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1 Introduction
The study of differential equations and variational problems with nonstandard p(x)-
growth conditions (or nonstandard (p, g)-growth conditions) is an attractive topic and has
been the object of considerable attention in recent years (see [1]). The reasons for such an
interest are as follows: 1) Physically, it relies on the fact that they model phenomena arising
from various fields such as the motion of electrorheological fluids, which are character-
ized by their ability to drastically change their mechanical properties under the influence
of an exterior electromagnetic field, the thermo-convective flows of non-Newtonian flu-
ids, and the image processing; 2) Mathematically, it relies on the fact that the standard
mathematical techniques are not adequate to study these problems and they need new
techniques. This may be the central development of mathematical ideas in active areas of
pure mathematics, which have had a decisive interaction with PDEs (such as [2-14]).
The aim of this paper is to prove the existence of at least one positive radial solution
belonging to the space Wé » (')(B) N LZ(')(B) N LZ(')(B) for the problem

—Dptt + RE)WDu = a()|ul?™2u - bx)|u™?u, xeB,
u>0, x € B, (1)
u=0, x € 0B,
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where A ) = div(|V[P®2V), Bis the unit ball centered at the origin in RN, N > 3, p,q,r €
C.(B), R is a positive radial function (introduced in Theorem 1.1), and finally

a(x)=0(jx]) and b(x)=£(|xl), 2)

where 6,& € L*°(0, 1) are such that 0 is a positive nonconstant radially nondecreasing func-
tion, and & is a nonnegative radially nonincreasing function. The statement of the main
result of this paper is as follows.

Theorem 1.1 Let B be the unit ball centered at the origin in RN, N > 3, and let p,q,r €
C.(B) be such that p*,r* < q, r(x) < q(x) a.e. in B, and p(x) < q(x) < p*(x) a.e. in B, where
p*(x) is the Sobolev conjugate of p(x). Assume that a,b € L*°(B) are nonconstant radial
functions as in (2). The p(x)-Laplacian Dirichlet problem (1) admits at least one radial
increasing solution in V = WO1 ?0(B)N LZ(')(B) N LZ(‘)(B) if one of the following conditions is
true for a radial function R : B — [0, +00):

(i) R(x) =, where a > 0 is a real constant.

. o . Jg 1VulP®) dg
(ii) R € L*(B) and jr >0, where |1 = mfuewg”’(')(m\w} AT

Before verifying our approach, we prepare some preliminaries. From now on we assume
that B is the unit ball centered at the origin in RN, N > 3, and we set

p =infp(x) and p*=supp(x),
xeB

xeB

where p € C,(B) = {g € C(B) : g~ > 1}. The generalized Lebesgue space L”)(B) is the col-
lection of all measurable functions « on B such that |, 5 lu(x) |P®) dx < +00 with the norm

2] () = inf{)» > O:f
B

For any u € I”")(B) and v € 17'O)(B), where L7 O(B) is the conjugate space of L*)(B), we
have the Holder-type inequality

1 1
uvdx| < — + — )ulp,) IVl )-
\/‘; (p_ p/_) p()IVIp' ()

The following proposition is well known in Lebesgue spaces with variational exponent

u(x) p(x)

dxfl}.

(e.g., see [15, Proposition 2.7]).

Proposition 1.2 For any u € L’ (B), we have
p- p(x) 2
ully = [ 0" s <
if [ulpw) = 1 and
vt p(x) P
ulfy = [ o)™ < bt

if|u|p(x) <1.
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Normally, the Sobolev space associated with L”*)(B) is defined as follows:
WO(B) = {u:B— R:u,|Vu| € 'V (B)}

endowed with the norm

lellpey = IV utlpey + [ty
where Vu = (;’TL‘l(x),...,ai—’;l(x)) is the gradient of u at x = (x1,...,%,) and, as usual,

Vul = (N, |§—;|2)%. We set Wg’p(')(B) = (CFB), || - llp))- We know that the spaces
LPO(B), W*)(B) and Wol’p (')(B) are reflexive, uniformly convex, and separable Banach
spaces.

The following theorem is [16, Theorem 2.8].

Theorem 1.3 Let Q be a bounded smooth set in RN, and let p,q € C,(Q). Then
L1(Q) — 1PV(Q)
if and only if p(x) < q(x) for a.e. x € Q.
As a consequence of Theorem 1.3, we have
WhO(Q) < WPO(Q) (3)

if p(x) < g(x) for a.e. x € Q.
The following proposition is proved in [17] (also, see [18, Theorem 8.2.4]).

Proposition 1.4 Let Q be a bounded smooth set in RN, and let p,q € C,(Q). Then
(i) Ifq(x) < p*(x) for any x € Q, then the embedding WP (Q) — L1%)(Q) is compact

and continuous, where

Np(x)
B p)<N,

px) =
+00, p(x) > N.

(ii) There is a constant C > 0 such that
|ty < CIVtlpw forallue Wol'p(x)(Q).

Remark 1.5 By part (ii) of Proposition 1.4 we can see that ||u||, = |V, and ||u]|,w) are

equivalent norms on Wol’p @) (B).

Lemma 1.6 Let R : B — [0, +00) satisfy one of the conditions of Theorem 1.1, and define

o) = [ 1VulP® + R d @
B

Page 3 of 14
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Then there exists a constant M > 0 such that
lell? < () < M|ull? (5)

forallue Wol'p(‘)(B), where

. Pt lull<1, .~ |p lul<1,
p= p= (6)
ps llulle =1, p* llulle =1

Proof First, suppose that |||, = [Vuly.) > 1, ||y > 1. By Proposition 1.2 we have

leell? = |Vuully, < 0(u) < |Vl + C'lully,.
So, according to the Poincaré inequality (Proposition 1.4, part (ii)),

lull?” <o) < (1+C")lull?. )
Now suppose that |||, = [Vuly.) > 1, |uly) < 1. Then we have

leell? = |Vullyy < 0(u) < |Vuuly, + C'lully,.
Since |ulb ) < Cillulf <G lullZ", this implies that

lall?” < o) < (1+C'C)ully". ®
Now assume that ||u||, = |Vuly) <1, |#|,¢) = 1. Then by Proposition 1.2

leell? = [Vully, < o) < |Vully, + C'lull,.
By the Poincaré inequality we have

lull?” < o) < (1+CC) ull?” < (1+CC)llull? . ©)
Finally, assume that [|u||, = [Vul,) < 1, |#]p) < 1. Then

leell? = [Vully, < o) < |Vully, + C'lull,.
As before, |u|§(_,) <Clu|? ,and thus

lall?” < o(w) < (1+ CC) ull? . (10)
By inequalities (7)—(10) and the definitions of p and p in (6) we get inequality (5). O

Now we recall some notations and results to be used further. For radial functions 4, b €
L*°(B) given by (2), we consider the spaces

LZ(')(B): {u:B—> R:/a(x)|u|q(x)dx<oo}
B
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with the norms [u|4q) = inf{A > 0: [, a(x)| @ |99 dx < 1}. Similarly,
LY(B) = {u:B —R: / b(x)|ul™ dx < oo}
B

with the norms |ul,() = inf{A > 0: [, b(x)| @ '@ dx < 1}.

Definition 1.7 (Subdifferential) Let V be a real Banach space, and let V* be its topological
dual with pairing between V and V* denoted by (-,-). Let ¥ : V — (—00, +00] be a proper
convex function, and let 2" be the set of all subsets of V*. The subdifferential W : V —

2V" of W is defined as the following set-valued operator:
oW (u) = {u* eV W) > VY(u) + (u*,v— u) forallve V}
for u € Dom(¥) = {v e V;¥(v) < oo}, and 0V (i) = 0 if u & Dom(W).

Note that if ¥ is Gateaux differentiable at u with its derivative denoted by DW (), then
W (u) is a singleton. In this case, 9V (1) = {DW¥(u)}.

Lemma 1.8 ([19, Theorem 1.5.3]) Let V be a reflexive Banach space, and letI:V — R be

a continuous convex functional. Then I is weakly lower semicontinuous.
The following is the Weierstrass theorem (see [19, Theorem 1.5.6.]).

Theorem 1.9 Let V be a reflexive Banach space, and let I : V — R be a weakly lower
semicontinuous coercive functional. Then I has a global minimum point.

Now we state the definition of a critical point of the functional.

Definition 1.10 (Critical point) Let V be a real Banach space, let ® € C}(V,R), and let
WV — (—00,+00] bea proper (i.e., Dom W # (), convex, and lower semicontinuous func-
tion. Let K C V be a weakly convex closed set. Define the function Vg : V — (—00, +00]
by

Y(u), uek,
Wi (u) := (11)
+00, ué¢k.

Consider the functional
I[{ = \I’K - d) (12)

We say that u € V is a critical point of Ix if D®(u) € W (1) or, equivalently, it satisfies in
the inequality

(DCD(M), u-— v) + W (v) = Wr(u) >0 forallveV. (13)

Note that a global minimum point is a critical point.
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Definition 1.11 (PS compactness condition) We say that Ix (12) satisfies the Palais—Smale
(PS) compactness condition if for any sequence {u,} such that

o Ix(u,) - ceRand

o (DO(uy), uy —v) + Wi (v) = i) > —€4lv — uyl

forallve V ase, — 0, then {u,} possesses a convergent subsequence.
The following mountain pass geometry (MPG) theorem was proved in [20].

Theorem 1.12 Suppose that I : V — (—00, +00] is of the form (12) and satisfies the PS
compactness condition and the following conditions are satisfied:
(i) 1k(0) =0,
(ii) there exists e € V such that Ix(e) <0,
(ili) there exists a positive constant p such that I (u) > 0 if ||u|| = p.
Then Ix has a critical value ¢ < p characterized by

Cc= inf I]((g(t)),

geT 1€[0,1]
where I' = {g € C([0,1], V) : g(0) = 0,g(1) = e}.
The next theorem is a fact in [21, Problem 127, p. 81].
Theorem 1.13 Let {u,} be a sequence of nondecreasing (continuous or discontinuous) real
functions on [c,d] that converges pointwise to a continuous function u : [c,d] — R. Then

the convergence is uniform.

Proof Let u :=lim,_, » 4y, and let & > 0. We have to show that for # large enough,

’u,,(x) - u(x)| <e forallx e [cd].
Since u is assumed to be continuous, it is uniformly continuous on the compact interval
[¢,d]. So there is a subdivision ¢ = xy < %1 < - - - < = d of [¢,d] such that the oscillation of
u on each interval [x;,x;,1] is less than 7. Since u,(x;) — u(x;) as n — oo for i = 0,...,k,
there is M such that if # > M, then

3 .

|t (1) — ()| < 3 fori=0,...,k.
Let us check that |u,(x) —u(x)| < ¢ for everyn > M and all x € [c, d]. Fixn > M and take any
x € [c,d]. We can choose i such that x € [x;,x;,1]. Since the functions u,, are nondecreasing,
we have

un(xi) =< Mn(x) = un(xi+1)'

Since |uy(x;) — u(x;)| and |2, (xi1) — u(xi11)| are not greater than £, it follows that

& &
) - < < . .
u(x;) 5= U, (%) < uxi) + )
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Moreover, since the oscillation of u on [x;,%;,1] is less than 5 and since x € [x;,x;:1], we
also have u(x;) > u(x) — 5 and u(x;;1) < u(x) + 5. Altogether, this gives

u(x) — 2—28 <u,(x) <ulx) + 2—8,

which concludes the proof. 0

2 p(x)-Laplacian equation
Here we recall the variational principle established in [22].

Definition 2.1 (Pointwise invariance condition) Let V, ¥, ®, K be defined as in Defini-
tion 1.10. We say that the triple (¥, @, K) satisfies the pointwise invariance condition at a
point u € V if there exist a convex Géteaux differentiable function G: V' — R and a point
v € K such that

DY (v) + DG(v) = D®(u) + DG(u).

Theorem 2.2 Let V be a reflexive Banach space, and let K be a weakly closed convex subset
of V. Let ¥ : V — (—00, +00] be a convex lower semicontinuous function that is Gdteaux
differentiable on K, and let ® € C*(V,R). Assume that the following two conditions hold:
(i) The functional Ix : V — (00, +00] defined by Ix(w) = Wi (w) — ©(w), where Vi is
defined in (11), has a critical point u € V as in Definition 1.10,
(ii) the triple (Wi, @, K) satisfies the pointwise invariance condition at the point u.
Then u € K is a solution of the equation

DV (u) = DO (u).
To apply Theorem 2.2, consider the reflexive Banach space
V= W,2B)NLI(B) N L (B) (14)
endowed with the norm
lleellv = lleells + |lage) + |2lp()s
where
W&ﬁ;(B) = {u|u € Wol’p(')(B), and u is radial}.
Definition 2.3 (Weak solution) Let p,q,r € C,(B), a,b € L*°(B), and R be given as in The-
orem 1.1, and let V be the space as in (14). We say that u € V is a (weak) solution of

problem (1) if u is increasing and satisfies the Dirichlet boundary conditions and also if
the following equality is true for all w € V:

/|Vu|”(x)_2Vqudx+/R(x)|u|”(")_2uwdx
B B

+/b(x)|u|'(x)_2uwdx:/a(x)|u|q(x)‘2uwdx. (15)
B B
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To prove the claim, we consider the Euler—Lagrange energy functional corresponding

to problem (1)

1 ) )
I(u) = P (/};Wu(x)’ +R(x)|u(x)| dx)
1 o) g L ®
+ 0 /J;b(x)|u| d pron /};a(x)|u|q dx

over the convex closed set
K ={u e V:u>0,uisan increasing radial function}. (16)
Concerning Theorem 2.2, we define ¥/, : V — R by
1 @ ® 1 )
Yu) = —— | |VulP™ + Rx)|ulP dx + — [ b(x)|u|™ dx (17)
px) Jp r B
and
1 @
o) = —— [ a@)|u|™ dx. (18)
q(x) Js

Notice that v is a proper, convex, and lower semicontinuous and De(u) = a(x)|u|?%u.
Therefore ¢ is a C'- function on the space V. Let us introduce the functional I : V —

(—00, +00] defined by

Ix(u) = Yic(u) — p(u), (19)

where ¥ is as in (11). Note that Ix = I = ¢ — ¢ on K. We prove Theorem 1.1 in two steps.
Step 1. We show that Ix = Yx — ¢ has a critical point in K. For this reason, we use the

MPG theorem (Theorem 1.12), in which we will need the following lemma.

Lemma 2.4 There exists C > 0 such that
ol < llully < Cllulls  forallu € K.
Proof Using the Holder inequality and Remark 1.5, we get

ol < lleellv = Nl + [tlagey + el
< llulls + la@loolelge) + 1blooluel
< llullx + crlaloollellqe) + c21bloo 1)
=1+ Ci+ C)llull. O

Lemma 2.5 Let the functional Ix : V — R be defined by (19). Then Ik satisfies the PS

compactness condition in K.
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Proof Suppose that {u,} is a sequence in K such that Ix(u,) > c € R, ¢, — 0, and

(Dgo(un), Uy — V> + I;[fK(V) - wK(un) > _En”V - un”V (20)

for all v € V. We show that {u,} has a convergent subsequence in V. First, notice that
u, € Dom(yr). Then

I (un) = V() — @(u,) = ¢ asm— o0.

Thus, for large values of n, we have

Vi (un) —puy) <1 +c. (21)
Furthermore,
(D (u) ) = f a0 dix > (1) (22)
B

Now consider the function g(s) = s —g (s—1)—1 on the interval (1, +00). Set s* = (Z—:) G .
Obviously, g(s) < 0 for all s € (1,5*). We choose such a number s. So we have s > 1 and
s —1<q (s—1). Setting v = su, in (20), we can see that

(1= )(D(), ) + (57 = 1) ric(t4) = ~€(s = Dl ll v (23)
Therefore
(s =g @) = (7 = 1) i () < €uls = Dllttully < Cenllttnllv- (24)

Take o > 0 such that

1 1
<o<——.
q(s-1) s -1

Multiplying (24) by « and summing it up with (21), we get

~(¢—1) — i q(x) M
fog 6= 1-1] /B a1 e+ o)

1
+—+/b(x)|u|’(x)dx§c+1+aC||u,,||v,
rJs

where o is defined as in (4). Then

[e(1-5")+1]

" 12t |15

+

1
[ag(s-1)- 1]q— / a(x) |, |19 dx +
B
<c+1+aClu,lyv.

So by Lemma (2.4) there exists C’ > 0 such that

Il < C'(1+ utulls).
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Therefore {u,} is abounded sequence in the reflexive space Wgﬁ(é) (B). The standard results
in Sobolev space imply that there exists u € Woll ’f;(; (B) such that, up to subsequences, for
s € C.(B),

o u,— iin W) (B);

o u, — uin L*Y(B), s(x) < p*(x) a.e;

o u,(x) — u(x) a.e. in B;

e there exist wy € L*(B) such that |u,(x)| < w;(x) a.e. in B and for all # € N where

s(x) < p*(x).

Also, notice that every u, is radial, so # is radial, too. Moreover, u# € K. Therefore u €
Dom(yr). Now in (20) replace v with u:

Lo - o)

_ W-107 _
/B a1 = ) s+ (i)~

1
+— / b() (| — |, |"™) dx > €|t — |l v,
r(x) B

where o is defined as in (4). On the one hand, we have

‘ / )9 = 10,) e
B

< [l Wi ds
B

and u,, — i in L"®(B). On the other hand, {u,,} C K, and so {|i—u,|}, as {u,} is a sequence
consisting of nondecreasing functions that converges to the continuous zero function.
Now thanks to Theorem 1.13, the right-hand side of the latter inequality goes to zero.
Therefore, passing to limits, we have

limsup o(u,) < o(@) < || @ll2. (25)

n— 00

Claim: There exists a positive constant C such that o(u,, — #) < Co(u), and then {o(u,, — iz)}
is a bounded sequence.
Firstly, assume that |Vu,| <|Vu|, so that [Vu, — Vu| <2|Vu|. Then

/ |V, — ValP® dx < 2¢" / |Vie’™ dx < co(ir).
B B
If |Vu,| > |Vi| and thus |Vu, — Vii| < 2|Vu,|, then by inequality (25)
[ 9= iy <2 [ (9,0 dy <2 o) < col@,
B B
Now assume that |u,| < |#|. The by the inequality |u, — 4| < |u,| + u| < 2|u| we have
/ |ty — aP¥ dx < 27" / |alP® dx < ¢ o(i1).
B B
Ultimately, if |u,| > |#| and thus |u, — 4| < 2|u,|, then from inequality (25) we have

/ |t — P dxc < 27" / |, [P dxc < 27" 0(u,)) < ¢ 0(@0).
B B
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Therefore o(u,, — u) < Co(ut), where C = ¢ + ¢'|R|, and thus our claim is proved. In fact,
we have u,,u € W&’Z(;(B) and u,(x) — u(x) a.e. in B, so Vu,(x) — Viz(x) a.e. in B. Thus

lim o(u, — i) =/ lim [V, - V™ + R(|x|) lim |u, — #P™ dx = 0.
B}’l—)OO n— 00

n—00

But according to Lemma 1.6, we have ||u, — . < o(u, — u), and thus ||u, — i]|, — 0. As
a result,

oty — ully = by — Ul + |4y — Z:i|a,q(-) + U, — I:‘Ih,r() — 0,
and thus u, — u strongly in V, as desired. a

Lemma 2.6 Let V = W& ﬁz(,;l) (B)n LZ(‘)(B) N LZ“(B) and consider the functional I : V — R
defined by

where r and ¢ are as in (17) and (18), respectively. Then I has a nontrivial critical point
inK.

Proof We show that I satisfies the conditions of the MPG theorem. It is clear that I(0) = 0.
Take e € K. Then it follows that

1(te) < M_|| I + / (x)]e|™ d. x—— a(x)]e|1 dx.

() qx) Jp

Now let p*,r* < g~. Then for ¢ large enough, I(te) is negative.
Condition (iii) of the MPG theorem is satisfied. Let u € Dom(y) with |u|y = p > 0.
Notice that by Lemma 2.4, for u € K, we have

o]l v

T 26
el = o e (26)

Also,
1 5 . _ - _
p(u) = proe / a()|ul™™ dx < Cs|ul? ) < C1Cs||ull? < Calluly, = Cap?. (27)
B
where C is the same as in Proposition 1.4(ii), and

. )a ] p(y < 1,

BN

q’, lulpy =1
Relations (26) and (27) imply
P

I > _Cyp?>0,
k() = P(1+Cr+ G 40" >
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where

v g, lulli<1,
9=y _
g, luls=1,
provided that p > 0 is small enough as p = p* < ¢~ = g and C;, C,, C3, C4 are positive
constants. If u ¢ Dom(y), then clearly I(x) > 0. O

Step 2. We show that the triple (¥, ¢, K) satisfies the pointwise invariance condition at

u when G = 0. To show this statement, we need following lemma.

Lemma 2.7 Let p € C.(B), and let pPx) = [% be the conjugate exponent of p(x). Let
radial function R : R — [0, +00) satisfy in one of the following conditions:

(i) R(x) = a, where a > 0 is a real constant. w

.. . [VulP™ dg

(ii) R € L*(B) and jv >0, where |1 = mfuewg’p(')(B)\w} /?B\MTW'
Let f : B— R be a continuous function. Suppose there exist o, 8 > 0 such that for any u €
1p&) (B),

()| <+ Blut)
and

S (u(x))u(x) <0.

Then for every h € LV'V(B), the problem

~Apw + Rx) D2y = f(u) + h(x), x€B,
u= 0, X € E)B,

(28)

admits at least one weak solution.

Proof First, notice that by integration respect to # we can see that there exist a1, 81 > 0
such that

F(u)| < o + Bi|u@)]”

for all #: B — R and F(u(x)) < 0 for all u € LF®(B), where F(¢) = fotf(s) ds. Now consider
the following energy functional corresponding to problem (28) on Wo1 r (')(B):

](u)=$/B|Vul1’(x)+R(x)|u|1’(")dx—/BF(u)dx—/Bhudx.

By the Holder inequality, Remark 1.5, and Lemma 1.6 we have

1

lull? — Cllul].
p+

J(u) >
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Since p € C(B), ] is coercive and clearly weakly lower semicontinuous on Wol ?0(B). So by
the Weierstrass theorem (Theorem 1.9) J has a global minimum point, which means that
problem (28) admits at least one solution. O

Lemma 2.8 Let u € Dom(yr). Then there exists v e Dom(yr) such that
—ApmV+ RO = g(x)u(x)T@1 = px)y @1,

Proof Let u € Dom(vr), so that 0 < u € K. For f(v(x)) = —b(x)(v(x))"®~!, we can see that

x)—1

F(r@)vx) <0 and |[f(vx)| < Clvx)]” T,

so by Lemma 2.7 this problem admits at least one solution if /(x) = a(x)u(x)7®-! belongs
to L7 @ (B). However, we have

/\h(x) |p/(x) dx < C/ |u(x) |p/(x)(q(x)_l) dx < +00.
B B

Since p € C,(B) and p(x) < g(x), we have p'(x)(g(x) — 1) = p‘zg;‘zl (qx) —1)>1and alsoa €

L*®(B). The result is achieved. O
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