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Abstract

In this study, we investigate the global exponential stability of Clifford-valued neural
network (NN) models with impulsive effects and time-varying delays. By taking
impulsive effects into consideration, we firstly establish a Clifford-valued NN model
with time-varying delays. The considered model encompasses real-valued,
complex-valued, and quaternion-valued NNs as special cases. In order to avoid the
issue of non-commutativity of the multiplication of Clifford numbers, we divide the
original n-dimensional Clifford-valued model into 2”n-dimensional real-valued
models. Then we adopt the Lyapunov-Krasovskii functional and linear matrix
inequality techniques to formulate new sufficient conditions pertaining to the global
exponential stability of the considered NN model. Through numerical simulation, we
show the applicability of the results, along with the associated analysis and discussion.

Keywords: Clifford-valued neural network; Exponential stability;
Lyapunov—-Krasovskii functional; Impulsive effects

1 Introduction
Dynamic analysis of neural network (NN) models has gained tremendous research inter-
est in recent decades, since NN models play a significant role in various applications. In
particular, the stability theory of NN models has been extensively studied to solve many
problems related to science and engineering, including associative memory, image and
signal processing, optimization, pattern recognition and others [1-8]. On the other hand,
complex signals exist in most NN applications in the real world. As such, multidimen-
sional problems such as color night vision, radar imaging, polarized signal classification,
3D wind forecasting can be solved more favorably by implementing complex-valued and
quaternion-valued NN models [9-26]. To date, several important results regarding vari-
ous dynamics of complex-valued and quaternion-valued NN models have been published,
some of them stability analysis [13, 14, 2022, 26], synchronization analysis [11], stabiliz-
ability and instabilizability [12], controllability and observability [23], optimization [24, 25]
and so on.

Clifford algebra offers a powerful framework for solving geometrical problems. This
discipline has shown useful results in various science and engineering areas, including
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control and robotic related problems [27-31]. Clifford-valued NN models stand as a gen-
eralization of real-valued, complex-valued, and quaternion-valued NNs. In this respect,
Clifford-valued NN models are superior to real-valued, complex-valued, and quaternion-
valued NNs for undertaking spatial geometric transformation and high-dimensional data
problems [29-32]. Theoretical and applied studies of Clifford-valued NN models have
recently become a new topic of research. However, the dynamical properties of Clifford-
valued NN models are typically more complex than those of real-valued and complex-
valued NN models. As such, studies on Clifford-valued NN dynamics are still limited due
to those utilizing the principle of non-commutativity of the product of Clifford numbers
[33-42].

In [33], the authors derived the global exponential stability criteria for delayed Clifford-
valued recurrent NN models in terms of linear matrix inequalities (LMIs). Pertaining to
Clifford-valued NN models with time delays, their global asymptotic stability issues were
examined in [34] by decomposing the n-dimensional Clifford-valued NN model into 2" -
dimensional real-valued models. Leveraging on a direct method, the existence and global
exponential stability of almost periodic solutions were derived for Clifford-valued neutral
high-order Hopfield NN models with leakage delays in [37]. In addition, the use of Banach
fixed point theorem and Lyapunov—Krasovskii functional (LKF) technique for addressing
the global asymptotic almost periodic synchronization issues for Clifford-valued cellular
NN models was conducted in [38]. A study of the weighted pseudo almost automorphic
solutions pertaining to neutral type fuzzy cellular NN models with mixed delays and D
operator in Clifford algebra was presented in [40]. In [42], the authors investigated the
existence of anti-periodic solutions corresponding to a class of Clifford-valued inertial
Cohen-Grossberg NN models by constructing suitable LKFs.

Due to the limited speed of signal propagation, time delays (either constant or time-
varying) are often encountered in NN models operating in real-world applications [3, 5—
8]. Time delays are the main source of various dynamics such as chaos, divergence, poor
functionality and instability [11-13, 36, 39, 41]. Hence it is necessary to analyze the NN dy-
namics that incorporate either constant or time-varying delays. In this respect, NN mod-
els with various time delays have been extensively studied, and many significant results
have been obtained [3, 5, 11-13, 33—46]. On the other hand, due to noise, change in fre-
quency, or switching phenomenon, the impulsive effects occur in real-world systems [47].
The resulting dynamical behaviors of the systems are more complex than those of classical
dynamical systems [47, 48]. Generally, impulses can affect the dynamic behaviors of net-
works. As such, many papers dealing with dynamical systems with impulsive effects have
appeared in recent years [43-50].

To the best of our knowledge, there are hardly any papers that deal with the issue of
global exponential stability of Clifford-valued NNs with time-varying delays and impul-
sive effects. Indeed, this interesting subject remains an open challenge. Motivated by the
above facts, our research focuses on to derive the sufficient conditions of global expo-
nential stability of Clifford-valued NNs with impulsive effects. In order to achieve our
main results, the #-dimensional Clifford-valued NN model is firstly decomposed into 2" n-
dimensional real-valued NN models. This avoids the issues related to the principle of non-
commutativity of multiplication with respect to Clifford numbers. Based on the LKF and
LMI techniques and some mathematical concepts, we derive new sufficient conditions for
ascertaining the exponential stability of the considered Clifford-valued NN model. The
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conditions obtained in this study are expressed in LMIs, and the associated feasible solu-
tions are verified by using the MATLAB software. The obtained results are validated with
a numerical simulation.

The main contributions of our study are as follows: (1) we for the first time analyze
the global exponential stability of Clifford-valued NN models with time-varying delays
as well as impulsive effects; (2) in comparison with other results, the results of our study
is new and more general even when the considered Clifford-valued NN model has been
decomposed into real-, complex-, and quaternion-valued NN models; (3) our proposed
method can be easily employed for other dynamic behaviors with respect to different types
of Clifford-valued NN models.

The organization of this article is as follows. The proposed Clifford-valued NN model
is formally defined in Sect. 2. We then explain the new stability criterion and present the
numerical example and the associated simulation results in Sects. 3 and 4, respectively.

A summary of the findings is given in Sect. 5.

2 Mathematical Fundamentals and Problem Formulation

2.1 Notations

Let R” and A” denote the n-dim real vector space and n-dim real Clifford vector space,
respectively. R and A”*” denote the set of all # x # real matrices and the set of all n x n
real Clifford matrices, respectively. A is defined as the Clifford algebra with m generators
over the real number R. Superscripts T and *, respectively, indicate matrix transposition
and matrix involution transposition. A matrix PP > 0 (< 0) denotes a positive (negative)
definite matrix. We define the norm of R” as ||p|| = Y-, |p;|. Besides that, B = (b;)uxn €
R™", denote [IB]| = max;<i<, (Y-, |byl}, while p = 3", p'es € A denote [lplls = X, [P
and for B = (b;),x, € A™", denote || B4 = maxlsif,,{z;il |bjla}. For ¢ € C([-7,0],A"),
we introduce the norm [|¢|l; < sup_, ;o ll@(£+5)]. Ap(P) and A,,,(P), respectively, denote

the maximum and minimum eigenvalues of matrix P.

2.2 Clifford Algebra
The Clifford real algebra over R™ is defined as

A:{ Z aAeA,aAGR},
AC{

1,2,....m}

where eq = ey ey, ...ep, With A ={hy,hy,..., 0}, 1 <hy <hy<---<h, <m.
Moreover ej = ey =1 and e, = ey, 1 =1,2,...,m are denoted as the Clifford generators,

and they fulfill the following relationship:

eej+ee =0, i#)ij=12,...,m,
e=-1, i=12,...,m,

i
2 _
e; = 1.

For the sake of simplicity, when an element is the product of multiple Clifford generators,

its subscripts are incorporated together, e.g. esesese; = euse7.
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Let A ={04,1,2,...,A,...,12...m}, and we have
A= {ZaAeA,aA GR},
A

where Y, denotes Y, _, and A is isomorphic to R>".
For any Clifford number p = Y, pe4, the involution of p is defined by

ﬁ=ZPAéA,

olA](0[A]+1)
2

where ey = (-1) eq, and

0, ifA=9,
v, ifA=hhy.. h,.

olA] =

From the definition, we can directly deduce that eqe4 = e4e4 = 1. For a Clifford-valued
functionp =Y, pies : R — A, where p® : R — R, A € A, and its derivative is represented

dp(®) _ ap' ()
by a S 2A - a@ A
. — o[A](o[A]+1) . - — .
Since egey = (1) 2 epes, We can write egey = ec or egey = —ec, where ec is
a basis of Clifford algebra A. As an example, ej;4,€n03 = —€h iy Chohy = —€hy €y Chyhy =

—ey, (—1)en; = e, en; = en ;. Therefore, it is possible to identify a unique corresponding
basis ec for a given ege,. Define

- 0, if eBéA =€c,
A

1, if eBéA = —€c,

and then epé, = (=1)°BAlec.
Moreover, for any & € A, there is a unique % that satisfies 454 = (-1)°B414C for
epéa = (—1)71B4

lec. Therefore
gBAeBéA — gB.A(_l)O’[B.A]eC — (—l)U[B'A]gc(—l)a[B'A]QC _ gCeC

and ¥ =) -9 ec € A.

2.3 Problem Definition
Consider a Clifford-valued NN model with time-varying delays, as follows:

pit) = —dipi(t) + 31, aygi(p(0)) + 311, bigipi(t = T(8) + wi,  £>0,
pi(s) =@i(s), se[-1,0],i=1,2,...,n,

(1)

where i,j = 1,2,...,n, and n corresponds to the number of neurons; p;(£) € A represents
the state vector of the ith unit; d; € R* indicates the rate with which the ith unit resets
its potential to the resting state in isolation when it is disconnected from the network and
external inputs; ;;, b;; € A indicate the strengths of connection weights without and with
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time-varying delays between cells i and j, respectively; u; € A is an external input of the
ith unit; gi(-) : A” — A" is the activation functions of signal transmission; t(t) € R* is the
transmission delay at time ¢. Furthermore, ¢; € C([-7,0], A”) is the initial condition for
the considered NN model (1).

The impulsive Clifford-valued NN model with time-varying delays can be described as
follows:

pit) = —dipi(t) + 3, aygi(pi()) + 311, bugipi(t =T (0)) +wi,  £20, £ 71y,
Api(te) = i) — pi(t) = e pi(8;)),  t=tr, keN, (2)
pi(S) = ‘Pi(s), se [_7:7 0]:

where Ap;i(ty) = pi(t]) — pi(t;) is the jump in state variable p;. In addition, the impulsive
moment & (k € N) fulfills 0 < ¢; <, <---t < -+, which is a strictly increasing sequence
such that limy_, .o & = +00; p;(t;) and p;(#;) are the right and left limits of p;(), respec-
tively, while Iy € C[R”,R"] denotes the incremental change of the state at time &, while
1;(0) =0 for all k € N.

For the convenience of discussion, we rewrite (2) in the vector form

p(t) ==Dp(t) + Agp(®)) + Bglp(t - t(t)) +u, t>0, t £,
Ap(ty) = p(Ef) — p(t;) = Li(p(t;)), t=t, keN, 3)
p(s)=¢(s), sel[-t,0],

where p(t) = (p1(£), pa(t),...,p, ()T € A% D = diag{d,,ds,...,d,) € R" with d; > 0,
i=12,...,n and A= (aij)nxn e AP B = (bij)nxn €A™y = (ul,uz,...,u,,)T € A%

gp®) = (@ (E1(0), &2(p2(0)), ..., gu L)) € A”; g(p(t — (1)) = (@1 (p1 (£ - T(2))), &2 (P2 (¢ -
®))), ..., guput =t (@))T € A" and T = (I, Lok, - . ., )T € C[R", R].

(H1) Function g(-) fulfills the Lipschitz continuity condition with respect to the n-
dimensional Clifford vector. For each j = 1,2,..., #, there exists a positive constant k; such
that, for any x,y € A,

g®) -g)|, <kilx=yla, j=1,2...,m, (4)

where k; is known as the Lipschitz constant and g;(0) = 0. And there exist positive con-
stants k; such that |gj(x)|s < k; (j=1,2,...,n).

Remark 2.1 There exists a constant k; >0 (j = 1,2,...,#n) such that Vx = (x1,x,,... ,xom)T €
R?", and Vy = (y1,y2,...,y2m) T € R?"

2m
g @ -g' ) <k Y lwe-yl, AeA, j=12...,n (5)
=1

By means of assumption (H1), it is clear that

(g@) - g) (g - g() < & - 9" KTK(x - y), (6)

where IC = diag{ky, k3, ..., k,}.
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(H2) Time-varying delay () is differential and it fulfills the following conditions:
0<z@)<t, t)<p<l, 7)
where t and u are known real constants.

Remark 2.2 It is worth noting that Clifford-valued NN models are the generalized form
of real-, complex-, and quaternion-valued NN models. For example, when we take into
account m = 0 in NN model (3), then the model can be reduced to the real-valued NN
model proposed in [6]. Suppose, we take m = 1 in NN model (3), then the model can be
reduced to the complex-valued NN model proposed in [14]. If we choose m = 2 in NN
model, then the model can be reduced to the quaternion-valued NN model proposed in
[26]. Therefore, the proposed system model in this paper is more general than the system
model proposed in [6, 14, 26].

Definition 2.3 ([34]) With reference to the Clifford-valued NN model (3), the vector p* =
504,051 € A" is an equilibrium point, if and only if p* is a solution of the following
equation:

-Dp* + (A +B)g(p*) +u=0,
and the impulsive jump Zy(-) is able to satisfy Zy(p*) =0, k € N.

Definition 2.4 ([39]) Pertinent to the Clifford-valued NN model (3), its global expo-
nential stable is guaranteed if for any solution p(t,ty, ¢) with the initial condition ¢ €
C([-7,0],A"), there exist constants « > 0 and G > 0 such that

et t0,0)|| < Gllple™ ™), ¢ >t

3 Main results

In order to avoid the issues of non-commutativity of multiplication of Clifford numbers,
we transform the Clifford-valued NN model (3) into the real-valued NN models. This can
be achieved with the help of e4e4 = e4e4 = 1 and egeeq = eg. Given any ¢4 € A, a unique
@C that is able to satisfy ¥ ecgies = (-1)°BAIgCgAe, = @7BAghe, can be identified. By
decomposing (3) into p = ZA[aAeA, we have

PO ==DpA () + L pep A (p(0))

+Y pea BBt - (@) +u?, t>0, t#t,
ApA(te) = pH (&) - p* () =T (), t=t, k€N,
pA(s)=¢*(s), se[-1,0],

where

PrO=EOnA0. o), o= pOe

AeA

uA:(z[f,u’;,...,uA)T, u:ZuAeA,

n
AeA
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& (p) = (@ (77 P70 2" )88 (05" .05 ), ...53>" (),
-'»gf(pn‘(t),pnz(t),. ")),
Lp(-10)) = P9 (-10).p2 (- 1@),....p7" (t - 1)),
S5 (t—7®),pS2 (- 7)), ..., ps"" (£ - T(8))),

(P (=), 52 (e~ 1), .o (E- (1)),

A= Z .Acec, AA.B _ (_l)a[A.B]AC,

CeA
B-= Z Bcec, BAB — (_l)a[AB]BC’
CeA
.B A.B B
(aﬁ )nxn’ =(b3 )nxw
eads = (-1)""Pec

Corresponding to the basis of Clifford algebra, we reformulate the Clifford-valued NN

model to novel real-valued ones. Define

w(t) = ((°®)", (0" @)",..., @ @), (> @) ) e R,

2(w®) = (" (p®))" (" @®)) -, (€ ®) ., (" (p0) ) €
gw(t-7®)) = (E@E-7®)) " @ p(t-T®) ... (€ (ot - T@)))

@ ol )Y € B,
U= ((uO)T, (ul)T, s (MA)T, o (MIZ.‘,m)T)T CRY

D 0 0
. 0 D 0
D = ’
0 0 2Myx 2My
A° Al . AX . Al2-m
Al AT . _ALZ . AlT2-m
A-= . ,
Al2.m Al2.m1 Alzﬁ.mi cee Al2.mT2m
2Mpx2Mp
BO BT L. BX L. BL2.m
~ Bl B . BLA . BL12.m
B= ,
B2.m glzml = glzmAd  gl2.mI2m
2Mpx2Mp
Iy O 0
- 0 I 0
Iy = . .
0o o0 T

2Mpx2Mpy

Page 7 of 21
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The NN model (8) can be written as

w(t) = —Dw(t) + Ag(w(t)) + Bg(w(t — t(t))) + i1, t>0, t £tz

- 9
Aw(te) = w(tl) —w(ty) = T(w(ty)), t=t, keN,
with the initial value
W(S) = @(S)ﬁ IS [_Tr O], (10)
where @(s) = ("), (@' )., (@* ()T, (12" (s) )T e R,
In addition, we can express (6) as the following inequality:
(@w1) = gw)) " (3w1) — Z(wn)) < (w1 — wa) T (wy — wy), (11)
where
KKK o0 0
3 0 K'K 0
K=
0 0o - K'K

2Mpx2Mp

From Definition 2.3 there exists a unique equilibrium point w* for Clifford-valued NN
model (9). Next, we prove the global exponential stability of (9). Firstly, we shift the equi-
librium point of (9) to the origin using the transformation w = w — w*. Then we rewrite
Clifford-valued NN model (9) as

w(t) = =Din(t) + Ag(u(t)) + Bg(w(t - (1)), t>0, t#t,
AW(ty) = w(tf) - wty) = Ti(W(ty)), t=t, keN, (12)
W(s) = @(s), sel-t,0]

where g(w) = g(w + w*) — g(w*) and ¢(s) = ¢(s) — w* is the initial condition. Obviously, the
equilibrium point of NN (3) is also the equilibrium point of (9), and the stability for NN (3)
is equivalent to that for (9). As such, in the sequel, we focus our study on the real-valued
NNEs.

Lemma 3.1 ([46]) Let © € R¥""™2"" thep
Am(O)YW T < T OW < 1y (O,
for any w € R*" if O is a symmetric matrix.

3.1 Exponential stability
Theorem 3.2 Given that (H1) and (H2) hold, the following conditions are fulfilled for
keN:
(i) Forgiven scalarse:0<e <mind; (i=1,...,n), T > 0 and p, if there exist positive
definite matrices P € R?""?"" and Q € R¥""™?"" and a positive diagonal matrix
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M =diag{Qy,..., L) € R such that

eP-PD-DIP+ekKM ’F'./‘Nl~ PB
0= ATP 2MDK'+ MA+ ATM +Q MB ,
BTPp BTM —(1-we*rQ
(13)
where © is negative definite.
(ii) For yx >0, k € N, one can have ||i'k(ﬁ/(t,:))|| < vellw)I.
(iii) For n > 1, one can have nt < inf{t; — tr_1}.
e I 2
(IV) max{ﬂk} < G < e, k e N, where ﬂk 1+ (ZH'PH+2HMTCI\}?ZZ;il)lP”Jr”MIC”)Vk where G

is a constant.
Then the equilibrium point of NN model (12) is globally exponentially stable. It has an
exponential convergence rate €. Moreover,

-~ An(P) + 22p(KM) + Apr(Q) (55 )ap(K?) e( M) "
”W(t)” = 0)

~( 14
o (P) elle (14)

Proof Construct a LKF for the NN model (12) as follows:

w;(t)
(t w(t)) el ©)Pw(t) + 2€¢ Z (¥ / gi(&)dg
t
o[ e ) Q2(e) as (15)
t—t(t
where (¢, w(t)) is radially unbounded and P, Q > 0 are positive definite matrices.
Based on Lemma (3.1), we have

B, (1)) = e (OPwt) = e hn(P)||(0) | . (16)

When ¢t # ty, k € N, the time derivative of (¢, w(£)) can be computed along the solutions
of NN model (12), one obtains

‘ﬁ(t, w(t)) = eewh (O)Pn(e) + 2w (¢ YPiv(t) + 269“21];- /Wi 2.(8)dk
i=1 0

+260 Y 4 (W) wile) + g7 () Qg ((0))

i=1

—(1- @) DT (iw(t - (1)) Qg (W(t - T(1))).
From assumptions (H1) and (H2), one can get
%(t, w(t)) = ee“w’ (E)Pw(t) + 2" W (¢ YPiv(t) + ee T () I Miw(t)
+ 26’ T(w(t))Mw(t) +e“g" (w(1)) Qg (w(1))

- (1-2@)e g (w(e - T () Q& (W(t - (1))
= e (OPw(e) + 27T ()P[-Dinle) + Az (w(r))



Rajchakit et al. Advances in Difference Equations (2021) 2021:208 Page 10 of 21

+ Bg(w(t - t(t)))] + e () KMin ()
+2¢g" ((t)) M[-Din(e) + Ag (w(t))
+ Bg(w(t - v(9))] + e“g" (W) Qg (1))
- (1 #(0)e TG (e - (1)) Qe - 1))
= e [ew” (O)P(e) - 207 (OPDw() + 20" ()P Ag (w(t))
+ 20" (O)PBg(w(t - () + e’ (K Miw(t)
— 28" (W) MDin(t) + 28" (w(t)) M.Ag (W(t))
+ 287 (W(t)) MBg(iw(t - 7(2))) + & (W(t)) Qg (w(?))
- (1= #(0)e g (e - (1)) Q& (i(t - (1))
< e“![ew” OPw(t) - 2w ()P Din(e) + 2" (6)P Ag((t))
+ 2w  ()PBg(W(t - t(0)) + ew” (OKMin(e)
—2g7 (W()) MDin(e) + 2g7 (W(t)) M.AZ((t))
+2¢" (W) MBg (i (t - 7(2))) + " (W(2)) Q& (w(®))
~ (1= we g (w(t - (1)) Qz(w(t - =(1))]. (17)

From assumption (H2), one can obtain
—2g7 (W()) MDiw(t) < -28" (W(t)) MDK g (()). (18)
Substituting (18) in (17), we have

B(t, (D) < e [ew” OPw(e) - 20" () PDw(t) + 20" (t)PAg ((t))
+ 20T (OPBg(w(t - t(1)) + ew” (OKMin(2)
- 28" (W) MDK g ((0)) + 28" (W) MAG ((0))
+ 27 (M) MBE (¢ - 1(0)) +2" ((0)) Q2 (1)
~ (1= e g (W(t - (1)) Q&(w(t - =(1)))]
= e[ (t)(eP — PD - DIP + e KM)in(t) + W’ ()(PAgZ(w(2))
+ W (OPBg(w(t-(@)) +§" (W) (-2MDK' + MA
+ AT M + Q)g(w(t)) + & (W(®)(MB)g(w(t - (1))
+ 27 (Wt~ 10)) (-0 - e Q) (i(e - 1(0))]

e ’ ()
=e | g(w) o gw®)
g(w(t —(2))) gw(t —(2)))
=elcT (0O (8) <0, (19)

where ¢(£) = W7 (), 87 (W(2)), g7 (¢ — (£))))T and © is defined in (13).
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When ¢ = &, k € N by using (ii), (iii), we have

(1, w(tr)) = V(e w(te) + Zi(W(57)))
= etk (i() + Te(W(5))) P (#(5) + Te((5)))

wilty +Izk(tk)
426t Za, / a6 de

N / ’ T () Qa (o)) de

w,(tk

= ek’ () Piv(ty) + 2 Zﬂ: /

N / C et () Qg ((&)) ds

)

+ e (G ) PL((5)) + R I (w(ti)) Piv(ti)

- TE] (0(5) P05 +2e“k211/w

l(tk

= B(t, (k)

+ e W I (W(60)) MK (w(t;))
<U(t, w(t)) + (21PN + 2 MK ) yx
+ (IP1+ IMEN) 72) e iw(e) [
(1 CIPI +2lME Dy + (1P + MEK])y;

=

that is,

Dt W(ti)) < BB (kg (),

2| Pl+2| MK P+ MK])y2
where Bi=1+ IP+2 Hx)f(;;l)l [1+11 Dy

For any solution w(z, to, wo) of (3), by (19) and (20), we have

B(t, W(t, to, o)) < Bto, o) [ | B < Vlto, w0)G*, ¢ € [timr, ).

to<tp<t

, which implies

Since nt < inf{f; — fx_1}, one has k —1 < (t’(*nl—;t")

hg _ InGy_
gk—l < e( e ) (t1—t0) < e( ) to)’ te [t te).

That is,

~ ~ -~ NGy
m(t: W(ty to, WO)) = ‘B(to, WO)e( e o tO)) te [tk—lv tk)'

+Izk tk)

) + e (6) PLi(w(t)) + e I ((t)) Piv(ty)
+ eI ((6)) PL((5)) + 2" (6) MK Zi (i (%))
(&

» ) ez, (),

(20)

(21)

(22)

(23)
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On the other hand

wi(to)

o, ) = 0 P+ 20 Y3 [ e ds
i-1 0

. / T ((e)) Qe (e)) de

0—(to)
< ean(P)IGI” + 26 A (KM)|5]1

to

+Am(Q) e“ gt (w(g))g(w(g)) dg

to—(to)

1—e €7

< 10 (AM(P) + 200 (KM) + 31(Q) /\M(’az)) 111 (24)

€

From (16), (23), (24), we have

| < { Iu(P) + 2 (M) + h(Q) A (K?) }
- hn(P)

nGy,_
X e’e(HO)e( e ¢ m), t € [tr_1,ty),

that is,

€T

I#00)] < {AM(P) + 2 (RM) + 2 Q) =550, (R) }%
= Jon(P)

e—(lr,;f,g)

x e (T2 ) fe [, k). 25

@l

By Definition 2.4, the NN model (12) is globally exponentially stable. The proof of Theo-
rem 3.2 is completed. O

Remark 3.3 When the impulse effects are absent in the NN model (12),

w(t) = D) + Ag(W(®) + Bg(w(t - t(t))), t>0,

wis) = @(s), se[-1,0]. (26)

By applying a similar approach to the one proposed in Theorem 3.2, the following global
exponential stability criteria can be obtained for the NN model (26).

Corollary 3.4 Suppose (H1) and (H2) hold, then the following conditions are satisfied:
(i) Forgiven scalarse:0<e <mind; (i =1,...,n), T > 0 and w, if there exist positive
definite matrices P € R?""?"" and Q € R¥""™?"" and a positive diagonal matrix
M =diag(Q1,..., T} € R such that

_ [eP-PD-D'P+eKM PA PB
O = ATP 2MDK '+ MA+ ATM + Q MB ,
BTP B’ M —1-weTQ
(27)

where © is negative definite.

Page 12 of 21
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As such, the equilibrium point of NN model (26) is globally exponentially stable. Further,

I@lle". (28)

0] < \/ Ai(P) + s (KM) + aa( Q) iy ()
= An(P)

Proof Construct the same LKF (15). The remaining proof follows the same procedure used
for Theorem 3.2. Therefore, it is omitted here. O

Remark 3.5 With the absence of the time-varying delays and impulsive effects, NN model
(12) reduces to the following model:

w(t) = ~Din(t) + Ag(w(t)), t>0,

w(s) = ¢(s), se[-t,0]. (29)

By applying a similar approach to the one proposed in Theorem 3.2, the following global
exponential stability criteria can be obtained for NN model (29).

Corollary 3.6 Given (H1), the following conditions are satisfied:

(i) For given scalars e :0<e <mind; (i =1,...,n), if there exist a positive definite matrix
P e R”""™ 2" and a positive diagonal matrix M = diag{Q,..., ) € R¥"2"n
such that

6 < eP-PD-DTP+eKM PA (30)
B ATp —2MDK 1+ MA+ ATM)’
where © is negative definite. As such, the equilibrium point pertaining to NN model
(29) is globally exponentially stable. Moreover,

||V~V(t)n<\/xM(P)+2xM(I€M) I

31
o (P) I@lle (31)
Proof Construct the following LKF:
" w;(t)
B(t, w(t)) = e W' ()Pw(t) + 2e* Z 1},/ gi(&)dE. (32)
i=1 0

The remaining proof follows the one used for Theorem 3.2. Therefore, it is omitted here. [

Remark 3.7 The multiplication of Clifford numbers does not satisfy commutativity, which
complicates the study of Clifford-valued NNs. As such, from the theoretical and practical
point of view, studying the dynamical behaviors of Clifford-valued NN are difficult tasks.
On the other hand, the decomposition approach has proven to be very effective to over-
come the difficulty of the non-commutativity of Clifford number multiplication. By de-
composition approach, the original #-dimensional Clifford-valued system is decomposed
into 2" n-dimensional real-valued system and the coefficient and activation functions of
networks are explicitly expressed. Therefore, the decomposition approach is highly favor-
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able to analyze the dynamics of Clifford-valued NNs. Most of authors have recently ob-
tained sufficient criteria for Clifford-valued NN models using the decomposition method
[34, 36, 38, 42].

Remark 3.8 In [35], fuzzy operations are incorporated into the Clifford-valued cellular
NN model to investigate its SP-almost periodic solutions. The effects of discrete delays in
Clifford-valued recurrent NNs are considered in [36], and the associated globally asymp-
totic almost automorphic synchronization criteria are obtained. The leakage delay is intro-
duced into Clifford-valued high-order Hopfield NN models in [39] to explore its existence
and global exponential stability of almost automorphic solutions. To be compared with
some previous studies of Clifford-valued NN models [33—42], in this paper, by consider-
ing a class of impulsive Clifford-valued NN system model, we have studied more realistic
dynamical behavior. Therefore, the proposed results in this paper is different and new
compared with those in the existing literature [33-42].

Remark 3.9 When we consider the exponential convergence rate € = 0 in the main results,
the exponential stability criteria can be converted to asymptotically stability criteria.

4 Numerical Example
We present numerical simulation to ascertain the feasibility and effectiveness of the results
established in Sect. 3.

Example 1 For m = 2 and n = 2, we have the following Clifford-valued impulsive NN
model:

p(t) = -Dp(t) + Ag(p(t) + Bgp(t —t(®) +u, t>0, t#t,
Ap(ty) = p(E) — p(t;) = Ti(p(t;)), t=tx, keN, (33)
pt)=¢(t), tel-,0]

The number of the multiplication generators, €2 = €5 = €2, = ejese12 = —1, €1y = —€ze1 =

€1, e1e12 = —exe1 = —€, exe1y = —eney = ey, pi(t) = pl()ey + pi(t)er + pi(t)es + pi*(t)er,
Pa(t) = PY(t)eo + pi()er + p3(t)es + pa2(t)ers. Furthermore, we take

A- 0.2ey + €1 0.1ey + 0.3e5 + 0.6e19
0.05¢5 — 0.02e5 + 0.4€12  0.1eg + 0.2e7 + 0.05e12
B=

0. 360 + 0. 0161 0.160 + 0.0262 + 0.3612
0. 0560 -0. 262 + 0. 05612 0.280 + 0.261 + 0.05812

10
k=(* 7).
0
3

U\ 2€0 t €12
- 1 3 ’
U —Eeo + 562 + e12

0 2
—e?1 1 1-e?1 1
gl(p1)= €0t —qTat —S 6t —13 €12
1+e?1 1+e™?1 1+e™?1 1+e™?1

INCY
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0 2
1-eP 1 1-e? 1
gZ(PZ) = €0t 2 5 €2+ 13 €12.
1+e?2 1+e™?2 1+e? 1+e™?2

According to their definitions, we have
A0~ 02 0.1 Al 1 0
005 0.1}’ 0 02/’
A2 0 03 A2 0 06
-002 0]/’ 04 005)°
03 0.1 - 001 0
005 02/’ o 02/’
5 - 0 0.02 B2 0 03
-02 0 ) 0.05 0.05/°

and

A Al Ai A1_2

5 Al ALi Al,i A1.1'2

A-= A2 AT 42 e
A2 Au.i Alz.i A12.1'2
AO _Al _A2 _A12
Al A0 _ AR A2

= A2 A2 A —Aa |

Alz _AZ Al AO
BO Bi Bi BI_Z

B Bl Bl.i Bl.i Bl.l_z

B = _ _

B2 B21 B2 Bz.fz
B2 Blz.i Bué 61241’2

BO _Bl _BZ _B12
Bl BO _312 BZ
BZ BIZ BO _Bl
Bl2 _BZ Bl BO

It can be checked that when € = 0.324, 7 = 0.8, u = 0.5, n =2 and ¢; = (—1)"(%)%,
k € N, by using MATLAB, the LMI condition of (13) in Theorem 3.2 is true with £y, =
—0.0022. The feasible solutions of the existing positive definite matrices PP, Q and positive

diagonal matrix M are

27658 -0.0306 -0.0086 -0.0282 -0.0010 0.2197 -0.0005 —0.0048

—-0.0306  2.9891 0.0305 0.0267 -0.2292  0.0034  0.0501 0
—-0.0086  0.0305 2.7525 -0.0300 -0.0021 -0.0506 —0.0026 —0.0225
P- —-0.0282  0.0267 -0.0300 2.9577 0.0485 0 0.2202 0
| -0.0010 -0.2292 -0.0021 0.0485 2.7681 —0.0305 0.0048 -0.0028 |’
0.2197  0.0034 -0.0506 0 -0.0305  2.9575 0.0280 0

-0.0005 0.0501 -0.0026 0.2202  0.0048 0.0280 2.7669  —0.0031
—-0.0048 0 -0.0225 0 —-0.0028 0 —-0.0031  0.6573



Rajchakit et al. Advances in Difference Equations (2021) 2021:208 Page 16 of 21

12.3347 -0.2045 0.0072 0 0 0.3752 0 —-0.3655
-0.2045 12.2499 0 02417  -0.4324 0 -0.2477 -0.0514
0.0072 0 12.3895 —0.2044 0 0.2455 0 —-0.1241
Q= 0 0.2417 -0.2044 12.2156 -0.2453  0.0000  0.3750 0
B 0 -0.4324 0 —-0.2453 12.3909 -0.2044  0.0007 0 ’
0.3752 0 0.2455  0.0000 -0.2044 12.2174 0 —-0.2046
0 -0.2477 0 0.3750  0.0007 0 12.3961 -0.1022
-0.3655 -0.0514 -0.1241 0 0 -0.2046 -0.1022 11.9258
2.9963 0 0 0 0 0 0 0
0 2.8962 0 0 0 0 0 0
0 0 3.0118 0 0 0 0 0
0 0 0 2.8867 0 0 0 0
M=
0 0 0 0 3.0122 0 0 0
0 0 0 0 0 2.8872 0 0
0 0 0 0 0 0 3.0137 0
0 0 0 0 0 0 0 0.6885

As we know,

[(5) + Z(n(E)) | = |swi(6)] = Il ()

that is, yx = |cx| — 1. Therefore,

QIPI + 2 MKy + (IP] + MKy

=0.9693.
)\min (P)

Bre=1+

Hence, when G = 0.9693, we have, max{S;} = 0.9693 = G < ™" =1.1384, k € N.

On the other hand, it is straightforward to ascertain that all conditions of Theorem 3.2
are fulfilled. Therefore, the unique equilibrium of NN model (12) is globally exponentially
stable, which is verified by the numerical simulation. Under the initial condition ¢;(¢) =
—0.5¢p + 0.9e; — 0.3e; — 0.7¢15 for t € [-7,0], and @,(¢) = 0.6y — 0.4e; + 0.2, + 0.8e1, for
t € [-7,0], the time responses of the state of NN model (33) p%(2), p3(¢), pi(£), p3(2), p3(2),
pa(t), pi2(t), py*(t) with impulsive effects are presented in Figs. 1-5, respectively. When the
impulse effects are absent in the NN model (33), the time responses of the states of NN
model (33) p2(2), p5(2), p1(2), p3(2), P2(¢), p3(t), pi%(¢) are given in Figs. 6-10, respectively. It
is obvious from Figs. 1-10 that the model converges to an equilibrium point, which means
that model (33) is globally exponentially stable.

Figure 1 The time responses of the states p9(t), ‘ ‘ ‘ ‘
pg(t) of the NN model (33) with impulsive effects —
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Figure 2 The time responses of the states p}(t), 1 : : : ‘
p;(t) of NN model (33) with impulsive effects OB\ —p0)
) — 00|

Time

Figure 3 The time responses of the states p%(r), 03 ‘ ‘ ‘ ‘
pg(t) of NN model (33) with impulsive effects — %)

— 50 [

Time

Figure 4 The time responses of the states p]? (1), 08 ‘ : : ‘
pi2(6) of NN model (33) with impulsive effects —p}

Time

Figure 5 The time responses of the states p? (1), 1 05
P, p1 @), p3(©), p2(0), P3(), P12(D), pY2(@) ina
2-dimensional space with impulsive effects = =

.5
-06 -04 -02 0 -1 0 1
P20 pI()
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Figure 6 The time responses of the states p?(r),
pg(t) of NN model (33) without impulsive effects

Time

Figure 7 The time responses of the states p} (t),
p;(t) of NN model (33) without impulsive effects

05

Time

Figure 8 The time responses of the states p%(r),
p%(t) of NN model (33) without impulsive effects

0.3

0.2

Time

Figure 9 The time responses of the states p%(t),
py(t) of NN model (33) without impulsive effects

0.8

Time
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Figure 10 The time responses of the states p?(t), 08 02
P, p1 (), P3(®), P2(), P3(0), P12 (), PY* (D) ina 06 0
2-dimensional space without impulsive effects S o4 2 02 k
0.2 -0.4
0 -0.6
-06 -04 -02 0 -0.5 0 05 1
p{(t) )
0.2 1
0.15
_ _ 05
SRR S
Q a
0
0.05
0 -0.5
-0.4 -0.2 0 -1 -0.5 0 0.5
p2() pi%(t)

5 Conclusion

In this study, the global exponential stability analysis pertaining to the Clifford-valued
NN models with time-varying delays and impulsive effects has been comprehensively in-
vestigated. To tackle the problem, we firstly decomposed the considered #n-dimensional
Clifford-valued NN model into 2" n-dimensional real-valued ones. By using an appropri-
ate Lyapunov functional and some inequality techniques, we have established new LMI-
based sufficient conditions. These conditions guarantee the global exponential stability
of the equilibrium point pertaining to the considered Clifford-valued NN model. To as-
certain the validity of the main results, a standard numerical example has been provided.
It is worth mentioning that the results achieved in this paper can further be extended
to various complex systems. We will shortly attempt to explore the stabilization analysis
of Clifford-valued NNs with the help of different controller schemes. The corresponding
results will be presented in the near future.
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