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1 Introduction
Time-fractional partial differential equations are well known to describe modeling of
anomalously slow transport processes. These models are often expressed in the form of
fractional diffusion or subdiffusion equations which have many applications in various
kinds of research areas, e.g., thermal diffusion in fractal domains [1] and protein dynam-
ics [2], we can refer for more details to [3—6]. By replacing many differential operators of
fractional order with different type of PDEs of integer order, we formulate various types
of boundary value problems with fractional order. Let us refer to many papers [7—24] and
the references therein.

Let T be a positive number. Let  be a bounded and smooth enough domain in RY. In
our paper, we study the fractional diffusion equation with integral boundary conditions in
the time variable on [0, T'] as follows:

i ulx, t) = Aulx,t) + F(x,t), (x,t) € 2 x(0,T),
M(t,x)=0, xe€dQte(0,T), (1.1)
au(x, T) + beT ult,x)dt =f(x), x€€,

where 92 is a boundary of Q and a? + b? > 0, a > 0, b > 0. Here, F is the source function,
f is the given input data which is defined later, and A is a linear, unbounded, self-adjoint,
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and positive definite operator. The second equation in (1.1) is called the Neumann bound-
ary condition. Our problem is to identify the function u(-, ) for 0 < ¢ < T. Now, we explain
the reason of the third equation which appears in our problem (1.1). As we know, most of
some models on PDEs use an initial condition. However, in practice, some other models
have to use nonlocal conditions, for example, including integrals over time intervals. Non-
local conditions express and explain some full details about natural events because they
consider additional information in the initial conditions. There are few papers on bound-
ary conditions connecting the solution at different times, for instance, at initial time and at
terminal time. The review of nonlocal initial conditions or nonlocal final conditions comes
from real-life processes. For example, when the initial temperature or the final tempera-
ture for heat equation is not given immediately, but there is information regarding the
temperature over a given period of time that can be described by a nonlocal initial con-
dition. PDEs with nonlocal conditions were considered in many works, for example, see
[25] for reaction-diffusion equations and [26-35] for some other PDEs. As we said before,
there are not any results for considering our model (1.1) with the nonlocal final condition

and the integral condition

T
au(x, T) + bf u(x, t) dt = f(x). (1.2)
0

The nonlocal integral condition (1.2) is motivated by the paper of Dokuchaev [36] where
he investigated the well-posedness of Problem (1.1) in the integer order of derivative = 1.
For more clarity, we can refer to some related works on our above models.

e Ifa=1,b=0,Problem (1.1) is called backward in time problem and is well known to
be ill-posed in the sense of Hadamard. Some papers [9, 37] gave the ill-posedness and
regularization results.

« Ifa=0,b=1,and a = 1, Problem (1.1) and some similar models have been recently
considered by Dokuchaev [36, 38], Volodymyr et al. [39], and Pulkina et al. [40] (see
also the references therein).

It is obvious that our model in this paper is more complex than many previous models. In
this paper, we consider the model with the nonlocal final and integral conditions for time
fractional PDE. The main technique here is to use Fourier series in order to deal with the
explicit solution for our problem. Now, we explain in more detail our studies that are the
new and strong points of this article.

Two main results are described in this paper as follows:

« Our paper may be the first study on the existence and regularity of the solution of
model (1.1) on Sobolev spaces.

+ Our new second result is to give a regularization result when the noisy data f* € L1(2)
for g > 1. For case of L%, we can use Parseval’s equality directly to obtain stability
estimates. However, Parseval’s equality is impossible to apply for the L? case with
p 72, which leads to the fact that some techniques here are more complex than the L2
estimate. Our new techniques in this section are based on applying some Sobolev
embedding. Based on the ideas of [7], we develop some similar techniques to deal with

the L” case. Let us emphasize that a regularized problem is not considered in [36].
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This paper is organized as follows. In Sect. 2, we introduce some preliminaries and a mild
solution. The main result in this section is to show the well-posedness of the mild solution.

In Sect. 3, we show the ill-posedness and give a regularized solution.

2 Well-posedness and regularity
2.1 Preliminaries
Definition 2.1 (see [3]) The Mittag-Leffler function E, g(-) is

& k
z
anﬁ(z) = kE=O F(T_'.IB), o > O,ﬁ € R,Z € (C (21)

Lemma 2.1 (see [41]) Let 0 < B < 1. There exist two constants My > 0, M, > 0 such that,

foranyz >0,
M M
L <Egi(-2) < —. (2.2)
l+z l1+z

Lemma 2.2 (see [41]) LetO<a <1 and A >0. Then
(1) Bp(Eq(=At%)) = —At*LE, o (=AL%) for t > 0;
(i) 0;(t% 1 Eyq(=At%)) = t*2E, 4 1 (=At%) for t > 0.
Next, let us recall that A, see [3]. We have the following equality:
Apr(x) = -Aipr(x), x€Q; $r=0, x€dQkeN, (2.3)
where {A¢}72, satisfies that

O<A <A< =M=-, (2.4)

and limy_, o, Ax = 00. For any g > 0, we also define the space

DI(Q) = {u e LX(Q): Y 1w 0| < +oo}, (2.5)

k=1

then DY(Q2) is a Hilbert space endowed with the norm

1

lullpace) = (Zkiq|(%¢k)|2) . (2.6)
k-1

Lemma 2.3 The following inclusions hold true:

d-4o0’

D)~ IP(Q), if0<o<$p=< .

(2.7)

LP(Q) = D(A%), if-2<o<0,p> 24 }
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2.2 The mild solution of our problem
Theorem 2.1 Let 0 < 8 < min(1, ﬁ) ands>pB+1,a>0and

G € L>(0, T; D(A*F)) N L*(0, T; D(A*F)).
Then Problem (1.1) has a unique mild solution u € L?(0, T; D(A®)) such that

l2£]l 2 (0, 13D A%)) 5 ”f“D(AS) + ||G||L°0(0,T;D(Asfﬁ))
+ 1G 220,150 45-8-1y) + 1 Gl o0, 7322 ()

1
Jorl<p<_.

Proof Assume that Problem (1.1) has a unique solution « which is given by

[ee]

e, t) = Y (ul-, ), i ).

k=1

From the results in Yamamoto [42], we know that
(- £), i (%)) = a1 (—2at®)((-, 0), i (%))

+ /t(t — 1) Eyq (—)»,,(t - t)“)Gk(t)dr.
0

The nonlocal condition au(x, T) + b fOT u(x, t) dt = f (x) gives that

oo

@ Ea (=hiT%) (1, 0), i) (x)

k=1

00 T
+a Z(/O (T = 1) Ego(=An(T - f)“)Gk(f)dr)¢k(x)
k=1

/0 (ZEM —hat®)u(-,0), ¢k(x)>¢k(x)> dt

/ (Z / ) Ega(- (t_f)“)Gk(wdr)m(x))df

= (), () pi ().

This implies that
T
<aEa,1(—,\kT“) +b / Ea,l(—/\kt“)dt)(u(.,o),@(x))
+a</ (T =) Ego(=An(T = 7)* )Gk(t)dt)

+b/ / (t-1)% IEM (t—t)")Gk(r)dr dt:(f(x),¢k(x)).

(2.9)

(2.10)

(2.11)

(2.12)

Page 4 of 14
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Therefore, we get that

(@), 1) —a i) (T = 1)* Eg o (~1(T = 1)*)Gi(7) de
Ao (<3 T%) + b [ Eqr(—Axt®) dt

(M(', 0)7 ¢/<(x)> =

bfo fo(t )% LE, o (-2 (t—r)"‘)Gk(t)drdt

(2.13)
aEq 1 (=M T*) + bfo w1 (—Axt®) dt
This together with (2.9) implies that
= Eo 1 (=01t*){f (%), (%))
u(x,t) = Z LK (fT i or(x)
o1 A1 (=M T) + b [ Eq1(=Agt®)dt
Hi(xt)
ia w1 (=) [ (T = 0)*  Eg o (~2(T r)“)Gk(r)dr¢ @
K
-1 ﬂEal( )\kTa)+bf0 Otl )\kta)dt
Holw,t)
i BEu1(~2it®) [y fot = 1) Eqa(~2(t — 1)) Gr(r) dr dt )
- k
py A1 (=3 T%) + b [ Eqr(~Ait®) dt
Hi (o)
Y
P> / (£ = T)* " Eqo (— (£ = 7)%) Gi(7) dr e (). (2.14)
k=170
Ha(x,t)
First, we need to show that
Cl T 62
— <aEq(-MT%) +b/ Eo(—t®)de < —. (2.15)
v 0 Ak

Indeed, from Lemma 2.1, we have the following estimate:

T T T 1-a
dt D dt  D,T
/ Eq1(—Mit®) dt ssz —— < —2/ — =2 (2.16)
0 o LT+xt* ™ A Jo ¥ (I—a)hg

Due to the inequality

D, D,

Eur(-1T") < L1 0 T% = 3T

we find the following bound:

(2.17)

T —
o o ﬂDQ sz C2
ﬂEa,l(_)‘-kT ) + ]9‘/0 Ea,l(_)‘-kt )dt < )\,kT‘)‘ + AkTa = )\'—k.
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Due to the fact that 1 + A% < Ak(ﬁ +1%), we also get

T Y T ds D, (T dt
Eur(-hat®) dt = D, Dt A
0 0 1+ )\,nta )\.[( 0 N +t*

D, (T 4t D, T
>

= 1 RV :
)"Vl 0 H‘I'Ta )L/(H'FTD[

Hence, we find that

o
sy [ ey
0

Step 1. Estimate ||H1(-,t)||p(as)- By using Paseval’s equality and recalling that

D,
1+ Agt®

Eo(=Mit®) < Dor't™,

we obtain

> Ean (—2t*) (f (%), () >
H Y 2 sy = )"28|: s i|
[0l = 208 T G

oo A 2
<> DR (G_kl) (F@), e ().
k=1

Hence, there exists D3 = D5(C;)™! such that

”Hl(': t) HD(.AS) S D3t_a ”f”D(AS)‘

Step 2. Estimate ||Hz (-, £)||pas)- First, we see that, forany 0< < 1,

o D2 -p -
Ea,oz(_)\k(T_T) ) = m EDZA]( (T— 'C) ﬁ.

This implies that
T T
/ (T = )" Ego(=2n(T = 7)*) Gi(r) d < Dz}\,:ﬂ / (T - 7)* 1P Gi(r) dr.
0 0

Thanks to inequality (2.20) we know that

2o

) i AZs[afsa,l(—xktw) Jo (T = ) Ey o (~24(T - 1)) Gi(r) dt T
K AE1 (=M T®) + b [ Ewy(—hxt) dt

oo SN2/ T 2
<a? Zking)»;zt_za (E_k> (/0 (T = 7)*  Ego (~Mi(T - r)“)Gk(r)dt)

k=1 1

o] T 2
<D™y W ( / (T - 1) P Gy(z) dt) :
0

k=1

(2.18)

(2.19)

(2.20)

(2.21)

(2.22)

(2.23)

(2.24)

(2.25)

Page 6 of 14
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Using Holder’s inequality, we obtain

T 2
(/ (T—r)“‘l"‘/ij(r)dt>
0
T T
T-7)fd )( T-1)|Gy 2d>
s(fo( P gy /0( r)e 18| Gy ()| e

oa—af T
- aT_ i (/0 (T - 7)1 | Gy ()| dr). (2.26)

Combining (2.25) and (2.26), we find that

Td Ot
[H26 D By < — ” ‘”(/ (T —7)*'" “ﬂZﬁS | Gi(o)| dr)

Di Taiaﬂ -2 a-1-ap 2
- mt /(; (T -1) [ G(t)||D(As_ﬂ)dt
DAZL T* b —2u 2 g a—1-af
= —ap L Gl iy /0 (T-1) dr). (2.27)

The latter estimate leads to

DT _
|H2(2) HD(AS) =< mt “NGIl oo 0,3p(45-5)- (2.28)

Step 3. Estimate || H3(-, )| pas). By using inequality (2.20), we obtain that

2
[ M3 002
_ ixis[a]s“’l(_m“) S St =0 Eq (it - 7)) Gi(x) dt]z
k=1 Ao (=2 T%) + bfoTEa,l(—Kkt"‘)dt

00 T pt 2
<a ) AEDC™ ( /0 /0 (t = 7)* " Equ (i (t = 7)) Gi(r) dT dt) . (229

k=1

Next, by applying Hélder’s inequality and (2.23) and noting that 0 < 8 < min(1, 5-), we find
that

) E, (—kk(t - t)“)Gk(r) dr dt‘

T pt
§D2)L,:ﬁ/ / (t - 1) P Gr(t) dr dt
o Jo

T, pt 12, ot 1/2
§D2A,:ﬁ/ (/ (t—r)‘hﬁdt) (/ G/%(‘L')d‘t) dt

T1-208 172
<D2A T2 / Gk(t)dt> dt

T1-20p 1/2
< DZTA 1208 (/ (‘L’)dl’) . (2.30)

Page 7 of 14
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By two above observations, we deduce that

0 T
2 _ -
[0 = D2 305 ( [ Gtoya
k=1 0
SDgt_za”G”iZ(O’T;D(As—ﬁ—l))' (2.31)
Hence, we get immediately that

|H3C.0) pasy = Dst ™ 1G 120, 73p0as8-1)- (2.32)

Step 4. Estimate ||Ha(-, £)||p(as). From inequality (2.23), we know that

/t(t - 1) E,, (—)»,,(t - t)"‘)Gk(r) dr < Dzk,:ﬁ /t(t - 7)1 G (1) dx. (2.33)
0 0

Hence, by applying Holder’s inequality, we get the following bound:
oo

t 2
|10, 0[5 4 = Z[ /0 (=~ 1) E (it - r)a)kadr}

k=1

00 ‘ )
< D% Z)‘/?ﬁ |:/ (t - t)alaﬂGk(f)dr}

k=1 0
< D% ;A;zﬁ |:/0 (t — -L-)Ol—l—olﬁ dT:| |:‘/0 (t _ t)a—l—aﬁ‘Gk(T)’2dTi|

D2 To- aff X -
oz —ap -28

= Tah (/ (t-1) Zx |Gi(o)] dt)

<D? rer G|? 2.34

=47 a— Ol,B ” ”LOO(O,T;D(A—/S))' ( . )

Therefore, we obtain
Ta—utﬂ

|Ha0) HD(AS) <D, (a “ap > Gl oo (0,750(4-8Y)- (2.35)

Combining four steps as above, we deduce that

4
4G pasy = DI D sy
j=1

D, T

Dst™ sy + —————t |G|l ;0 (0, 75D ( 45
= L3 |[f||D(A) a—ap Gl (0,T;D(As-P))

o—of

B T
+Dst™ 1Gllz2(0,7;p(as-6-1)) + D2 <0{

- aﬁ) Gl oo o, 502(2))- (2.36)
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Let us choose 1 < p < é The latter estimate leads to

T 1/p
lullromoias = ( /0 o O df)

T 1/p
< Ds||fllpas) (/ tapdt>
0

D4Toz—a,3 T 1/p
+—|G . s— P dt
o — a,B || ||L°°(0,T,D(A BY) </0

T 1/p
+ D5 || G”LZ(O‘T;D(AS—ﬂ—l)) (/ P dt)
0

T T 1/p
+D, (a — aﬁ) Gl oo, 7:22(2) </O dt) . (2.37)

Noting that the proper integral fOT t~*? dt is convergent, we deduce that

l2¢]l 2 (0, T;D(A%)) S ”f”D(AS) + ||G||LOO(0,T;D(Asfﬁ))

+ |Gl 20, 7:p(a5-8-1)) + | Gll oo (0, T502(02))- (2.38)

3 Identification of the initial value in the case G=0
In this section, we consider the problem of recovering the initial data #(0, ) in the case
G=0.

3.1 Theill-posedness
Theorem 3.1 The solution of Problem (1.1) is instability with respect to the L> norm in the
caset =0.

Proof Let ug(x) = u(x,0). Let us consider the following operator M : L2(Q) — L*(RQ):

oo

T
Mus(x) = Z[aEa,1(—kk T) +b /0 Eq1(—Akt®) dt}(uo(x),qﬁk(x))qﬁk(x)

k=1

= /Qp(x,v)uo(v) dv, (3.1)

where we denote

oo

T
plx,v) = Z[aEall(—)\kT“) + h/(; Ea,l(—)»kt“) dt:|¢k(x)¢k(v). (3.2)

k=1

It is obvious that p(x, v) = p(v,x), we see that M is a self-adjoint operator. We will show

that it is a compact operator. Consider the finite rank operator as follows:

K

T
Miuio(x) = Z[ﬂEa,l(_}\kTa) +b /0 Eo 1 (—Ait%) dt] (140, Pi) P (). (3.3)

k=1

Page 9 of 14
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It is obvious that M is a finite rank operator. It follows from (3.1) and (3.3) that

Mxcuo — MMOH%z(Q)

e} T
Y [aga,l(_x,(w) b /0 Ea,l(—)»kt")dti|(u0(x),¢k(x))2
k=K+1
o0 - 2 o0
SITP Y @@ = T2 3 o, et
j=K+1 k K j=K+1

where we note that

T C»
aEq1 (M T) + b/ Eq1(—Mt*)de < —.
0 Ak

Hence, we obtain that

)
Mguo — Mugll;2q) < E~”M0”L2(§2)

(3.5)

This leads to My — M||;2iq) — 0 in the sense of operator norm in L(L*(2); L*()) as
K — oco. Moreover, M is a compact operator. From (3.1), we get an operator equation as

follows:

Mug(x) = f (x),

(3.6)

and by Kirsch [43] we conclude that the problem is ill-posed. Next, we continue to give

¢1 (x)

NE

an example for ill-posedness. Taking the input final data f/(x) =
with respect to /7 is

o]

' Eo 1 (=i t*) {f7(%), (%))
(%) =
o®) kZ; AEq1 (2 T9) + b foTEa,l(—xkta)dt¢k(x)

_ ¢i(x) .
VM AEa 1 (<3 T%) + b [ i (—Axt®) dt)

It is obvious that

An error in the L? norm of the initial data is as follows:

H ¢j(x)
SM@E a1 (=3 T%) + b [} Eqi(~2;2%) dt)

5
’”] ”LZ(Q 6—2]

12(Q)

It is easy to see that

lim ||14’||L2 >11 \é;:

]—) +00

Combining (3.8) and (3.10), we conclude that the solution is instability.

Then the initial data

(3.7)

(3.9)

(3.10)

Page 10 of 14
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3.2 Regularization and L? error estimate

In this subsection, we construct a regularized solution and investigate the error between
the regularized solution and the exact solution. Let us assume that f; is noisy data and
satisfies that

Ifs —fllza) <68 (3.11)

for any g > 1.

Theorem 3.2 Let s be as in (3.11). Let uq be the function which belongs to D(A°) for any

o > 0. Let us give a regularized solution as follows:

=M T -1
upx) =y [aEa,l(-ka“) +b / Eor (—2xt%) dt:| (F°, dr) (). (3.12)
k=1 0
Let us choose
1-p
1)\ m—h+1
M5_<§> , O<u<l,
where
d -2)d d
% hzmin(0, 2, g<m? (3.13)
4 4q 4
Then we get the following estimate:
|6 = to]| 20 < Cigb" + 8571 gl pac). (3.14)
0 L@ () ~ q ( )

Proof Since the Sobolev embedding L7(2) < D(A"), we find that there exists a positive

constant C:= Cp,

Hfs _fHD(Ah) = Ch:qua _f”Lq(sz) = Ch,q(g' (3.15)

For m > 0, we consider the term ||u — ug || p4). Using the triangle inequality, we obtain
240~ 0 paomy = N1t = 7o | pamy + 780 = 20| gy (3.16)

where

A=Ms

T
W= 3 [aEa,l(—ka‘*)w /0 Ea,l(—kkt"‘)dt}

k=1

1
(fs i) b (x).
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In the following, we first consider the term || — ﬁg | p(am for any 0 < m < %. Indeed, we
get

g — 725 ||123(Am)
Ag=<Ms

T -2
= Z )\lz(m |:dEa,1 (—)\,k Ta) + b/ Eot,l (—)\,kta) dt:| <f6 —f; ¢k>2
0

k=1
=M

T -2
< Yoo [aEa,l(—kkT“) +b / Ea,l(—kkt"‘)dt] WP —fe). (3.17)
k=1 0
From the fact that

. _
aEq 1 (—0T) +b / Eo1(—At%) dt > 9,
0 Ak

we get that

”ug _ﬁ()”;(Am) < (M(S)zm-zmz |Lf5 _f”é(_Ah) < Ciq52(M8)2m—2h+2. (3.18)

Next, we continue to get the following estimate:

I )M T )
||Eg—u0||12)( =2 [aEa,l(—AkT"‘)+b /0 Eo,,l(—xkt“)dt} (f, i)
k=1
A )M A )M
= Y (o) = Y AN (o, )’
k=1 k=1
Ak)Ms
< (M) D A3 (o, i) < (M) ™ [l 4o - (3.19)
k=1

From the Sobolev embedding D(A™) — =7 (2) and combining (3.18) and (3.19), we
get that

= o] 2 = Clath = 0]l my = 1186 =80 sy + 80 = 0 |

< Cigd (M) + (Ms) ™ lluo | pac)- (3.20)
The proof of Theorem 3.2 is completed. O

4 Conclusions

In this paper, we focus on the fractional diffusion equation with nonlocal integral condi-
tion. By using the mild solution in a Fourier series form and the Mittag-Leffler function,
we show two results as follows. First of all, we show the properties of the well-posedness
and regularity of the mild solution to this problem. Next, we present that our problem is
ill-posed (in the sense of Hadamard). In addition, we construct a regularized solution and
present the convergence rate between the regularized and exact solutions by the Fourier
truncation method.
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