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Abstract

In this paper, we present the monotonicity analysis for the nabla fractional differences
with discrete generalized Mittag-Leffler kernels (4579 y)(n) of order 0 < § < 0.5,
B=1,0<y <1startingata-1.If 28V37y)(n) > 0, then we deduce that y(n) is
8%y-increasing. That s, y(n + 1) > 82y y(n) for each n € N, = {g,a+1,...}. Conversely,
if y(n) is increasing with y(a) > 0, then we deduce that (4¥V%7 y)(n) > 0. Furthermore,
the monotonicity properties of the Caputo and right fractional differences are
concluded to. Finally, we find a fractional difference version of the mean value
theorem as an application of our results. One can see that our results cover some
existing results in the literature.

MSC: 26D07; 26D10; 26D15; 26A33
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1 Introduction

In the past two decades, fractional calculus and its applications have been applied into
various fields due to its accurate describing in many scientific fields, such as fractional
stochastic noise [1], fraction order memristive chaotic circuits [2], fractional order finan-
cial models [3], and fractional order relaxation—oscillation models [4]. Also, it has wide
application in various research areas, which one can find in the references [5-13].

Along the years, fractional calculus has attracted more and more researchers’ attention
and has found applications in several fields of engineering and the applied sciences (see [5—
8]). Recently, many fractional models were proposed showing the significance of fractional
calculus. Discrete fractional calculus can be seen as the most recent model of fractional
calculus which has been widely used.

Recently, discrete fractional calculus gains a great deal of interest by many researchers.
In [14, 15], the authors introduced the discrete fractional sums and differences which pro-
duced directly from the Riemann-Liouville (RL) fractional integrals and derivatives, re-
spectively. To review the history of discrete fractional operators, their properties and in-
formation related to discrete fractional calculus applications one can refer to [16—22] and
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the references therein. Nowadays, being new fractional integral and derivative operators
make the researchers attempt to introduce a new definition of discrete fractional sum and
difference operators corresponding to them. Those models are receiving the attention of
many researchers (see [23-26]).

Monotonocity analysis has become very important in discrete fractional calculus which
was firstly applied for the discrete fractional operators of RL version by Atici and Uyanik in
[27].1In [28], the authors found the monotonicity analysis for the Caputo—Fabrizo (CF) ver-
sion of discrete fractional operators. In [29], the monotonicity analysis for the Atangana—
Baleanu (AB) version of discrete fractional operators with discrete Mittag-Leffler (ML)
kernels was done. In addition, the monotonicity analysis has been established for the /-
discrete fractional operators in [30, 31] (see also [32]).

However, to the best of our knowledge so far, the monotonicity results have not been
considered for the discrete fractional operators with discrete generalized ML kernels [33].
Therefore, our aim in this article is to establish the monotonicity analysis for the above
model of discrete fractional operators that can cover the monotonicity results in [29].

The structure of the article is designed as follows: Sect. 2.1 deals with recalling the RL-
fractional sums and generalized discrete ML functions. Section 2.2 deals with recalling the
generalized discrete AB fractional operators with their equivalent formulas and definition
of §-monotonicity. In Sect. 3 we discuss the monotonicity analysis for the 2-parameter
fractional difference operators involving the discrete generalized ML kernels. Section 4
deals with the application of our findings on the mean value theorem, and in Sect. 5 we
conclude the article.

2 Preliminaries
This section deals with some basic concepts on discrete fractional operators and discrete

ML functions.

2.1 RL-fractional sums and generalized ML function
Definition 2.1 ([24, 25, 33]) The ¢ increasing factorial function of  is given by

n' = 1;[(17 10,  °=1 (VLeM).

Generally, the increasing factorial function is given by

5: F(r]+8)

5
OB 0°=0 (6eR) (2.1)

forne R\ {...,-2,-1,0}, where R denotes the set of real numbers.
Definition 2.2 ([24, 25, 33]) Let the backward jump operator be given by p(s) = r — 1.

Then, for any function f : N, — R, the nabla left fractional sum of order § > 0 in the sense
of RL is defined by

n
(V" y(n)—riz 06, neNn, 22)
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Also, for any function f :, N = {b,b—1,b—2,...} — R, the nabla right fractional sum of
order § > 0 in the sense of RL is defined by

b-1

(V%)) = FL S (r=pm) 6, nep N (2.3)

r=n
Lemma 2.1 ([24, 25, 33]) Forany a,b € R and 81,8, >0, we have

- 5 T(62+1) FEry
av 81 _ 82 — _ 51+52’
(77 ﬂ) F(81 + 82 + 1) (77 61)

F((Sz + 1)

( _ )51+52'
F(81 + 87 + 1)

v, (b~ )" =
Lemma 2.2 ([24, 25, 33]) For any 81,8, € R and any f defined on N, we have

av—51ﬂv—52f(n) = av_(61+52)f(n) = ﬂv—lszav—51f(n)

V"V E ) = ) = 9,9, )
Lemma 2.3 ([25]) Let f be defined on N, then, for any 0 < § < 1, we have

(n-a)!

VINfn) = Vv ) - S @,

The nabla discrete ML functions are important; they are recalled now.

Definition 2.3 ([33]) For any A € R and §, 8, y,n € C with Re(§) > 0, the nabla discrete
generalized ML function is defined by

y B e anzhﬁ 1()/)
E} (G m) = ZA TG IAE Al <1, (2.4)

where (y), = y(y +1)---(y + £ — 1) is the Pochhammer symbol. Specifically, if y = 1, we
get the nabla discrete two parameters ML function:

o0 €8+ﬂ 1

Es5(h,n) = Z (za 5 A < 1. (2.5)
=0

And if B = y = 1, we get the nabla discrete one parameter ML function:

E5(%,n) = B350, ) —Z A IA| < 1. (2.6)

r(ea res+1)’
Lemma 2.4 ([33]) Forany >0, >-1,y,n€Cand X € R with |\| <1, we have

V'EL () =L (), B A0,
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Figure 1 Plot of E;%(A, n) for different values of y

Remark 2.1

(i) Forany A =- 1 175, 0<8 < ,n €N and 0 < y < 1, the two parameters ML function

Eg—l(k, n) is monotomcally decreasing. Here, we find some initial values of Ey (k n):
. E%(x, 0)=1

. E;’T(A, 1)=(1-9).
. E;’T(A, 2)=(1-8)(1-8%y).
. Ej;_l()», 3)= @(84)/()/ +1) - 83y =382y +2).

On the other hand, the Figure 1 can confirm the validity of the above results.
(ii) From (i) and Definition 2.3, we have

_ ko1 1()/)k

kS L) n
VE (h,n) =) Ak Aki
salho ) = Z Tk + DK~ =" T(ké)k!

R ()

N E— Y
— Tké+8)k+ 1)! =AEL(A,1m) <0. @7)

This implies that E;ﬁ (A, n) is strictly positive for A < 0.

Proof In proving (i), we need the following identity:

L2
;k Ko Q-7

2.2 Generalized discrete ABR and ABC and monotonicity definitions
The discrete ABR and ABC fractional differences and sums were introduced in [24] using
the one parameter discrete ML function. After that, the generalized discrete ABR and ABC

fractional differences and sums were introduced by Abdeljawad in [33] using the general-
ized discrete ML function:

Definition 2.4 ([33]) Let A = —;% and 0 <6 < 1/2. Then, for y € R and Re(B) > 0, the left
generalized discrete ABR fractlonal difference is defined by

B(8 !
(2BRVa,ﬂ,yy)(,7) - %Vn Zl E%(A,n —p(9))y(s), neN, (2.8)

S=,
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and the right generalized discrete ABR fractional difference is defined by
B(S)
(ABRVE’ﬁ’yy) A ZE M)y(s), nepN. (2.9)

Also, the left generalized discrete ABC fractional difference is defined by

ABC.8, _ B@©) &
(Y Vy)(n)—l g

s=a+1

Ey ()‘-r n- p(s)) Viy(s), ne Nas (2.10)

and the right generalized discrete ABC fractional difference is defined by
=
(EEV P y) () = Z EL (s —p(m)Ag(s), ne NV, (2.11)
s=1)

where B(8) is a multiplier and it satisfies B(0) = B(1) = 1.

In this article, we consider a specific case where 0 < ¥ < 1and 8 = 1. Then we can rewrite

the above definitions as follows.

Definition 2.5 Let A = 1 15, 0<8< 1/2 and 0 < y < 1. Then the left 2-parameter discrete
ABR fractional difference is defined by

(ABRYY ) () B(5) v, Z B k n—p®)ys), neNy, (2.12)

s=a+1

and the right 2-parameter discrete ABR fractional difference is defined by
3(5)
(AASIIOE T2 Z El M)y(s), nepN. (2.13)

Also, the left 2-parameter discrete ABC fractional difference is defined by

B(a !
— 2 (b= p(6) Vi), meN (2.14)

s=a+1

(.;\BCVS Y ( ) —
and the right 2-parameter discrete ABC fractional difference is defined by
=
(ABCVBV )(n) = Z ;’7 (As—pm)Ay(s), nepN. (2.15)
s=1

Theorem 2.1 ([33]) Let y be defined on N, with b= a (mod 1), then, for any A = —1 5, 0<
8 <1/2,y € R and 0 <Re(B) < 1, we have the following relationships between the discrete
ABC and discrete ABR fractional differences:

(‘;BCV‘S”S"’y)(n) - (ﬁBRV&ﬂV )( ) — &y(a)]g (A n-a) (2.16)

Page 5of 16
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in the left-side sense and

B(3)
POV y) ) = (FE ) () = Ty DES 500 b ) (217)
in the right-side sense.

Definition 2.6 ([33]) y be defined on N, anda =5 (mod 1). Then the left generalized AB
fractional sum of order 0<é <1, 8> 0, y >0 is defined by

oo 5/(
(QBV—(&ﬁ,V)y)(n) = Z <Z>W(“v (8k+1-B) y) (). (2.18)

k=0

Theorem 2.2 ([33]) Let y be defined on N, with b =a (mod 1), then, for any A = —&,
0<é6<1/2and vy, €Z, we have

B(8) —
(2BRV5,ﬂ,yy)(n) _ % Z)‘k ();(?k (a —(8k+B— I)J’)(U)' (2.19)
k=0

Now, we recall the monotonicity definitions.

Definition 2.7 Let y: A/, — R be a function satisfying y(a) > 0. Then y is called a §-
increasing function on N, if

y(n+1) =8y(n), VYneN,.

Observe that, if y(n) is increasing on N, then y(1 + 1) > y(n) for all n € NV,, and thus
y(n) is §-increasing on N,.

Definition 2.8 Let y: A, — R be a function satisfying y(a) < 0. Then y is called a §-
decreasing function on N, if

y(n+1) <8y(n), VYneN,.

Observe that, if y(n) is decreasing on N, then y(n + 1) < y(n) for all n € N,, and thus
y(n) is §-decreasing on N,,.

Remark 2.2 Note that, if § = 1 in Definition 2.7, then the increasing and §-increasing con-
cepts coincide, and if § = 1 in Definition 2.8, then the decreasing and §-decreasing con-
cepts coincide.

3 Difference monotonicity outlines

Theorem 3.1 Let y: N,_; — R be a function. Suppose that, for 0 < § < % and0<y <1,
we have

@207y = 0, ne N,

then y(n) is 8%y -increasing.
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Proof Rewrite (BRV%7 y)(n) = J%VS(?]), where S(n) =7, y(s)E%()», n — p(s)). From as-
sumption and since E;Ll()\, 1) = 1, we have

S(n)-S(n-1)

n-1
= YMEL O, 1) + Y y() (B (M0 = p(9)) — ELp(n =1 - p(s)))

n-1

= (1-8)y(n) + ) _y6)(EL;(hm + 1=5) —EL (0 n —5)) = 0. (3.1)

S=a

Then we proceed with our proof by induction. First, if we substitute n = 4 in (3.1), we
deduce that y(a) > 0. If we substitute n = a + 1 in (3.1), then, in view of Remark 2.1, we can
deduce

Y Y
EZ (1)~ L (3,2)
(1-98)

= Bzyy(a).

yla+1) <

y(a)

Now, we assume that
y(a +k) > 82yy(a +k-1)> 84)/2)/(6{ +k=2)>...> 82kyky(a) >0,

and we have to show that y(a + k + 1) > 82y y(a + k). By substituting n = a + k + 1 in (3.1)
and then using Eq. (2.7), we find that

Sla+k+1)-S(a+k)

a+k

=(1—8)y(a+k+1)+Zy(s)(Egl—l()\,u+k+2—s)—E;’T(A,a+k+1—s))

a+k

=(1-8)ya+k+1)+ Zy(s)VE’%()L,k +2-5)

s=a
k

=(1—8)Vy(a+k+1)+)»Zy(s+a)Ejs—’(k,k+2—s)
s=0

=(1-8)yla+k+1)+ [y(a)E;_/ Mk +2)+y(a+ 1)E33_/ (AMk+1)

+otyla+ k- I)Ej;—/ (A,3) + y(a + /()Eg()», 2)] >o0.

Then, by using Eq. (2.7) and Remark 2.1, it follows that

ya+k+1)> 1 :);)y [y(a)E;_/ Mk +2)+y(a+ l)Ejs_/ (AMk+1)
+ootya+k—1E/(3,3) + y(a+ DES (3,2)]

>0

= U+ WE;—/ ()», 2)_)/(61 + k)
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) 1_,
= Aoyt 5 VB 2ar
) 1-6. ., y
z Gosp 5 LB D -t 2)]a k)
> 8% yy(a + k).
This completes the proof. .

Theorem 3.2 Let y: N,_1 — R be a function. Suppose that, for 0 < § < % and0<y <1,
we have

(ABRV ) () <0, neN,
then y(n) is 8%y -decreasing.
Proof The proof is similar to Theorem 3.1. g

Corollary 3.1 Let y: N,_.1 — R be a function. Suppose that, for 0 < § < % and 0<y <1,
we have

B(5)
(.;liSICVS,yy)(n) = I—(SE;—I()‘I n—a+ 1)}’(“ - 1)! ne Na—lr

then y(n) is 8%y -increasing.
Proof The proof follows directly from Theorem 3.1 and Theorem 2.1 with g = 1. g

Corollary 3.2 Let y: N,_1 — R be a function. Suppose that, for 0 < § < % and0<y <1,
we have

B(3)
(GEEV7 y)(n) < mEg—l(A, n-—a+1ya-1), neN.,

then y(n) is 8%y -decreasing.
Proof The proof follows directly from Theorem 3.2 and Theorem 2.1 with g = 1. g

Remark 3.1 1f we take y =1 in Theorem 3.1, Theorem 3.2 and Corollary 3.1, then we get
Theorem 2, Theorem 6 and Theorem 3 in [29], respectively.

Theorem 3.3 Let y: N,_1 — R be a function satisfying y(a) > 0 and let y(n) be increasing
on N. Then, for 0 < § < % and 0 <y <1, we have

(ABRVP7 y) () = 0, neN, 1.

Proof 1t is enough to show that S(1) is increasing, where S(1) is given in Theorem 3.1. By
substituting 7 =  in (3.1) and making use of the assumption, we deduce that

S(a)-S(a-1)=(1-68)"y(a) = 0.
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Suppose that S(k) — S(k—1) > 0 for any k < ¢, then we have to show that S(n) - S(n—1) > 0.
Since y(n) is an increasing function, we have y(n) > y( — 1) > y(a) > 0 for each n € N,.
Then, from (3.1), we have

S(n) =S -1)
(1-8)"y(n) + Zy $) (B +1-8) =B (A, — )
=(1-8)"y(n) - 8%y (1-8)"y(n-1)
+ Y ¥ (EL 00 +1-5) —EL (0,0 —5))
= (1-8)"y(n) - 8%y (1-8)"y(n 1)

n-2

+ [y =y = D] (EL;0un +1-5) ~EL (0 - 5))
N—

s=a

=<0 <0

+ Zy(n ~ D(EL (0 +1-5) —EL (0,0 —5))
> (1-8)"y(n) -8’y (1-8)y(n-1)

+ Z}’(’I )(Ef (o n +1-5) ~EL(A,n )

n-1
= (1=8)"y() + Yy - D(EL;0un+1-5) —EL (0 —-9)). (3.2)

Since (1 - 68)” > 0 and y(n7) > y(n — 1), we have

(1-8)y(n) =1-8)"y(m) -1 -8"yn-1)+1-8)"y(n-1)

>0

>(1-68)"y(n-1).

Then, by using this in (3.2), we get

S(n)-S(n-1)

> (1-5)" Zy ~D(E0un+1-5)—EL (0,0 —5))

n-
=(1-8)"y(n- 1)|:1 + 1oy Z Ey,l()\,n +1-35) - E(}S,T()" n —s)):|
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k
1
=(1-8)"y(n-1) |:1 + o)y Z(E;—l(k,k +2-5)— E%()»,k +1 —s))i|
s=0
=(1-8)"y(n-1) [1 ey (Ef (0 k +1) ~ EL (2, 1))] >0,
>0 by Remark 2.1
which we can rearrange to get the desired result. O

The following theorems are similar to Theorem 3.3.

Theorem 3.4 Let y: N, 1 — R be a function satisfying y(a) > 0 and let y(n) be strictly
increasing on N;. Then, for 0 < 8 < % and 0 <y <1, we have

(@207 y) ) >0, neNoa.

Theorem 3.5 Lety: N,_1 — R be a function satisfying y(a) < 0 and let y(n) be decreasing
on N. Then, for 0 < § < % and 0 <y <1, we have

(ABRDY ) () <0, €N

Theorem 3.6 Let y: N, 1 — R be a function satisfying y(a) < 0 and let y(n) be strictly
decreasing on N,. Then, for 0 <8 < % and 0 <y <1, we have

@BV y) () <0, e Ny

Remark 3.2 If we take y = 1 in Theorems 3.3-3.5, then we get Theorem 4, Theorem 5 and
Theorem 7 in [29], respectively.

4 MVT application
This section deals with the application of our results to the mean value theorem (MVT).
First, we need the following lemmas.

Lemma 4.1 Forany0<§ < % and 0 <y < 1and n € N, we have

Sk-1
,(n-a+1)

-8k v _ —Skpv
aV VEB’_I()»,n—a+1)-Va_1V Es’_l()»,n—a+1)—(1—8) N (4.1)
foreachk=1,2,....
: _EY
Proof By applying Lemma 2.3 for f(n) = Eﬁ(k, n—a+1), we get
Sk Y —SkpY (n-a'
aV VES,—I()\,, n—a+ 1) = VaV Eﬁ()\" n—a+ 1) - WEH()\,, 1)
, (n—a)**!
=V, V*E (Ap-—a+1)-(1-8) —"—y), 4.2
FiOon—a s 1) = (1-8y T (4.2)

where we used Eg—l(k, 1) =(1-9).
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On the other hand, from the definition of discrete nabla fractional sum, we have

1 Py
V) = ——= D (n-p()" y(s)
a
F(Sk) s=a+1
1 ¢ =) (n-a+1)%1
= W (’7 - P(S)) y(s) - Wj’(ﬂ)
] (n-a+1)1
=4 \v4 Sk N = .
1V"%y(n) NG y(a)
For y(n) = E;%(A, n —a + 1), it follows that
- - (n—a+1)*"
AY ME%(}\,n —a+1)=,4V 5"13;7@, n-a+1)- WE;’T(A, 1)
_ (n—a+1)7°%1
= VHREL p—a+1)-(1-8) ———. 4.3
WV Oun e 1) - (-8 S (4.3)
By taking V to both sides of (4.3), we obtain
VVHREL(un—a+1)
_ okpy (1-8k)1-8)” )
= Va_lv Eﬁ()‘” n—a-+ 1) + W(T] —a+ ].) . (44')
By using (4.4) in (4.2), we obtain
NTVEL (L n-a+1)
~ ke 1-8k)1-8) =
_Va_IV Eﬁ()\,,r)—61+1)+w(ﬁ—ﬂ+l)
(n - a1
-(1-8)) ———
( ) (k)
(1-9)r

=V VHREL Gy —a+1)+ [(1=8K)(n—a+1)*2 = (n-a)*1]

' (8k)
=V VH*ELOun—a+1)

(1-68) 1 8k)F(n_a+8k_l) I'(n—a+8k-1)
I'(8k) Frn-a+1) I'(n-a)
_ 1-8)T(n—a+8k-1)[1-6k
=V, V*E (un-a+1 -1
Vb —a s D e T T —a) T—a
] (n-a+1)"1
=V VHE un—a+l) (-8 "2
1 sibn—a+1)-(1-9) NG
which completes the proof. 0

Lemma 4.2 Forany$,y € C, we have

B(5)
ABR\76,1,-y gV —
a \% yEﬁ()\.,T]—ﬂ)— m
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Proof The proof follows directly from [33, Example 1] and the fact that E%(k,
n—a)=1. O

Remark 4.1 By using the relationship between the gamma functions

['(x+k) (1 )k ra-wx)
Flx) rl-x-k)’
we can obtain the following relationship between the combination formula and the

Pochhammer symbol:

oY\ T+l 1T(y+h) vk
D (k)'( 2 T(y +1-kk! kI T'(-y) Kkt

This is a useful tool in the proof of the next theorem.

Now, from [33], we see that
(,:Bv—(s,y)ﬁBRvs,yy)(n) =y(n). (4.5)

One can note that Eq. (4.5) does not contain y(a). However, the next result contains an

initial value y(a) which will be a great tool to prove our fractional difference MVT.

Theorem 4.1 Let y be a function defined on N,_1, then, for 0 < § < % and 0<y <1, we

have

(z;lB v—(&y)ﬁffv&yy) ()

Sy(1-8)"Y(n-a+1)°>1

=y(n) - T0) y(a)
(= Vk(’? a+1)%1
—(1-%) y(a)Z,\ T (4.6)

Proof From the definition (2.8) with B = 1, we have

(v OV

_ B@©)

= 5. VOV [ZE (- p<s>)y(s)}

IB(S()S;?BV 6r)y |:Z EL )\. n-— P(S))y(s)+y(a)Ey (on—a+ 1):|

s=a+1
- B(3)
:;‘:BV (8,)/)123RV8 " y(n) + y(a)ABV ) VnEzg/j()"’? —a+1)

by (4.5) B(S)
Y= y(n) + .

ya)iBv-Crly, B (un—a+1).
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Then, by using the series formula (2.18) with 8 = 1, Lemma 4.1 and Remark 4.1, we can
deduce

(v OV
sk

=y(n) + —y(a) Z ( )Wﬂv MVE%()\» n-a+1l)

[e.¢]

=y +y@ ) (Z)(—l)kkkaV‘BkVEgl(k, n-a+1)

k=0

—a+1)%1
= y(n) + y(a) ZA" V)" [Va_1V‘5kE;1(A, n—a+1)-(1-8)" %}

=y(n) + y(@V Zxk(_/:)"a_ VHEL (L —a+1)
=0 :

)m

(= y m-a+1
-(- a)yy(a)ZA TG0

Then, by using the series formula (2.19) and Lemma 4.3, it follows that
(125-0713585575) )

s
=y(n) +y(@V (2(8);‘%5 TEL (M ,n—(a—l)))

Z’\k( V) (n—a+ 1)1

X%
=) +y(a>v(2(‘8‘; R L D 0
—(1-8)y(a) ki::)\k (_]Z)k ( _lf(;kl))ﬁkl
-yt - AT 0y (a)ZAk Tlnze DT
which completes the required result. 0

Remark 4.2 If we put y =1 in Theorem 4.1, we directly obtain Theorem 8 in [29].
Proof From (4.6), we have for y =1

(@ V) ()

§(n - 1 5—1 1 Sk—1
—yn) - 2D F“(;)) (@)~ (1-8)y )Zxk( Dic (0= ?(;k))
S(n— a4 1T
-5 - =y,

where the fact (1) =0, kK > 2 is used. (|
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y-1 Sk—=1 g e
Now, let R(8,n,a) = % +(1=-8) Y2 2)Lk & %, then it is clear
that R(5,n,a) < 1.

Lemma 4.3 Let g be a strictly increasing function defined on N,,. Then, for any 0 < § < %,
0<y <1, wehave

&) = R(8,m,a)g(a) >0  (Vn € No).

Proof Since g is strictly increasing, by using Theorem 3.4, we have
GERVP7 ) m) >0 (Yn e N,).

Applying 48V-67) to both sides of the above inequality we get
(‘;BV"(‘ﬁ’y)ﬁffevé’yg)(n) > z;lBV—(M)(O) - 0.

Considering (ABV-6A4BRGSy ¢) (1)) = g(b) - R(8, n,a)g(a) (by using Theorem 4.1), the proof
follows. O

Then we can deduce the following MVT.

Theorem 4.2 (MVT) Suppose that f and g are two functions deﬁned onNyp:={a,a+1,a+
., b}y witha=b (mod 1), g is a strictly increasing and 0 < § < 3,0 <y < 1. Then there
exist 1,80 € N, such that

GV f)(s1 )<f(b)—R(5,b,ﬂ)f(a) _ GEVf)(s) 47)
(@BRV7g)(s1) ~ g(b) =R, b,a)gla) ~ (ERVAvg)(sy) '

Proof On the contrary, we suppose that (4.7) is not true. Then either

fb) -RG,b,a)f (@) GV TH)
g(b) = R(3,b,a)g(a) (Z‘ff vorg)(n)’

Vn S ./\/ﬂ,b, (4.8)

or

f(b) -RG,b,a)f (@) _ GAVTH)
g(b) = R(3,b,a)g(a) (iffv“ 7g)n)’

Vi € Nop. (4.9)

With the help of Lemma 4.3, we see that g(b) — R(3, b, a)g(a) > 0. Also, by assumption g is
strictly increasing and hence (428V%7 g)(17) > 0 by Theorem 3.4. Therefore, inequality (4.8)
can be written in the following form:

b) = R(,b,
{;Eb;—REa,b,ZgEZ; (V7)) > GV ) () (410

By applying the fractional sum operator (evaluated at 1 = b) to both sides of (4.10) and by
making use of Theorem 4.1, we can deduce

S(b) =R, b,a)f (a) > f(b) - R(3, b, a)f (a)
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which is a contradiction. By using the same method as used for (4.8), we can conclude that
(4.9) will be a contradiction. Thus the proof is completed. d

5 Conclusion
The results of the article can be summarized as follows:

« First, we have recalled the RL-fractional sums, generalized discrete ML function, and
the generalized discrete AB fractional operators with their equivalent formulas. Also,
the definition of §-monotonicity has been recalled.

+ We have considered the monotonicity analysis for the nabla fractional difference
operator with discrete generalized ML kernel (28V%7 y)(n) of order 0 < § < 0.5,
0<y <1startingata—1.

o If (ABRV57 y)(5) > 0, then we have deduced that y(y) is 82y -increasing. That is
y(n + 1) > 82y(n) for each n € N,

« If y(n) is increasing and y(a) > 0, then we have concluded that (*28v%7y)(5) > 0.

+ Monotonicity results for the nabla Caputo fractional difference with discrete
generalized ML kernel have been found as well.

+ Our results can be seen as the generalization of the results in [29].

« Additionally, we have established a new version of the MVT in the frame fractional
differences in the setting of generalized AB.

+ In the case of the case #Z in the setting of discrete ML-kernel (AB) [30] and discrete
exponential kernel [34], it was noticed that the monotonicity factor depends on the
step h. However, for the discrete power law case [31] the monotonicity factor is
independent of the step 4. Since our results in this article generalize those in [29], it is
of interest to generalize the results in this article for the #Z case so that the
monotonicity factor will depend on §, y, and 4!

+ We have been able to address the monotonicity analysis for the ML kernels with
parameters 0 < § < 0.5, 8 =1,and 0 < y < 1. [s it possible to register homogeneous
monotonicity properties on certain discrete intervals for the case when 8 #1?

« In Remark 2.1, we described the decreasing behavior of the discrete ML functions of
order 0< 8 <0.5, B =1,and 0 < y <1 by calculating the first 4 terms and by providing
graphs. However, the proof of this behavior analytically is still open!
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