B”(0) = 5 >0, B”'(1) = -5 < 0, and

1+¢ 1
t,B)=cl4d+ 2 _arctan —————
e =clae )| 5 o527 + i
There exist a constant ¢* > 0 such that arctan % > 7 if ¢ € (0,¢*). For such c € (0, c*),

ftB) < 4C<% - %) =c2-m)<—c=pW@),

hence B is an upper solution of (4.5) and (H;) is satisfied.
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On the other hand, for V(¢, ) € I x [min 8(¢), max «(£)], we have

[flt,u)| < %\/E(Az +4A +7).

Hence (Hj3) is satisfied for ¢ > 0 sufficiently small. By Theorem 4.2, (4.5) has the maximal
and minimal solutions on [, «].
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