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1 Introduction

Rumor is a statement that has no basis in fact, but is made up out of thin air or according to
one’s will and spread by some means. In other words, a rumor is a piece of information that
is created out of nothing but spreads widely. With the development of the society and the
internet, compared with the traditional interpersonal communication, rumor propagation
has the characteristics of faster information transmission, wider influence, stronger force,
and more concealment. Rumors have a great negative effect on our daily life. Rumors not
only convey some inaccurate information to the society, but also cause bad social habits,
crimes, and economic losses, as well as pose a great threat to the national and public secu-
rity [1, 2]. At the same time, changes in rumor spreading are sudden and uncertain. How
to remove rumors in a timely manner and how to effectively suppress rumors have be-
come a crucial issue to the government and the society. Therefore, it is significant to study
uncertain SIR rumor spreading model for rumor control and social stability.

Due to the similarity between rumor spreading process and propagating process of epi-
demic diseases, an epidemic model has been favored by most domestic and overseas schol-
ars in the research on rumor spreading. Kermack and McKendrick [3] first proposed the
classic SIR epidemic model in 1927. Subsequently, based on this research, many scholars
used mathematical models to establish SI [4], SIS [4], SIRS [5], SEIRS [6], and other mod-
els, all of which are playing an increasingly important role in predicting and controlling
infectious diseases. These models provide more ideas and insights for people to study the
rumor propagation process. In 1964, based on theoretical analysis and practical obser-
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vation of infectious disease models, Daley and Kendall found that rumor and infectious
disease spreads have many similarities on the surface, but their transmission systems have
essential differences. Therefore, Daley and Kendall 7, 8] established the classical rumor
spreading model for the first time and named it DK model. In the DK model, the general
population is divided into three categories: those who don’t know rumors (ignorant), those
who know and spread rumors (spreader), and those who know but do not spread rumors
(stiflers). Later, Maki [9] modified the DK model and established MK model in 1973. This
model more truly reflected the rumor propagation process, because it indicated that direct
contact between the disseminator and others was the way to spread rumors. Although DK
and MK models have rigorous logic in establishing the model process, they ignore many
factors that affect the rumor propagation process. Based on the DK, MK, and infectious
disease models, more extensive studies have been conducted on rumor propagation from
different perspectives, such as small-world networks [10, 11], complex networks [12, 13],
forgetting mechanism [14], memory mechanism [15], retweeting mechanism [16], indi-
vidual behavior [17], education [18], internal and external influences [19]. In 2016, Zhang
et al. [20] used existing epidemic models to study the dynamics of information diffusion
and applied them to complex networks, emphasizing the importance of information dis-
semination. In 2018, based on a nonlinear model of SIS in a complex network environ-
ment, Zhan et al. [21] studied the coupling dynamics of epidemic transmission and infor-
mation diffusion.

The deterministic rumor spreading model has made great achievements in all aspects,
but some scholars have found that in the process of rumor propagation, rumor spread
form is largely influenced by the environment noise. Human contact is not fixed and can be
disturbed by some random factors. Therefore, the use of deterministic rumor propagation
model to describe the rumor propagation process will reduce the accuracy of rumor prop-
agation results. There are a lot of studies on stochastic infectious disease model, but there
are few studies on stochastic rumor propagation. Tornatore et al. [22] built a stochastic
SIR model with or without distributed time delay and studied the stability of disease-free
equilibrium of the model. Miao et al. [23] proposed a dynamic behavior of stochastic SIR
infectious disease with horizontal and vertical characteristics by using stochastic differen-
tial equation theory and inequality technique. Ball et al. [24] considered the propagation
of a Markovian SIR model over the configuration model network. In 2016, Chen [25] used
Brownian movement to describe environmental noise to establish a random rumor prop-
agation model with parametric perturbation. In 2020, Huo and Dong [26] analyzed the
propagation mechanism of the rumor spreading model in media reports with white noise
interference based on the classical rumor propagation model. However, it is unreasonable
to use stochastic differential equations with Wiener process to study the uncertain factors
in rumor propagation process in a short time. In this paper, we use another effective math-
ematical tool, uncertainty theory, to study the uncertainty factors in SIR rumor spreading
model.

The uncertainty theory was established by Liu [27, 28] in 2007 and revised in 2009. Un-
certainty theory is a new branch of mathematics based on normality, duality, subadditivity,
and product axioms. It is used to describe and deal with the phenomenon of uncertainty
[29]. In this theory, uncertain phenomena are characterized by uncertain variables, and
uncertain variables are described by uncertain distributions. In 2008, Liu [30] proposed

the uncertain process. An uncertain process is actually a series of uncertain variables with
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time as the index, which describes the dynamic behavior of the uncertain phenomenon.
Then, in 2009, Liu [28] proposed a special class of uncertain processes called Liu pro-
cess, which is a stationary, independent increment process whose increments are nor-
mal uncertain variables [31]. Liu process is the uncertain counterpart of Wiener process.
Uncertain differential equation is a kind of differential equation with Liu process, which
was first proposed by Liu [30] in 2008. In 2010, Chen and Liu [32] proved the existence
and uniqueness theorem of solutions for uncertain differential equations under Lipschitz
and linear growth conditions. Moreover, some scholars presented some methods to solve
special uncertain differential equations [32—-34]. Based on the Lipschitz continuity of Liu
process, Yao et al. [35] gives a sufficient condition for the stability of uncertain differential
equations. In many cases, uncertain differential equations are difficult to solve to obtain
analytic solutions. Yao and Chen [36] first put forward the concept of an «-path and Yao—
Chen fomula, which can transform uncertain differential equations into ordinary differen-
tial equations, and one can use Euler method to solve the uncertain differential equation.
Based on the uncertain process in the uncertainty theory and the knowledge of an uncer-
tain differential equation, we propose an uncertain SIR rumor spreading model.

In this paper, the uncertain differential equation and Liu process in the uncertainty the-
ory is used to study the rumor spreading for the first time, and establish the uncertain SIR
rumor spreading model. The rest of the paper is arranged as follows. In Sect. 2, the basic
definitions and theorems of uncertain variable, uncertain process and uncertain differ-
ential equation in uncertainty theory are introduced. Section 3 establishes the uncertain
SIR rumor spreading model with one Liu process, and gives the derivation process of the
model. Section 4 proves the existence and uniqueness of the solutions of uncertain SIR
rumor spreading differential equations. Section 5 proves that the uncertain SIR rumor
spreading model is stable in measure under certain conditions. In Sect. 6, we give a nu-
merical solution of the model. Section 7 introduces a paradox of stochastic rumor spread-
ing model that shows it is unreasonable to use Wiener process to describe the uncertain

disturbance in rumor propagation. In Sect. 8, a brief discussion is given.

2 Preliminaries
In this section, we review some definitions and useful results about uncertain variable,

uncertain process, and uncertain differential equation.

2.1 Uncertain variable
Definition 1 (Liu [27]) Let £ be a o-algebra on a nonempty set I'. A set function M :
L — [0,1] is called an uncertain measure if it satisfies:

Axiom 1 (Normality axiom) M{I'} = 1 for the universal set I'.

Axiom 2 (Duality axiom) M{A} + M{A€} =1 for any event A.

Axiom 3 (Subadditivity axiom) For every countable sequence of events A1, Ay, -, we

have

i=1 i=1

In this case, the triple (I, £, M) is called an uncertainty space.
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Beside, the product uncertain measure on the product o -algebra £ was defined by Liu
[28].
Axiom 4 (Product axiom) Let (I';, £;, M;) be uncertainty spaces for i = 1,2, - - - , then the
product uncertain measure M is an uncertain measure satisfying

o0 oo
M{HAi} = A Mi(A,
i=1 i=1
where A; are arbitrarily chosen events from £; for i = 1,2, - - , respectively.

Definition 2 (Liu [27]) An uncertain variable is a measurable function & from an uncer-
tainty space (I", £, M) to the real number set ), i.e., for any Borel set B of real numbers,
the set {¢§ € B} = {y e I'|é(y) € B} is an event.

Definition 3 (Liu [27]) The uncertainty distribution ® of an uncertain variable & is de-
fined by ®(x) = M{& < x} for any real number x.

Definition 4 (Liu [27]) An uncertain variable & is called normal if it has a normal uncer-
tainty distribution

-1
d(x) = (1 + exp(nijg_ x))) , x€EN,
o

where e and ¢ are real numbers with ¢ > 0. In particular, if e = 0 and o = 1, £ is called

standard normal.

If the inverse function ®~! exists and is unique for each o € (0, 1), then it is called the
inverse uncertainty distribution of £. In this case, the uncertainty distribution ® is said to
be regular.

Definition 5 (Liu [28]) The uncertain variables &,&,,...,§,, are said to be independent if

Mlﬂ(a eB»} = A Mi& e B)

i=1 i=1

for any Borel sets By, By, ..., By, of real numbers.

2.2 Uncertain process
Definition 6 (Liu [30]) Let T be an index set, and (I, £, M) be an uncertainty space.
An uncertain process X; is a measurable function from T x (T, £, M) to the set of real
numbers, i.e., for each ¢ € T and any Borel set B of real numbers, the set {X; € B} ={y €
['|X;(y) € B} is an event.

Definition 7 (Liu [31]) An uncertain process X, is said to have an uncertainty distribution
d,(x) if at each time ¢, the uncertain variable X; has the uncertainty distribution ®,(x).

Definition 8 (Liu [28]) An uncertain process C; is said to be a Liu process if
(i) Co =0 and almost all sample paths are Lipschitz continuous.
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(i) C; has stationary and independent increments.
(ili) Every increment Cs,, — C; is a normal uncertain variable with an uncertainty

distribution

-1
<I>t(x)=<1+exp(—%>) , xeN.

2.3 Uncertain differential equation
Definition 9 (Liu [30]) Let X; be an uncertain process. For any partition of closed interval
[a,b] witha = t; <ty <--- < txy1 = b, the mesh is written as A = maxj<;<x |£i+1 — ;|- Then

the time integral of X, with respect to ¢ is

b k
/ X;dt = lim ZXti(tHl —t)
a A—0 P}
provided that the limit exists almost surely and is finite.
Definition 10 (Liu [28]) Let X; be an uncertain process and C; be a Liu process. For any

partition of closed interval [a,b] with a = t; <t < -+ < tx41 = b, the mesh is written as
A = maxi<j<k |tis1 — L. Then the Liu integral of X, is defined by

b k
/ﬂ X, dC; = giglogxt,.(ctm -Cy)

provided that the limit exists almost surely and is finite.

Definition 11 (Liu [30]) Suppose C; is a Liu process, and f and g are two given functions.
Then

dX; = f(t, X;) dt + g(t, X;) dCy (1)

is called an uncertain differential equation. An uncertain process that satisfies equation

(1) identically at each time ¢ is called a solution of the uncertain differential equation.

Definition 12 (Yao and Chen [36]) The a-path (0 < « < 1) of an uncertain differential
equation dX; = f(¢, X;) dt + g(t, X;) dC; with initial value X is a deterministic function X}

with respect to ¢ that solves the corresponding ordinary differential equation
dX¢ =f(6X%) dt + |g(6,X7) [ @7 (o) dt,

where ®~1(«) is the inverse uncertainty distribution of standard normal uncertain vari-
able, i.e.,

3
CD_I(oz):£ln Y O<a<l.
T 1-«
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Theorem 1 (Yao and Chen [36]) Assume that f(t,x) and g(t,x) are continuous functions.
Let X} be an a-path of the uncertain differential equation

dX? =f(t,X7)dt + |g(6, X)) |2 (@) dt, te[0,s].
Then M{X; < XZ} = «, i.e., X; has an inverse uncertainty distribution

O ) =X, O<ac<l.
Definition 13 (Yao [37]) Let X; be an uncertain process. If for each « € (0, 1), there exists
a real function X} such that

M{X, < XP ¥ty =a,  M{X,>X],Vt}=1-a.
then X; is called a contour process. X is called the a-path of the uncertain process X;.

Theorem 2 (Yao [37]) An uncertain process X; is a contour process if and only if for each
a € (0,1), there exists a real function X' such that

M{Xe <X Vt) =,  M{X, = X[, Vt}=1-a.

Theorem 3 (Yao etal. [35]) Let C; be a Liu process. Then there exists an uncertain variable
K such that for each y, K(y) is a Lipschitz constant of the sample path C,(y), and

-1
MIK <x} > 2(1 + exp(—%)) -1.

Theorem 4 (Yao etal. [35]) Let C; be a Liu process. Then there exists an uncertain variable
K such that for each y, K(y) is a Lipschitz constant of the sample path C(y), and

lim M{K <x}=1.
X—>+00
3 Model formulation
DK model is a classical rumor spreading model. On the basis of the DK model, the for-
getting mechanism is added to establish the deterministic model of SIR rumor spreading.
The ordinary differential equation SIR model is given as follows:

% = _ItSb
% = BIS; — ASiR; — Sy, (2)

% = )\.Sth + V}St + (1 — ﬂ)ItSt

In a closed environment, the total population is grouped into three categories: ignorants,
spreaders, and stiflers, which are represented by /, S, and R, respectively:

+ Rumor ignorant (), individuals who know nothing about rumors;

« Rumor spreader (S), individuals who know rumors and will spread them;

« Rumor stifler (R), individuals who know rumors but don’t spread them.
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Figure 1 Schematic diagram of SIR rumor spreading

The population sizes of I, S, and R individuals at time ¢ are denoted by I;, S;, and Ry,
respectively. The parameters in the above model are expressed as follows:

+ B, the spreading rate that an ignorant turns into a spreader after he comes into

contact with the spreader;

« A, the rate that the spreader converts into a stifler after contacting with the rumor

stifler;

+ 1), the rate that a spreader becomes a stifler because he forgotten or lost interest in the

rumor.

It is worth to mention that the deterministic SIR rumor spreading model and uncer-
tain SIR rumor spreading model proposed in this manuscript are suitable to the following
cases:

1. The total population size is considered as a constant, N. Suppose that there is no

entry and exit in the total population.

Assume that the mixture of individuals in the population is sufficiently uniform.
Suppose that one spreader is in contact with another, and their status does not
change.

The SIR rumor spreading process is shown in Fig. 1.

However, in real life, rumor spreading is affected by environmental noise. This paper,
based on the ordinary differential equation (2), introduces the Liu process to describe the
uncertain factors in the environment, the rate A of a spreader turning into a stifler affected
by uncertainties. In this part, we change the rate X into an uncertain variable A;.

Let the time interval [0, £] be divided uniformly into # subintervals such that 0 = £ < #; <
L <---<t, =t,and the interval length is At =¢;,; —¢;,i=0,1,2,...,n— 1. We assume that

AC,
At

)“t:)"_‘—g

where A is a constant, C; is a Liu process representing the uncertain disturbance, and o is
a constant denoting the intensity of C,.
An increase in the number of spreader individuals, who are the original spreaders in the
interval (¢;, 1], is equal to
(ﬁ]tisti - )LtiStiRti - nStl)At = (ﬁ[tisti - )"StiRti - USt,)At - OSt,'Rt,'ACt'

Thus

Sti+1 - Sti = (ﬂ[tiSti - )"StiRti - nStl)At - UStiRtiACt~
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Then we have

n-1 n—

1
S =S80 = Z(Sti+1 - Sti) = Z((,Blt,sti - )»StiRti - USti)At - UStL'RtL'ACt)'
i=0

i=0 i=

Letting At — 0, the above equation can be written as an uncertain integral equation,

t t
S =8y = / (BI;Ss — ASRs — nSs) ds — / o SR, dC;.
0 0
The number of stiflers in the interval (¢;, £;,1] is equal to

Rti+1 - Rti = (A'tiStiRti + nSt,' + (1 - ﬂ)ItiSti)At

= ()\‘StiRti + nS[L‘ + (1 — ,B)Itl.Stl.)At + UStiRtiACt-

Then we have

n-1 n-1
Ri=Ro=) Ry, —Ry) =D ((ASyRy + Sy + (1= P)L,,Sy) At + 0 SR, AC).
i=0 i=0

Letting At — 0, an uncertain integral equation can be obtained as

t

t
R —Ry= / (ASSRS +nSs+ (1 - ,B)ISSS) ds + / o SR, dC;.
0 0
The number of ignorants in the interval (¢, £;,1] is equal to
Itin - [t‘ = _ItiStiAt'

i

Then we have

n-1 n-1
L—Io=Y (y, ~1,) =Y ~I,S,At.
i=0 i=0

Letting At — 0, an uncertain integral equation can be obtained as

t
I -1y= —/ LS ds.
0
We obtain a system of uncertain integral equations
L =1Iy— [y 1Sds,

St = So+ [y (BLSs = ASsRs — 1Ss) ds — [ 0 SR, dCs,
Ry =Ry + [y (RSsRs + nSy + (1 = B)Ss) ds + [y 0 SR, dCs.

®3)

Page 8 of 22
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It is equal to a system of uncertain differential equations, called the uncertain SIR rumor
spreading model, as follows:

dIt = —ItS[ dt,
dSt = (ﬁItSt — )\.Sth - T']St) dt — USth dCt, (4‘)
th = ()\.Sth + nSt + (1 - ﬂ)ItSt)dt + O'Sth dCt,

where I;, S, R, are the numbers of ignorant, spreader, and stifler individuals, respectively,
C; is a Liu process representing the uncertain disturbers, o is a constant denoting the
intensity of C;, and B, A, and 7 are constants.

4 Existence and uniqueness of uncertain SIR rumor spreading model
Lemma 1 [f, in the uncertain SIR rumor spreading model (4), C; is a Liu process, then we
have

[ USs(J/)Rs(V)dCs()/)‘SK / 0S.(R ()] ds, )

where K(y) is the Lipschitz constant of the sample path C,(y) for each y € T.

Proof According to model (3), we have

max ’ /aS y)dCy(

/0 ass(mRs(y)dcs(y)‘}

_ /O o Ss(y)Ry(y) dC, (y)‘

= Alggo;osﬁ_l(y)Rt,,_l(y)(ct,,(y) -Gy ()

< lim Z|ast,1 R, ()| - |Coiy) = Co (1))

At—0
For every sample y, it can be seen from the definition of Liu process that C,(y) is Lips-

chitz continuous with respect to ¢. So there exists a finite number K(y), called Lipschitz
constant, such that

|Ct,(3/) - Cti_1(7)| SK()’)|ti—ti71|r i= 1’27' Y/

Thus
AI}E}O;]USQJ(V)RQA ()/)| : |Cti(y) - Cti—l (V)|
<K(y) Algoi2=;|asti—l(7’)Rn-1(V)| =ty

<K() /0 |0, )R ()| ds.

The lemma is proved. d
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Theorem 4.1 Ifthe coefficients of the uncertain SIR rumor spreading model (4) satisfy the
Lipschitz condition

max{ ’—(xy - Xy)

s |Bxy = Xy) = Myz = y2) = n(y - 7)
Mz =52) + ny-3) + (1 - B)xy - X7)|}
+|oz-72)|

< Lmax{|x -,y -1, |~ 2},

)

Sorall (x,y,2),(%,%,Z) € N>, t > 0 and some constant L, then model (4) has a unique solution

Proof To prove the existence of solution for uncertain SIR rumor spreading model (4), a
successive approximation method is used to obtain the solution of the uncertain SIR ru-

mor spreading model (4). For any sample y, we define (1;0)()/), SEO)()/), REO)()/)) = (1o, So, Ro),
and set

t
1Y) = Iy - / ()" () ds,
0
t
S () = Sp + / (BI™(1)SP) (1) = AS™ () )R™ (y) = nS¥) (v)) ds
0

- /O oS ()RY (y) dCy(y),

R (y) = Ro + /Ot(ASY)(V)Rﬁ”)(V) + 18P (y) + (1= PIP ()SP(v)) ds

" /t"sﬁn)(y)Rﬁ”)(y)dCs(V),

0

and

’

D (y) = max {max{ 1 () = 1(y)

S () =S (y)

RV (y) =R (y)]}}

’

forn=0,1,2,--- . We assert that

D (y) < (1 +max{|Lol, 1So], IRol})

Ln+1 1+K n+l
xﬂﬂ“l, n=0,1,2,...,0<t<T, (6)
(n+1)!

where T is a constant. Inequality (6) is proved by using the mathematical induction as
follows. For n = 0, we have

DOy)

= max {max{|l‘(,l)(y) —150)()/)

O<v<t

SW(y) = 8$9(y)

’

R () - RO ()|}

)

- / 19059 () ds
0

= max { max
o<v<t

‘ / V(ﬂls(o)(y)Sﬁo)(y) - 18OWRO(y) - nSO(y)) ds
0
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’

- / VaS§°)<y)R§°)(y>dcs<y)
0

f V(KSﬁo)(V)Rio)(y) +180(y) + 1= BIO()S(y)) ds
0
+/Vﬁsﬁo)(V)REO)(V)dCs(y)‘}}

0

< max {max{

0<v<t

/ " 03500 g
s S
0

’

‘ / (B190)5O () = 250 ()RO () - 15O () ds',
0

‘ f V(kSﬁo)(y)Rﬁo)(y) +780(y) + (1= BIO(r)SO(y)) ds
0

|

+

/ Vasg(’)(y)RgO)(y) dCs(y)H

0

t
< / max{|~oSol, |BIoSo — ASoRo — nSol, | ASoRo + 1So + (1 = B)IoSo|} ds
0

+

t
/ o SoRg dCs(J/)‘
0

t
< / max{|-IoSol, |BIoSo — ASoRo — nSol, | ASoRo + 1So + (1 = B)IoSo|} ds
0

t
+ K(y)/ |oSoRo| ds
0

< (1+K(y))(max{[LoSol, [BIoSo — ASoRo — nSol,

ASoRo +1So + (1 - B)oSol}
+ |0 SoRol)t

< (1 + K(y))L(l + max{ [Iol, |Sol, | Rol })t,

which is satisfied if we take

= max{lfoSol, |BoSo = 2:S0Ro — nSol, 12-S0Ro + 1Sy + (1 = A)loSol) + |7 SoRol
= 1 + max{|Io|,|Sol, [ Rol} .

Assume inequality (6) holds for #n — 1. Then

D (y)
= max {max{|1"V(y) = L7 (V)] |7V () = S [RP V) - RP ()|}
= nax {max{ —/ (IS(”)(y)Sgn)(y) —Is(”_l)(y)Sin‘l)(y)) ds|,
<v<t 0

/0 ' B ()P (y) = 1" V()" D(y)) = 2(SP ()RY () = "V ()R V(y))

-(SY(y) - S"V(y)) ds - /O o (SP()R™ (y) = SV ()R (1)) dCi(y)),

/0 VA(S§">(y)R§">(y> — S VR D() + n(SP(y) - S"V(y))

Page 11 of 22
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+(1=B)(I"()SY (y) = 1"V (y)SUD(y)) ds

+ /V o (SP ()R (v) = STV ()R V(y)) dCs(V)‘ } }
0

< max{ ft ([S(">()/)S§n)()/) —Is(n_l)(V)Sgn_l)(V)) ds|,

‘ / W ()SP () = 1"V (y)S" V()

=1 (SPRM (y) = SV RV (y)) = (ST (y) - S V(y)) ds

/0 t LS IRP (y) = STV (IR (1)) +n(SP(y) - SV ()

+(1-B) (ISP (y) - 1" D ()T D(y)) ds‘ }

fo—o(sg'”(y) M) - M(y)Rg“)(y))dcs(y)‘,

+ max{

’

/0 o (SR (y) = S" V()R P(y)) dCs(y)’ }
i ma"{ f (P05 () - 105D () ds
0

‘ [O B ()P (y) — 1" V(1) V(y))

=SV PRP (y) = SPD ()R (y)) = n(SP(y) - SV (y)) ds

’

/0 tk(Sé“(y)Rﬁ")(y) = ST VEIRIV(y)) +n(SP(y) - ST V(y)

|

/o - (SPRM () = STV ()R V(y)) dCs(V)’

+ (L= B )SP () = 18D (v)SIP(y)) ds

+

< /0 max{|-(I" ()" (y) - 1"V ()S" V)],
B ()SP(y) = 17V (y)SI V()

=SV PRP (y) = SED ()R (y)) = (S (y) = SU V().

LS (R (y) = S" V()R (y))
+ (1= B) (ISP (y) 1"V ()S" V()
+0(SP(y) - STV (y))|} ds

LK) /0 I (S ()R () = STV ()R (1)) | ds

"(y) -

<L /0 tmax{v;")(y)—li"-“( ), R (y) =R V(y)|} ds
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’ )

S (y) - 8" D(y)

<o {1110
0
IR (y) = R"V(y)|} ds

’ ’

S (y) = 8" (y)

<L(1+K(y)) /Otmax{ 117 (y) - 17D (y)

|R™(y) - R" ()|} ds

<L(1+K(y)) fo (1 +max{ ||, |Sol, |Rol })L(“#Sn ds

Ln+1(1 +I<()/))n+1 tn+1

= (1 +max{|Il, Sol, [Rol}) (n+1)!

Therefore, inequality (6) is proved. By using the Weierstrass’ criterion, we obtain

- L1+ K(y))™!
HX:;(I+max{|lo|,|so|,|Ro|})%tﬂ+1
+00 Ln+1(1 +I(()/))n+l -
< Z(l+max{|fo|,|so|,|Ro|})T1),T
n=0 .

<+00, Vyel.

Thus (I,(k)(y),Sgk)(y),REk)(y)) converges uniformly in £ € [0, T]. Forany y € I, £t € [0, T,

we obtain

L) = lim 100, S)= lim $90), Rl = lim &),

k—+00 k—+00

Therefore,
t
I =1y — / IS, ds,
0
t t
Sy =80+ / (BI;Ss — ASsR; — nS,) ds — / o SR, dC;,
0 0
t t
R, =Ry + / (ASSRS +nSs + (1 — ﬁ)IsSS) ds + / o SR, dC;
0 0

is the solution of model (4) for any ¢ > 0, where T is arbitrary.

Then we prove the uniqueness of the solution under the given conditions. Assume that
(e(y), Se(y), Re(y)) and (I (y), Sf(y), R; (y)) are two solutions of the uncertain SIR rumor
spreading model (4) with the same initial value (Iy, So, Ry). For each y € T, we obtain

S ) =S| [Ry) - R ()}

’ ’

max{|I,(y) - I} (y)

/0 (L )S) = I ()S5()) du,

= max{

‘/0 B(L()Su(y) = L;()S5(1)) = M(Su(¥)Ru(y) = Si()R:(y))

= n(Suly) - Si(y)) du
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’

. /0 o (Su()Ruly) = SIS dCaly)

fo MSu R = SSNRED)) + 1(Suly) - S5))

+ (1= B)Y(L()Suly) - Li(y)Si(y)) du

+f0 o (Su(y)Ru(y) = S;(¥)R; () dCuly) }

< max{

fo (LS ) = (S () du

’

‘ /0 BL()Su) = LE)SE0)) = M(Suly)Ruy) = TR

=n(Suly) = S;(y)) du

’

fo M8 R) = SLRED)) + 1(Suly) = S30))

|

fo o (Su0)Ruy) = SEIRE()) dCu(y)

+ (1= B)(L()Suly) = L;(y)S;(v)) du

+

5/Otmax{\lu(V)Su(V)—1;‘(1/)52‘,(3/)|,
|B(L(¥)Su(y) = L:(1)S5(1)) = A(Su(¥)Ru(y) = Si(y)RE(¥))
-n(Su(y) = Si(»)),
| (Su()Ru(y) = SERL(Y)) + n(Suly) - Si(v))

+ (1= B)LSuly) - L;(y)S;(y)) |} du

LK) /0 0 (4 IRU) = STR ()| du

Su) = S| |Ruly) = Ri(y)|} dus.

<L(1+K(y) /0 max{[L(y) - I:(y)
Therefore,

max{|L(y) = L ()] [Se(r) = S; ()], [Re(v) = RE ()]}

<0- exp(L(l + K(y))t) =0

can be obtained by using the Gronwall’s inequality. It is equivalent to (I;(y), Si(y), Ri(y)) =
(I (y), S} (y),Ri(y)) almost certainly. The uniqueness of the solution is verified. O

5 Stability of uncertain SIR rumor spreading model
Lemma 2 Assume the uncertain SIR rumor spreading model (4) has a unique solution for

each given initial value. Then it is stable in measure if the coefficients of the uncertain SIR
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rumor spreading model (4) satisfy the strong Lipschitz condition

Blxy — %) — Myz - 32) - n(y - 3)|
|2z =72) + n(y -5 + (1 - B)xy - %) |}

+ |o(yz-52)|

max{ |—(xy —5c5/)|,

< Lymax{|x - x|,y -y, 1z -z}

for any (x,y,2), (%,7,z) € R3, t > 0, where L; is some positive function satisfying

+00
/ L,dt < +oo0.
0

Proof Let (I(y),S:(y), Re(y)) and (I} (y),S;(y),R;(y)) be two solutions of the uncertain
SIR rumor spreading model (4) with different initial values (Iy, So, Ro) and (I, S, R), re-
spectively. On the basis of Lipschitz continuous sample path C,(y), we have

I =1Io— [, IS ds,
St = So+ [y (BLSs = ASsRs — 1Ss) ds — [ 0 SR, dCs,
Ry =Ry + [y (RSeRs +nSs + (1 = B)LSs) ds + [ 0 SR dC

and

I =I5 — [( IS ds,
SE=S5+ [o(BIESE = ASIR: —nS¥)ds — [; 0 S*R* dC;,
R =R+ [J(ASIR: + St + (1= B)ISH)ds + [y o SIR: dC..

According to the strong Lipschitz condition, we have

max{|L(y) - I} () R() = Ri )]}

Se(y) - Si(y)

’

< max{|[0 —13‘|,

So—S:

’ ’

Ry~ Ry} + /0 max{ |- (L()S:(v) - [ (1)S: (v))

|BL()Ss(v) — L ()SE(1)) = M(Ss(V)Rs(y) = S:(IRE(Y)) = n(Ss(y) = Si() |,
A (SsRs(y) = S;()RE(v) + n(Ss(y) = St (¥))
+ (1= B)Y(L()Ss(y) = I (y)S: (1) |} ds

+ /0 max{ ‘—a (SS(V)Rs(V) - S;(V)R:(V))

)

|0 (Ss(¥)Rs(¥) = S:(VR: (1) [} dCi(y)]

<max{|lh- I Ro - Ry|}

So—Si

) )

Si(y) = Si(y)

Ry(y) - R(y)|} ds

’ ’

- /OthmaX{Ils(y) ~Ii(y)

’ ’

+/ K(y)Lymax{|L(y) - I}(y)
0

Ss(y)=S:(v)

R(y) - R;(v)|} ds
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= max{|lo - I}

So—S;

/| Ro - R}

’

Ss(y) - S;(v)

R(y) - R;(y)|} ds,

’ ’

t
+(1 +K(y))/ Lymax{|L(y) - I} (y)
0
where K(y) is the Lipschitz constant of C;(y). By the Gronwall’s inequality, we have

max{|L(y) - I} (v)

Si(y) = Si(v)

| Re(y) = R (v)]}

Ro - Ry|} .exp<(1 +K(y)) /thds)
0
RO—Rg‘} ~exp<(1 +K(y)) /0+00L5ds)

’

< max{ |10 -1

So—Si

’ ’

< max{ ‘IO -1

So—Si

’ ’

for any £ > 0. So we get

supmax{|I, - I} |, |S; - S7|, | R. - R} |}
t>0
<max{|lo - I§|,|So - S|, |Ro — R} |} ~exp<(1 +K(y))/ Lsds)
0

almost surely, where K is a nonnegative uncertain variable such that
lim M{y eT|K(y) <x}=1
X—> 00

by Theorem 4. For any given € > 0, there exists a real number H such that M{y|K(y) <
H}>1-¢€.Let

§= exp(—(l +H)/+OOLS ds)e.
0

Then max{|,(y) — I; ()1, IS:(¥) = S;(¥)I, IR:(y) — R} (y)|} < ¢ for any time ¢, provided that
max{|ly — 5|, 1So — S§1, [Ro — R§|} < 8 and K(y) < H. This means

)

M{supmax”]t -I,
£>0

S-S

R-Ri|}<ef>1-¢,

as long as max({|lo — 1|, |So — S§l, [Ro — R§|} < 6. In other words,

lim M{supmax{|]t—lz‘|,
max{|lo—I§1,1So—Sg |,1Ro—R 1} =0 t>0

S-St

’

R-R|}=ef=1

and the uncertain differential equation (4) is stable in measure. The theorem is

proved. O

6 Numerical algorithms
In this section, we use a numerical algorithm based on Euler method to solve the uncertain
SIR rumor spreading model. For the uncertain SIR rumor spreading model (4), the most

important thing is to obtain spectra of «-paths of I;, S;, and R;.

Page 16 of 22
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Algorithm
« Step 1. Fix @ on (0, 1). Given the initial values Iy, So, Ry and all parameters N, 8, A, 7,
ando.
+ Step 2. Solve the ordinary differential equation corresponding to the uncertain
differential equation

dIe = —128* dt,
dRY = (ASYRY + 1Sy + (1= B)ISY + |0 SYRY | D7 (a)) dt,

then obtain the o-paths I* and R%. On the basis of S = N — I} — RI"%, by using the

recursion formula, we solve it as follows:

1% = 1% — (I*S%)h,

L

RY, =R + (ASURY + nS% + (1 — B)I*SY + |6 SYRY| D~ (),

i+1 —
o _ 1-a 1-a
Si+1 =N - 1i+1 - Ri+1 ’

where / is the step length and ®~(a) = ? In % is the inverse standard normal
uncertainty distribution.
+ Step 3. The a-paths I, S¥, and RY are obtained.

Example 1 In the uncertain SIR rumor spreading model (4), take N =1, Iy = 0.99, Sy =
0.01, Rp =0, and B =0.5, A =0.2, n = 0.02, o = 0.1. By the algorithm, for every «, we can
obtain the corresponding «-paths S} and RY. Figure 2 shows the trajectories of I}, ¥, and
RY when  =0.1,0.2,---,0.9.

From Fig. 2 we can see that no matter how o changes, the image will eventually stabilize.
The number of spreaders goes up to its peak in a very short time and then down, eventually

| e———

— a=0.1 0.8 — a=01

a=02 a=02

— a=0.3 — a=0.3

0-61 — a=04 0.6 — a=04
kS — a=05 3 — =05
0.4k — a=0.6 0.4 — a=0.6
a=07 a=07

— a=0.8 — a=08

0.2+ a=0.9 0.2 a=0.9

time t

— a=0.1
a=02
— a=03
— a=04
— a=0.5
— a=06
a=07
— a=0.8
a=0.9

40
time t

60

Figure 2 Trajectories of a-paths /¥, %, and RY with =05, A =02, 7n=0.02

80 100
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o=0 0=0.5
1.0 1.0
0.8 0.8l
0.6 I 0.6 I
— s — s
0.4 i 0.4 Re
0.2 0.2t
0.0 0.0F
H i H H H H 1
0 20 40 60 80 100 0 20 40 60 80 100
time t time t
0=0.7 o=1
1.0 1.0
0.81 0.8F
0.6f I 0.6 — I
— s — s
0.4} — R 0.4} — Re
0.2} 0.2
0.0 0.0
0 20 20 60 80 100 0 20 40 0 80 100
time t time t
Figure 3 Trajectories of a-paths /¥, S, and RY with @ =04, 0 =0,0.5,0.7,and 1

declining to 0, which suggests that the rumors will fade away. In addition, the uncertain
SIR rumor spreading model (4) is equal to the deterministic rumor spreading model (2)
when o = 0.5. The range of the trajectories of I{’, S¢ and RY in the figure is between the
0.1-path and the 0.9-path of the uncertain differential equation, and the higher the value
of a, the earlier the rumor dissipates.

Example 2 In this example, we study the effect of different ¢ on the uncertain SIR rumor
spreading model (4), fixing & = 0.4. The other parameters are the same as in Example 1.
Figure 3 shows the trajectories of I*, S¢, and RY when o =0,0.5,0.7, and 1.

Figure 3 shows the paths of the I;, S;, and R, with different o when y, X, , and « are
fixed to 0.5, 0.2, 0.02, and 0.4. It can be clearly seen that when other parameters are fixed,
the greater the value of o, the larger the number of spreaders, and the longer the time for
rumor to dissipate.

When o = 0, the uncertain differential equation (4) is an ordinary differential equation
(2). The peak of rumor spreading will be higher as the value of o increases, which suggests
that the bigger the value of o, the more factors that affect A, the fewer people change from
spreaders to stiflers, so it takes longer for rumors to disappear.

Example 3 In this example, when other parameters are fixed, the influence of different
values of B on rumor spreading is discussed. In UDE model (4), take N = 1, I = 0.99,
S0=0.01, Ry =0,and A = 0.2, n = 0.02, « = 0.4, 0 = 0.2. Base on the algorithm, Fig. 4 gives
the a-paths of I, SY, and RY when 8 = 0.3,0.5,0.7, and 0.9. According to the image shown
in Fig. 4, the change of 8 value has a great impact on the rumor spreading process. The
smaller the value of B, the fewer the spreaders, the faster the rumor tends to stabilize. At
the same time, when there is no one to spread rumors, a minority of the population will
never know about the rumors when g is small. The result is in agreement with the actual
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B=0.3 B=05
1.0 1.0
0.8} 0.8
0.6 I 0.6 A
— S — S
0.4t b 0.4 — R
0.2f 0.2
0.0 0.0F
. H L H H H H
0 20 40 60 80 100 0 20 40 60 80 100
time t time t
B=07 B=0.9
1.0 1.0
0.8 0.8F
0.6 — 0.6 —k
— s — S
0.4 Re 0.4 Re
0.2 0.2
0.0F 0.0F
H L L H H H H R L H
0 20 40 60 80 100 0 20 40 60 80 100
time t time t
Figure 4 The a-paths of /f, %, and R¥ with B =0.3,0.5,0.7, and 0.9

situation, the smaller the $, the less contact there is between ignorants and spreaders, thus
the fewer people who spread rumors. In addition, for higher values of , the proportion of
spreaders will increase rapidly, the number of ignorants will decline quickly, and the spread
of rumors will be wider. Therefore, the government can control the spread of rumors by
reducing the rate .

7 Paradox of stochastic SIR rumor spreading model

Let us consider a stochastic SIR rumor spreading model

% =-1S;,
9 _ BILS, - AS:R, - 1S — 5 S,R, %, 7
e ~ASR; + 1S + (1 - P)LS; + 6 SR, 2,

where I is the population size of ignorant individuals, S; is the population size of spread-
ers, R, is the population size of stifler individuals, § is the rumor spread rate, A is the prob-
ability of not spreading rumors, 7 is the forgetting rate, W; is a standard Wiener process,
o is a constant that represents the intensity of W;, and time ¢ > 0.

It has been widely accepted that Wiener process is used to describe the environmental
noise in the rumor spreading process, but is this really justified? By deforming the model

(7), one can obtain

& =18,
% = BItSt -8t — ()~L + 5%)5:1%::

R = 73S, + (L= LS, + (3 + 5 WS, R,.
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Let & = x + 6 % which is called the effective rumor avoidance rate. It can be seen that
the stochastic model (7) uses Wiener process to describe the noise influence of X in the
process of rumor spreading, next we use A—vf instead of th . From AW, ~ N(0, At), we

can get that

AWtNJ\/< 1)

A At

is a normal random variable, with expected value 0 and variance 1/A¢. And from the prop-

erties of the normal distribution, we have

()

When At — 0, we have

Pr{i € [0,1]}

=Pr{0<i<1}

(r)(r)

— 0,

where X € [0,1], & is a constant, and ®(-) is the standard normal distribution function. It

means that
Pr{ie[0,1]}~0, Pr{ié[0,1]}~1

That is to say, the probability that the effective rumor avoidance rate 4 is less than 0 or
greater than 1 is almost 1. However, from the point of view of rumor spreading, 4 is the
effective avoidance rate of rumor spreader turning into rumor stifler. In the actual rumor
spreading process, it should be bounded on [0, 1]. That is,

_ Number of spreaders converted to rumor stiflers per unit tlme

The total number of people who spread rumors

Thus, it is incorrect to use Brownian motion to describe the uncertain disturbance in ru-
mor propagation. Therefore, it is not reasonable to use stochastic SIR rumor spreading

model (7) to describe the process of rumor spreading.

8 Conclusion

This paper mainly proposed an uncertain SIR rumor spreading model by uncertain differ-
ential equation and Liu process. It first deduced the process of establishing uncertain SIR
rumor spreading model. Then the existence and uniqueness of solutions of uncertain dif-
ferential equation SIR rumor spreading model were proved, and the model was proved to
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be stable in measure when it satisfied certain conditions. Furthermore, we transformed the
uncertain differential equation into an ordinary differential equation by using Yao—Chen
formula. And through numerical simulation, several examples were given to compare the
influence of different parameters on the uncertain SIR rumor spreading model. The results
showed that in daily life, we can predict the time when rumor spreading reaches its peak
and rumor dissipates through uncertain SIR rumor spreading model. Finally, a paradox of
stochastic SIR rumor spreading model was introduced.

Acknowledgements
The authors would like to thank the contributors and the editor for their valuable opinions and suggestions on the
revision of this paper, to get rid of the deficiencies of this paper.

Funding
This research is funded by the Natural Science Foundation of Xinjiang Uygur Autonomous Region (Grant No.
2020D01C047) and the National Natural Science Foundation of China (Grant Nos. U1703262, 12061072).

Availability of data and materials
Not applicable.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions

HS and YHS conceived and designed the study. HS established the uncertain model, theoretical analysis, and wrote the
original draft. YHS provided modeling ideas and analysis methods. QC provided the code for the numerical simulation. All
authors read and approved the final manuscript.

Author details
'College of Mathematical and System Sciences, Xinjiang University, Urumgj, Xinjiang, 830046, China. College of
Information Science and Engineering, Xinjiang University, Urumqi, Xinjiang, 830046, China.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 11 September 2020 Accepted: 20 April 2021 Published online: 12 June 2021

References
1. Bommel, JV.: Rumors. J. Finance 58(4), 1499-1520 (2010)
2. DiFonzo, N.: Rumour research can douse digital wildfires. Nature 493(1), 135 (2013)
3. Kermack, W.0., McKendrick, A.G.: A contribution to the mathematical theory of epidemics. Proc. R. Soc. Lond. Ser. A
115(772), 700-721 (1927) Containing papers of a mathematical and physical character
4. Driessche, HW.H.: An SIS epidemic model with variable population size and a delay. J. Math. Biol. 34(2), 177-194
(1995)
5. Tapaswi, PK, Chattopadhyay, J.: Global stability results of a “susceptible-infective-immune-susceptible” (SIRS)
epidemic model. Ecol. Model. 87(1-3), 223-226 (1996)
. Cooke, KL, Driessche, PV.D.: Analysis of an SEIRS epidemic model with two delays. J. Math. Biol. 35(2), 240-260 (1996)
. Daley, D.J, Kendall, D.G.: Epidemics and rumours. Nature 204(4963), 1118 (1964)
. Daley, D.J, Kendall, D.G.: Stochastic rumours. IMA J. Appl. Math. 1(1), 42-55 (1965)
. Maki, D.: Mathematical Models and Applications, with Emphasis on Social, Life, and Management Sciences, Prentice
Hall, Englewood Cliffs (1973)
10. Zanette, D.H.: Critical behavior of propagation on small-world networks. Phys. Rev. E 64(5), 1725 (2001)
11. Zanette, D.H.: Dynamics of rumor propagation on small-world networks. Phys. Rev. E 65(4), 110 (2002)
12. Moreno, Y. Nekovee, M., Pacheco, A.F.: Dynamics of rumor spreading in complex networks. Phys. Rev. E 69(2), 066130
(2004)
13. Moreno, Y, Nekovee, M., Vespignani, A.: Efficiency and reliability of epidemic data dissemination in complex
networks. Phys. Rev. E, Stat. Nonlinear Soft Matter Phys. 69(5), 055101 (2004)
14. Nekovee, M., Moreno, Y., Bianconi, G, et al.: Theory of rumor spreading in complex social networks. Phys. A, Stat.
Mech. Appl. 374(1), 457-470 (2007)
15. Zhao, L, Wang, J,, Chen, Y, et al.: SIHR rumor spreading model in social networks. Phys. A, Stat. Mech. Appl. 391(7),
2444-2453 (2012)
16. Xiong, F, Liu, Y, Zhang, Z.J, et al.: An information diffusion model based on retweeting mechanism for online social
media. Phys. Lett. A 376(30-31), 2103-2108 (2012)
17. Borge-Holthoefer, J,, Moreno, Y.: Absence of influential spreaders in rumor dynamics. Phys. Rev. E, Stat. Nonlinear Soft
Matter Phys. 85(2), 026116 (2012)
18. Afassinou, K.: Analysis of the impact of education rate on the rumor spreading mechanism. Phys. A, Stat. Mech. Appl.
414,43-52 (2014)



Sun et al. Advances in Difference Equations (2021) 2021:286 Page 22 of 22

20.
AR
22.
23.
24.
25.
26.
27.
28.
29.
30.
31.
32.
33
34
35.
36.

37.

. Liu, C, Zhan, XX, Zhang, ZK, et al. How events determine spreading patterns: information transmission via internal

and external influences on social networks. New J. Phys. 17, 113045 (2015)

Zhang, ZK, Liu, C, Zhan, XX, et al.. Dynamics of information diffusion and its applications on complex networks.
Phys. Rep. 651, 1-34 (2016)

Zhan, XX, Liu, C, Zhou, G, et al.: Coupling dynamics of epidemic spreading and information diffusion on complex
networks. Appl. Math. Comput. 332, 437-448 (2018)

Tornatore, E., Buccellato, S.M., Vetro, P: Stability of a stochastic SIR system. Phys. A, Stat. Mech. Appl. 354, 111-126
(2005)

Miao, A, Zhang, T, Zhang, J,, et al.: Dynamics of a stochastic SIR model with both horizontal and vertical transmission.
J. Appl. Anal. Comput. 8(4), 1108-1121 (2018)

Ball, F, Britton, T, Leung, K.Y, et al.: A stochastic SIR network epidemic model with preventive dropping of edges.

J. Math. Biol. 78(6), 1875-1951 (2019)

Chen, H.: Analysis on the dynamics behavior of a rumor transmission model with stochastic perturbation. Bull. Sci.
Technol. (2016)

Huo, L, Dong, Y.: Analyzing the dynamics of a stochastic rumor propagation model incorporating media coverage.
Math. Methods Appl. Sci. 43(11), 6903-6920 (2020)

Liu, B.: Uncertainty Theory, 2nd edn. Springer, Berlin (2007)

Liu, B.: Some research problems in uncertainty theory. J. Uncertain Syst. 3(1), 3-10 (2009)

Liu, B.: Uncertainty Theory: A Branch of Mathematics for Modeling Human Uncertainty. Springer, Berlin (2010)

Liu, B.: Fuzzy process, hybrid process and uncertain process. J. Uncertain Syst. 2(1), 3-16 (2008)

Liu, B.: Uncertainty distribution and independence of uncertain processes. Fuzzy Optim. Decis. Mak. 13(3), 259-271
(2014)

Chen, X, Liu, B.: Existence and uniqueness theorem for uncertain differential equations. Fuzzy Optim. Decis. Mak. 9(1),
69-81(2010)

Liu, Y. An analytic method for solving uncertain differential equations. J. Uncertain Syst. 6(4), 244-249 (2012)

Yao, K.: A type of nonlinear uncertain differential equations with analytic solution. J. Uncertain. Anal. Appl. 1, 8 (2013)
Yao, K, Gao, JW,, Gao, Y.: Some stability theorems of uncertain differential equation. Fuzzy Optim. Decis. Mak. 12(1),
3-13(2013)

Yao, K., Chen, X.W.: A numerical method for solving uncertain differential equations. J. Intell. Fuzzy Syst. 25(3),
825-832(2013)

Yao, K.: Uncertain contour process and its application in stock model with floating interest rate. Fuzzy Optim. Decis.
Mak. 14,399-424 (2015)

Submit your manuscript to a SpringerOpen®
journal and benefit from:

» Convenient online submission

» Rigorous peer review

» Open access: articles freely available online
» High visibility within the field

» Retaining the copyright to your article

Submit your next manuscript at » springeropen.com




	An uncertain SIR rumor spreading model
	Abstract
	Keywords

	Introduction
	Preliminaries
	Uncertain variable
	Uncertain process
	Uncertain differential equation

	Model formulation
	Existence and uniqueness of uncertain SIR rumor spreading model
	Stability of uncertain SIR rumor spreading model
	Numerical algorithms
	Paradox of stochastic SIR rumor spreading model
	Conclusion
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


