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1 Introduction
In this paper, we are concerned with the asymptotic behavior of solutions of third order

delay difference equations with a negative middle term of the form
A(anA(AWn)Ot) _Pn(AWml)a - qnh(wn—l) =0, n=>no, (11)

where 7 is a nonnegative integer and « is a quotient of odd positive integers. Throughout
this paper, we assume without further mention that: {a,} is a positive real sequence, {p,}
is a nonnegative real sequence, and {g,} is a positive real sequence for all n > ny, [ is a
positive integer, / is a continuous, nondecreasing real-valued function such that n/(n) > 0
for n #0, and h(n&) > h(n)h(&) for n& > 0.

By a solution of equation (1.1) we mean a nontrivial real sequence {w,} that is defined
for all n > ny — [ and satisfies equation (1.1) for all # > ny. A nontrivial solution {w,} of
equation (1.1) is said to be nonoscillatory if it is either eventually positive or eventually
negative, and oscillatory otherwise. A difference equation is called nonoscillatory (oscil-
latory) if all its solutions are nonoscillatory (oscillatory). Following the terms used in [6],
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we define

Low,, = wy, Lyw, = (Awy,)%, Lyw, = a,A(Liw,) and

Lsw, = A(szn), Vn > ny.

Using these notations, one can write equation (1.1) as

LBWn _anlwn - qnh(Wn—l) =0.

We introduce the following class of nonoscillatory (without loss of generality we say pos-
itive) solutions which give the sign structure of possible nonoscillatory solutions to equa-

tion (1.1):
wy,eW, & w,>0, Lyw, >0, Low, <0, Lsw, > 0;
wy,eWs; < w,>0, Liw, >0, Low, >0, Lsw, >0,

for all n > n; > ny. In Lemma 2.3, we will prove that if

o] n-1 o]
ZP,% =00, whereP, = l—[ (1 - ai Zpt>, (1.2)

n=njy s=n1 S p=s

then the set W of all positive solutions of equation (1.1) has the following decomposition:
W=Ww;UWs.

According to the well-known results in [1, 2], the oscillation criteria are often accom-
plished by introducing the concepts having property (A) and/or (B). Equation (1.1) is said
to have property (B) if W = Wj.

In recent years the asymptotic behavior of nonoscillatory solutions and the oscillatory
behavior of solutions to different classes of third order difference equations have been the
interest of many researchers, see for example [3-8, 10, 12—19] and the references cited
therein. Recently, in the papers [6, 16], the authors used the comparison method and the
summation averaging technique to establish some sufficient conditions for oscillation of
all solutions of the third order delay difference equation

A(anA(bn(AWn)a)) +pn(AWn+1)a + th(anl) = 0; (13)
where {p,} and {g,,} are positive real sequences, and the auxiliary equation of second order

Ala,Az,) + p—nz,,+1 =0
bn+1

is nonoscillatory. In [11] the authors used the oscillation of a third order difference equa-
tion of the form

A(anA(dnAWn)y) + qnh(dn—rwn—r+l) =0 (14')
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to obtain oscillation conditions for solutions of second order neutral delay difference equa-
tions.

Following this trend, in this paper, we study the asymptotic behavior of solutions of
equation (1.1). Our approach depends on the application of a technique imposing one
restrictive condition on the coefficients of the corresponding auxiliary equation. We show
that any nonoscillatory solution {w,} of equation (1.1) satisfies w,,Aw,, > 0. Further, we
obtain new sufficient conditions for all solutions of equation (1.1) to have property (B).

Two examples are provided to illustrate the main results.

2 Main results
For the sake of simplicity, we define the following:

00 00 n-1
Pnzzlzqtr Rl(n:nl)zzdl’ anpnl_)n"'an

a
S t=s

s=n s=n1

00 n-1
- 1 1
Q= Z;Q” Bln,m) =y R (s,m)

s=n1

for s > n > ny, where n; > ny. Throughout we assume that R;(#n,n;) — 0o as n — o0o. To

make sense of the definitions P, and P, we also assume that

o0 o0
Zp,,<oo, and an<oo.

n=ng n=ng

In the sequel, and without loss of generality, we can deal only with the positive solutions of
equation (1.1), since the proof for the opposite case is similar. From our technique, which
will be described later, we will see that the properties of solutions to equation (1.1) are

closely related to nonoscillatory solutions of an auxiliary second order difference equation
A(ﬂnAzn) —PnZn+i1l = 0. (21)
First, we prove the following lemmas which will be used in the proofs of the main results.

Lemma 2.1 Let {z,} be a positive solution of (2.1) for all n > ny. Then (1.1) can be written

in the form
Zn

A <anznzn+lA (i(Awn)a>> - qnzn+lh(wn—l) =0 (22)

forall n> ny.

Proof 1t is easy to see that

1 1
A <anznzn+lA (_(Awn)a>>
Zp+l Zn
1

A (anZVH-l A ((Awn)a) - an(AwnH )01 AZ,,)

Zn+1
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1
an1A ((AWnJrl)a)AZml

Zn+1

= A(anA((Awn)*)) +

1

1
Apil A((AWH+1)Q)AZVI+1 -

Zn+1 n+1

= A(ﬂnA((AWn)a)) = pu(Awyi1)%,

(Aw,1)" AlanAz,)

where we have used (2.1). Using the above equality in equation (1.1) and rearranging, we
obtain equation (2.2). This completes the proof. d

We recall that equation (2.1) (see Theorem 6.3.4 of [1]) always has a couple of nonoscil-
latory solutions {z,} such that either

z,Az, >0 (2.3)
or
2,2z, <0 (2.4)

for all n > ny.
To find the structure of positive nonoscillatory solutions of equation (1.1), the following
property of a nonoscillatory solution {z,} satisfying (2.4) plays a crucial role.

Lemma 2.2 [f(1.2) holds, then (2.1) has a positive solution {z,} satisfying

e SE ALY 25)

n=ny n=ny

Proof Let {z,} be a positive solution of equation (2.1) such that (2.4) holds for all n > n; >
no. It is clear from the fact that Az, < 0, there is a constant M > 0 such that z,, < M. Hence

[e¢]

1
E — = 0.
1 ApnZnZn+1

n=n

On the other hand, since
Aa,Az,) = Puzne1 = 0,

then a, Az, is increasing and there exists a constant ¢ < 0 such that lim,,_, »c a4, Az, = c. We
claim that ¢ = 0, if not, then

n-1

1
z,,fz,,1+cg — —> —00, asu— 0o,

a
s=ny S

a contradiction. Hence ¢ = 0. Summing (2.1) from # to oo, we have

o0 o0
-a,Az, = E DsZsi1 = Zn E Ds
S=n s=n
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or

z 1S
SIS — Zps. (2.6)
n

z
" s=n

Then from (2.6) we obtain
n-1 1 00
Zy = Zn l_[ (1 - ﬂ_s ZPt):
s=n t=s

which yields

1 1 1
2 > 24Py 27

Now summing (2.7) from #; to n—1 and then combining with (1.2) implies that the second
summation in (2.5) is divergent. This completes the proof. g

Lemma 2.3 Assume that condition (1.2) holds. If {w,} is a positive solution of (1.1) for all
n > ny, then there is an integer ny such that either w, € W1 or w, € W3 for all n > n; > ny.

Proof Assume that {w,} is a positive solution of equation (1.1) for all » > ny. By
Lemma 2.1, we may write (1.1) in an equivalent form (2.2). From Lemma 2.2, there is
a positive sequence {z,} of (2.1) which satisfies (2.5), and so we see that

1
A (a,,z,,zmlA (—(Awn)")> > 0.
Zn

Then, by discrete Kneser’s theorem [1], we have

n

1
wy, >0, (Aw,)* >0, A(—(Awn)"‘> <0,
z
or

1
wy, >0, (Aw,)* >0, A(—(Awn)"‘> >0,

Zn

for all n > n; > ny. Note that in both cases we have Aw,, > 0, and by virtue of (1.1) we see
that Lsw, > 0. The rest sign properties of L,w,, i = 1,2, immediately follow from discrete
Kneser’s theorem. The proof is now complete. d

Next, we state and prove some useful estimates which will play an important role in the
proofs of our main results.

Lemma 2.4 Let w, € W1 be a positive solution of (1.1) for all n > ny > ny. Then

is nonincreasing, (2.8)
(n—m) ¢

and there is an integer ny > ny such that

Liw, > P,h(w,_;) forall n> ny. (2.9)
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Proof Let w, € W) be a positive solution of equation (1.1) for # > n;. From the mono-

tonicity of L;w,,, we have

n-1
Wy > Wn — Wn1 = Z(Llws)l/a = (I’l - nl)L%/awn- (210)

s=n

Therefore

A wy, _ (n—nl)L%/"‘w,,—w,, <o,
n-m n-nm)n+1-mn)

and so w,/(n — n) is nonincreasing. Next, summing (1.1) from # to co, we obtain

—Lyw, > ZpsLlws + quh(ws—l) > h(wy_1) qu
s=n s=n s=n

Again summing, we obtain

00 I’l(W ) 00
Llwn > E t;_l § qr = P_nh(wn—l)'
S t=s

s=n

This completes the proof. O

Lemma 2.5 Let w, € W3 be a positive solution of (1.1) for all n > ny > ny. If

o]

Z[an1(s;ﬂ1) +qnh(B(n—1,m))] = oo, (2.11)

n=ny

and there is an integer ny > ny such that

Bonm) is nondecreasing  for all n > n,. (2.12)

Proof Let w, € W3 be a positive solution of (1.1) for all # > n;. Since Lyw,, is increasing,

there is a constant M > 0 such that Lyw,, > M for all n > n,. Clearly,
Liw, > MR;(n,n;) and w, > M"YB(n,ny) forn>n.

We claim that condition (2.11) implies lim,_, o, Loyw,, = 00. Using the above estimates into
(1.1), we obtain

Lywy, = Mp,Ri(n,m) + h(M"*)q,h(B(n - [, ny)). (2.13)
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By summing (2.13) from #; to co, we see that the claim holds. Therefore, for any n > n; >

n1, we have

Liw, = Liw,, + Z

S=ny

P S < LiWy, + Ry(n,m3)Lyw,
S

= Liwy, — Ri(nz, n1)Low, + Ry(n, n1)Low,

< Ry(n,m)Lawy,

which yields

( Lyw, ) _ Ry(n,m)Lyw, — Liw,
Ri(n,my) ayRi(n,m)Ri(n+1,m) —

and hence Lyw,,/R;(n, ny) is nondecreasing for all n > n,. Again for any n > n3 > ny, we

have
1
Ry(s,m1)Lywg Lyw, @
Vl - n: n B ) -,
W3+Z< Ri(s,m) < Wi + Bl 1) Ry(n,m)

1 1
L a L 5
< Wy, —B(”ls,nl)(—lwn )) +B(71,711)(R7(;WZ )> .
1\75 7

It follows from discrete L'Hospital rule [1] that

. Llwn .
lim ——— = lim Lyw, = o0,
n—00 Rl(n,nl) n—00

and so we have

Then

Wn _ B(n, nl)(LIWn)l/a _R}/a(”lr )Wy >0
B(n,ny) B(n,n1)B(n +1,n1) -

Thus w,/B(n, n1) is nondecreasing for all n > n3. The proof is complete. O
We conclude this section with the following remark.

Remark 2.6 It is easy to see that from Lemma 2.5, if (1.1) has property (B), then any posi-
tive solution of (1.1) satisfies

Wy

lim =
nv00 B(r, 1)

’

which gives us information about the rate of convergence of possible positive solutions.
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In the following, we present some sufficient conditions which ensure that equation (1.1)
has property (B).

Theorem 2.7 Let condition (1.2) hold for all n > ny. If the first order delay difference equa-
tion

Axy + Quh(n—1—nm)h(x%) =0, n>m, (2.14)

n—1
is oscillatory, then (1.1) has property (B).

Proof Let {w,} be a positive solution of (1.1) for n > ny. From Lemma 2.3 there exists an
integer n; > ng such that either w, € W7 or w, € W3 for all n > n;. If w,, € W3, then by
equation (1.1) and (2.9), we have

Lyw, > (pnp_n + qn)h(wnfl) = Quh(wy_p). (2.15)

Summing (2.15) from # to co, we find

S=n s=n

—Lywy > Y Qih(ws) > (Z Qs> h(Wy2). (2.16)

Using (2.10) in the above inequality, we obtain

n s=n

-A(Lywy) > ai (Z Qs)h(n -1- ”l)h(Li/awn_l).

Letting x,, = Lyw,,, we see that the difference inequality

Axy + Quh(n— 1 —m)h(x)%) <0

n-1) —

has a positive solution. By Lemma 2.7 of [19], we see that equation (2.14) also has a positive
solution, which is a contradiction. Therefore w,, € W3, which implies that equation (1.1)
has property (B). This completes the proof. d

Applying some known criteria for oscillation of first order delay difference equation
(2.14), one can easily obtain criteria for equation (1.1) to have property (B). The following
one is given in [9].

Corollary 2.8 Assume that h(u) = u® and condition (1.2) hold. If

n-1 I+1
- [
lim inf E Qy(s—1—n)"* > (l_l) , (2.17)
n—00 +

s=n-1
then (1.1) has property (B).

Finally, we present another result for equation (1.1) to have property (B) which is appli-
cable even to the ordinary equation.
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Theorem 2.9 Let condition (1.2) hold for all n > n,. Assume that

Z (Z . tZ Qt) =09, (2.18)

and the function h satisfies
=M < 0. (2.19)

lim ——
wmino 11T (1)

¥

n-1 o] é
_lnl) Z(h(s—l—nl)Z@) } >M, (2.20)

S=n1

lim supih”"‘(
n—00 n
then (1.1) has property (B).

Proof Let {w,} be a positive solution of (1.1) for all # > ny. Then from Lemma 2.3 there
exists an integer n; > ng such that either w, € W, or w, € W3 for all u > ;. If w,, € W7,
then as in the proof of Theorem 2.6 we obtain (2.16), and by summing it from # to co, we
find that

Liw, > Zh(ws—l) Z Qt = (Z Qs)h(wn—l)' (221)

Now, summing (2.21) from #; to n — 1, one can easily see that

> Z(h(WS ) Z Qt) ) (2.22)

s=n1
Using the monotonicity property (2.8) in (2.22), we have

n-1 0 1«
Wy 2 ne <(71—w+—lnl)) Z(h(s -1-ny) ZQt)

s=ny t=s

n-1 Ve
> hl/a((nwnn1)> Z( s—l HI)ZQt) .

s=n]

Applying hypothesis (H3) assumed on the function / and then dividing both sides of the
last inequality by 4#Y%(w,), we see that

1/a
Whn 1/a 1 — = =
vt =" (=) Z(’“S‘l —”ﬂZQr) - (223)

s=mp t=s

It follows from (2.18) that lim,_, - w, = co. Taking the limit supremum on both sides of
(2.23), we are led to a contradiction with (2.20). Thus w,, € W3, which means that equation
(1.1) has property (B). This completes the proof. d
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We conclude this section with the following remark.

Remark 2.10 If all conditions of Theorem 2.7 (Theorem 2.9) are satisfied, then one can

conclude that all bounded solutions of equation (1.1) are oscillatory.

3 Applications

In the following, we present two examples to illustrate the main results.

Example 3.1 Consider the third order delay difference equation

1 1
Awy— ————— AWy — ————wy 1 =0,
" m+ 1) +2) il nn+1) " !
Here
1 1 1
=, = ) a=1,
Pn (n+1)(n+2) n n(n+1)
A simple calculation shows that
1 Sl 1
p, = ;: n= Z ; > ;,
s=n
1 1 - 1

Q

"t D +2) i+ 1)

and

n-1
.. -~ 1
nhﬁn;omf E Qs(s—=2)>1> x

s=n-1

n>1.

and

1

>—— 4,
"Tonn+l) n

I=1.

Hence all conditions of Corollary 2.8 are satisfied, and therefore (3.1) has property (B).

Example 3.2 Consider the third order delay difference equation

2 3 (Awn+1)3 Wft—l =
A@w) - DD s DD
Here
1 2
Pn 4n

T e )m+2) T+ H(n+2)

A simple calculation shows that

-1 ~ 3

n>

o =3,

(gn = E

and [=1.

<n(n +1)

(3.2)

Page 10 of 12
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Since
; ;;Qt :; §2t(t+l)(t+2)
3\3 e /1
-(3)2() -~
and

nlingosup 2(3—2) Z (t(til))

. 3(s-2)
= Jim_sup n-1) Z( > BTN el L
we see that all conditions of Theorem 2.9 are satisfied, and hence (3.2) has property (B).
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