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1 Introduction

Due to its broad applications in mathematical modeling of many complex and non-local
nonlinear systems, fractional calculus has emerged as an important field of investigation.
A significant feature of fractional-order operators is their non-local nature, which ac-
counts for the underlying phenomena’s inherited properties. In 1892, in contrast to his
Riemann-Liouville counterpart of the form (d/dr)¢, Hadamard [1] proposed a concept
of fractional integro-differentiation in terms of the type (rd/dt)? fractional power. The
Hadamard fractional derivative contains a logarithmic function of an arbitrary exponent
in the integral kernel, which appears in its description. We refer the reader to [2-9] for de-
tails of Hadamard’s fractional calculus. In recent years, for example, fractional differential
equations involving Hadamard derivatives have attracted considerable attention; see [10—
17], and the references cited therein.
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There was significant attention given to coupled systems of differential equations of frac-
tional order with different boundary conditions. Such structures were used in various real-
world experiments such as [18] infection modeling [19] and chaotic system control. Re-
cent research in the coupled fractional-order BVPs is in [20—-29] and the references cited
therein. Recently, some authors have started studying a coupled fractional BVPs. Agar-
wal et al. [30] dealt with the consequences of coupled fractional-order systems with dis-
crete and integral boundary conditions. In a fractional BVP involving the Caputo deriva-
tives, Subramanian et al. [31] studied coupled non-local slit—strip conditions. Similarly,
under periodic/antiperiodic boundary conditions, Ahmad et al. [32] studied the coupled
system of sequential fractional BVP. Recently, Muthaiah et al. [10] have studied the exis-
tence of the following Hadamard-type FDE solutions with integral boundary conditions:

Hpey(r) =g(t,y(t)), 1<t<T,2<0<3,
y(l) = 07 y,(l) = 0, HD;J’(T) = CUHIVJ’(QO),

where D¢, #Ds denote the Hadamard fractional derivatives (HFDs) of order o, ¢, g:
[1, T] x R — Risagiven continuous function, and w is a positive real constant. The results
are provided by the effects of appropriate fixed point theorems. The nonlinear coupled
system of Riemann-Liouville FDEs

reDx(t) = f(t,x(2), y(2)),
reDPy(t) = g(t,x(2), y(2)),
x(0)=0,  x(T) =37 cirZ?y(ms), mi€(0,7T),
y0)=0,  y(T)=3L, BinZ"x6), 6;€(0,7),

for 0<t< T and 1 < q,p < 2, have been studied in [33], where z; D7, g; D? denote the
Riemann-Liouville fractional derivatives (RLFDs) of order ¢, p, f, g : [0, T] x R? — R are
given continuous functions, and «;, ; € R, i = 1,2,...,n are positive real constants. The
results of the study are made possible via the consequences of appropriate fixed point
theorems. The nonlinear coupled system of Hadamard FDEs

D*u(t) = f(, u(8), v(9)),
DFPy(e) = g(t, u(t), v(0)),
u(1)=0, wule)=Z"u(o1), o1€(1,e),
v(1)=0, vie)=Z"v(oy), o3€(l,e),

forl1<t<e 1<a,B<2andy >0, has been discussed in [34], where D%, D denote
the HFDs of order o, B, f, g: [1,€] x R* — R. The existence and uniqueness of solutions
are proved by the Leray—Schauder alternative and contraction mapping principle. The
Caputo-type FDE nonlinear coupled system

“D*u(t) + A fi(t u(t), v(t)) =0,

“D*2y(t) + ofo(t, u(t), v(¢)) =0,

W) =u'(0) = =u"10)=0,  u(l)=p1 f, als)v(s)dA(s),
V() =v'(0)=---=v"10)=0,  W(1) =z [y bls)uls) dAs(s),
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forO<t<l,n—1<a; <nm-1<ay <m,andn,m > 2, has been examined in [35], where
;>0 is a parameter, D’ is the standard Caputo derivative; i1; > 0 is a constant,

1 1
/ als)v(s) dA (), / b(s)uls) dAs(s),
0 0

denote the Riemann—Stieltjes integrals. Leray—Schauder’s alternative and the contraction
mapping principle prove the existence and uniqueness of solutions.

More recently, in [36], the authors discussed Hadamard-type fractional differential
equations with Hadamard integral and discrete boundary conditions on a half-line of the
form

HDayx(t) + o(t)f(t,x(¢) =0, 2<g<3,te[l,+o0],
x(1)=«'(1) =0, D1 1x(00) = alTPx(£) + b Y 11 ().

Additionally, [37] contains several intriguing results on Hadamard-type fractional differ-
ential equations, inclusions, and inequalities. We refer the reader to [38, 39] for applica-
tions of Hadamard fractional differential equations. Another area of study that has gained
considerable attention from researchers in the field of fractional differential equations is
the concept of Ulam stability. Ulam [40] proposed the Ulam-type stability in 1940, and it
has since been studied and generalized using a variety of methods [17, 28, 29, 41, 42].

In this article, we extend the boundary value problem of Wang et al. [36] to nonlin-
ear coupled system of Hadamard fractional differential equations having the Hadamard
derivative value of the unknown function at T is propositional to the sum of Hadamard
integral values of the unknown function on the strips (1, v), (1,6) and multi-points values
of the unknown functions with different strip lengths (1, v), (1,6) and with different multi-
point &;, ¥, j = 1,2,...,k — 2. In [36], a monotone iterative method was applied to study
the existence of positive solutions for Hadamard fractional differential equations comple-
mented with non-local multi-point discrete and Hadamard integral boundary conditions.

In the present paper, inspired by [36], we introduce and investigate the existence and sta-
bility of solutions for a coupled system of nonlinear Hadamard-type fractional differential
equations:

ADey(t) = hy(z,y(1),2(7)),

1
"De2(t) = ha(t,5(2), 2(1)),
for T € [1, T] := H, enhanced with boundary conditions defined by
y(1)=y(1)=0, HDUy(T)=v"I22(v) + Z,’»Zf €;z(5)), @)

21)=2(1)=0, "DT) = v"T(0) + w Y52 (),
and
1<O0<v<y1<81<Ya<by< -+ <Yra<bka<T,

where DU denotes the Hadamard fractional derivatives (HFDs) of order (-), 2 < 0,¢ <3
and 0 < 01,61 < 1. “T0) denotes the Hadamard fractional integrals (HFIs) of order (-),
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0<0,6 <1, f,g:H x R2 — R are continuous functions, &y, ay, B; and B, are real con-
stants and &;, vj, j = 1,2,...,k — 2 are positive real constants. Notice that the multi-point
strip boundary conditions in (2) are new and can be regarded as the HFDs value of un-
known functions with the right end-point T is proportional with the sum of HFIs of un-
known functions with different strip lengths (1,v), (1,0) and with different multi-point
values of unknown functions with §;, y;, j = 1,2,...,k — 2. By using the fixed point theory,
we obtain the existence and uniqueness results. Furthermore, we investigate the Hyers—
Ulam-type stability. We also discuss some variants of the given problem. Examples are
given to support the theoretical outcomes.

Section 2 focuses on the basic principles of fractional calculus with the accompanying
fundamental definitions and lemmas. The consequences of existence and uniqueness can
be explored in Sect. 3 using fixed point theorems of Leray—Schauder, Krasnoselskii, and
Banach. Section 4 addresses the stability of Hyers—Ulam solutions and establishes suffi-
cient conditions for stability. In Sect. 5, we consider two new problems analog to (1)—(2).
Section 6 gives examples of verifying the results.

2 Preliminaries
In this section, we recall some preliminary concepts related to our work concerning
Hadamard fractional calculus.

Definition 1 ([2]) The Hadamard fractional integral of order o € R* of a function % €
LP[b,c],0 <b <71 <c<o0isdefined as

. 1T \"! do
( Igh)(f)— TQ)/; <]0g ;) h(G) 7‘

Definition 2 ([2]) LetO<b<c<o00,8=1 % and
ACE[b, c] = {h: [b,c] — R:S”_l[h(t)] € ACIb, c]}.

The Hadamard derivative of fractional order o for a function / € ACj[b, c] is defined as

H - ~ 1 d n T T n-g-1 do
( Dgh)('lf)—5 (I Q)(T)—Hn—_é))<f a) /b (lOg;) h(C’)?,

where n — 1< o <n, n=[p] +1, [0] denotes the integer part of the real number ¢ and
log(-) = log,(-). Recall that the Hadamard fractional derivative is the left-inverse operator
to Hadamard fractional integral in the space £P[b,c], 1 <p < o0, (i.e.), ([2])

Hpe (HIQh(t)) = h(t).
Lemma 3 ([2, p. 113]) Let ¢ >0 and ¢ > 0. Then the formulas

HTers = c701S  and HDOrs = cocs

hold. For Hadamard fractional integrals, the semigroup property holds:

HTHTS ph(r) =HI%Sh(r), 0>0,¢>0,
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which leads to the commutative property:
HTeHT p(r) =HTHTOn(T).

Lemma 4 ([2, Property 2.24]) Ifb,0,¢ > 0, then

H N, T) P\
(ro(ee3) )0 gee})
i N, T) y\re!
(7(s5) )o-rierg(eed)

Lemma 5 ([2]) Let o >0 and y € C[1,00) N L[1,00). Then the solution of the Hadamard
fractional differential equation "Dy (z) = 0 is given by

y(r) =) _ailogr)®7,

Jj=1

and the following formula holds:

HIQHDQJ;(-L-) =y(t) + Z a;(log r)Q’j,

j=1
wherea; €R,i=1,2,....mandn-1<p<n.

Lemma 6 Let’h\l, 7/1\2 € C[1, T]. Then the solution of the linear system of FDEs:

HDey(t) = (),

~ ®3)
"Ds2(z) = hy(v),
augmented with the boundary conditions:
y1) =y(1) =0, "ADAYT) = v1I2(v) + w1 Y] €2(8)), "
z(1)=2(1)=0, "DZ(T) =" 1%y(0) + wy Z]kj @y (%)),
and
1<O0<v<y1 <81 <Y <8<+ <Yro<bka<T,
is given by
A 1 o-1
() =20l r) + PE
~ k_2 ~ ~
X |:l94 { U1H1§+§2h2(v) + w1 Z e,»Hl'ghz((Sj) - HIQ_thl(T)}
j=1
A k_2 ~ ~
+ 03 { w1702 ), (0) + w, Z @ I (y;) = "I hy(T) H (5)
j=1
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and

-1
1) = HTShy(r) + D08

k-2
x [191 {vszwzizl(e) v Y @I (y) - "I 122(T)}

j=1
k-2
+ 192 l UIHI§+§2]’12(U) + w1 Z GjH:Zghg(Sj) - HIQ_thl(T)}:|y (6)
j=1
where
I'(0) —o1-1
=———"(logT)? 1,
""Tlo-o) °
k-2
v (o) +o9—1 -1
2= m(log 0)°7* + ) 1:21 wj(logy)?™,
e 7)
Ulr(g) -1 . -1
=—"(logv)*" " +w €i(logd)s,
Tt IFZI’ 59
I'(s) 1
V= ———(logT)s~17,
SR R
and
I :191194—192193. (8)
Proof As argued in [3], the general solution of the system (3) can be written as
y(7) = 1IN (1) + a1(log )2 + ay(log T)°72 + az(log 1) 3, 9)
2(t) =TIy (1) + bi(log )" + by(log T)5 2 + by (log )53, (10)

where a;,b; € R (i = 1,2, 3) are arbitrary constants. Making use of the conditions y(1) =
¥'(1) =0, z(1) = Z(1) = 0, we find that a; = b; = 0, (i = 1,2). Now, using the coupled non-
separated boundary conditions given by (4) in (9) and (10), we obtain

a1t - b193 = Ay, b19s — a9 = Ay, (11)

where 9; (i = 1,2, 3,4) are, respectively, given by (7), and

k-2
A= "I w) + 01 Y TR (8) - T I (T), (12)
j=1
A k_2 A A
Ay = "I (0) + wr Y T () - IS o (T). (13)

Jj=1
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Solving the system (11) for a; and b; and using the notation (8), we find that

k-2
1 A A A
a = 5 |:I94{V1HI§+§2}Z2(U) + w1 E Eszghz((Sj) — HIQ_thl(T)}
j=1

k=2
+193{v2HIQ+92h1 )+ Y @I (y) - HIN;L(T)H, (14)
j=1

k-2
1 A A o
b, = 5 |:z91{v2HIQ*Q2h1(9) + wo E ijIth(yj) —HIg‘glhz(T)}

j=1
k-2

+ 02! T2 () + 1 Y 61Ty (8)) — IOy (T) ” (15)
j=1

Substituting the values of a; and b; in (11), we get the desired solution (5)—(6). O

3 Existence results for the problem (1)-(2)
We define the spaces

- [y(r) :y(r) € CH,B)},

endowed with the norm ||y|| = sup{|y(z)|, 7 € H}. Obviously (), | - ||) is a Banach space.
Also

Z= {z(r) :z(1) € C(’H,R)},
endowed with the norm ||z|| = sup{|z(7)|, T € H} isa Banach space. Then the product space
(Y x Z,|(y,2)|l) is also a Banach space equipped with norm ||(y,2)|| = |ly|l + ||z].

In relation to the problem, we introduce an operator I1: ) x Z — ) x Z by Lemma 6
as follows:

H(j/,Z)(T) = (Hl(%z)(f), HZ(y’Z)(I))r (16)

where

M, 2)(0) = - )/ ( g) (0,30 2(0) do
(log t)g ! < )§+§2 1
[ { T(s+6) / G 2(0,3(0),2(0)) do

+wIZ€’F( /( _/> hy(0,5(0),2(0)) do

o0—01-1
F(Q 01) ( ) (U'J’(U),Z(U)) da}

1 0 g\ e+e21
+ ﬁg{uzm/l (log ;) h(o,y(0),2(0)) do
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+wy wj = h(o,y(0),z(0))do
Z ) ( ) (0:3(0),2(0))

(0,5(0),2(0)) do

s-¢1-1
( ) (G,y(cf),Z(o))do”, (17)
5‘ s1)
0,20 = 1o )/ (1og’)

n 0 o+02-1
i C ey () R

k-2 1 ), ., -
TR log & (o, ’ 4
+w2;w1 [‘(Q)_/1 <0g G) 1(0 y(o) z(a)) o

1 T T\ s—s1-1
- @/1 (l"g ;) hZ(U»y(G),z(a))da}
v s+62-1
+ 192{1)1@/1‘ (log g) hz(a,y(a),z(g)) do

SEENCTO A d
- log 2 (o),
+wp ;ell"(g)/l (ogg) 2(0,¥(0),2(0)) do

T 0-01-1
_ ﬁfl <10g Z:) Iy (0,(0), 2(0)) da”. (18)

For convenience of computation, we set

(logT)°  (log T)°™! [m(log T)e-o
-

+
I'e+1) % I'o-o01+1)

k=2

log @)e+ez il e
+15‘3{V2—( 0g) Z 1F(()§j/—l)l)}:| (19)

F(Q+Qz+1)

T (log T)e 1 |:15‘3(log T)s—¢1

v IMNe-¢1+1)
k=2

(logv)s+s2 (log 3y)*
*ﬁ”‘{‘“m 2 ’r(g+1)H’ 20

Sy =

(log T)s™ | 95(log T)e~2
v Fo-01+1)

k=2

ﬂ{% 22 (log )? ” o

T(o+0+1) “ITe+1)

(logT)¢ (logT)s™| ¥ (log T)s—
T = +

I'(c+1) % IMNe—-c1+1)

k-2

(logv)sts2 (log é;
ﬁ[m 2 ,FW)H -

Page 8 of 46
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W =min{1 - [¢1(S1 +S2) + @1(T1 + )], 1 = [92(S1 + S2) + &a(T1 + Ta) ]} (23)

Next, we present the hypotheses that we need in the sequel.
Let the functions /1, 415 : H x R?> — R be continuous.
(F1) There exist real constants ¢;, @; > 0, i = 1,2 and ¢y > 0, @o > 0 such that

|h1(z, w1, wa)| < o + @1lwi] + @a|wal,

(24)
|ha (T, wi, w2)| < Qo + Gilwil + @alwal,
forallw;e Randi=1,2.
(F2) There exist positive constants 51, {7:«, with i = 1,2 such that
|1 (T, w1, wa) = b (T, W1, Ws)| < D1lwy — W] + Dalwy — s, (25)

|ha(T, w1, wa) = by (T, W1, Wo)| < D1 W1 — W] + Dalwy — W,
forallt e H, w;,, w;e Rand i=1,2.

Lemma 7 (Leray—Schauder alternative, [43, p.4]) Let F : & — & be a completely continu-
ous operator. Let

Y(F)={ye&:y=nFyforsome0<n<l}.
Then either the set (F) is unbounded or F has at least one fixed point.
Theorem 8 Suppose that (F1) holds. If

w1 S1+S)+ o (T +Ta) <1,
02(S1+8) +@a(Ti +To) < 1,

(26)
then the system (1)—(2) on ‘H has at least one solution, where (19)—(22) refer to S1, T1, Sa,
and T, respectively.

Proof We define that in the first step the operator I1: Y x Z — ) x Z is completely con-
tinuous, indicating the continuity of the /1; and /4, functions of the IT; and I, operators.
The operator IT is also continuous. Let Q@ C Y x Z be abounded set to show the uniformly
bounded operator I1. Then there exist positive constants {/; and U, such that

|h1(f,y(f),Z(T))| fulr ihZ(T’y(T)’Z(T)H SUZ,

for all (y,z) € Q. Then we have, for any (y,z) € €,

|H1()’: Z)(T)|
U (° 7\¢! (logT)e 1
<t ) (oeg) o BET

u2 /v( U)§+§21
X | 94y ———— log — do
|:4{1F(§+§2) %o
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k=2 5 c-1 T 0—01-1
Z/{Z 7 8] Ul / T
— log = d _ log — d
+w1;€’1‘(§)/1 <0g0> ""Te-an i <0g0> U}
ul /8( 9)9‘*‘92—1
+ 3] vyg——-—— log — do
3{ 2F(Q‘*Qz) 1 gU
Y Y o-1 U, T T\ 55171
d _ log — d
+wzzjw’l“(g) < gff) U+F(§—g1)/1 (ngf 7

- (log T)1 i |:193(log T)s-st

-0 Fc-c1+1)
(log v)5+e2 < (logs)s
+ |Vt Z €j
INc+g+1) I(¢c+1)
U (log T)? P4(log T)e 1
+ —_—
(logT)eT(e+1) | Tlo-01+1)

k-2
(log@)e+e2 (logy;)°
1} - =< -
* 3(VZF(Q+Q2+1) ZZ “IT+1)
which yields when taking the v € { norm and using (19) and (20),

1T, 2) | < Sithy + Talks. (27)

Likewise we obtain

|T5(y, 2)(

‘ (log T)s! ¥ (log T)2—¢1
v Mo-o01+1)

k-2
log §)e+e2 log ;)@
vo(v, (log®) +w22 j(ogy,)
Fle+o2+1) ‘w T+

vUy(log T)S U |:191(10g T)s—¢1

(log T)s—'T'(s + 1) F(c-61+1)

(log v)5+<2 < (logs)s

+02<v1F(§+§2+1 1z:llﬁg+1
< Sty + Tolhy, (28)

by using (21) and (22). We deduce that I1; and I, are uniformly bound from inequali-
ties (27) and (28), which means that the operator IT is uniformly bounded. Next we show
[T’s equicontinuity. Let 11, o € H with 77 < 75. Then we have

M1 (5, 2)(12) - T (5, 2)(11) |

T Ty o-1 7 o-1
[<10g —) - <log —> :||h1(c7,y(o),z(cr))|dcr
1 o o

15 o-1
+/rl (log?> |11 (0,3(0),2(0)) | do

1

Page 10 of 46
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v c+s2-1
x/; (log%) ’hg(a,y(o),z(o))‘da

i 1 8 8 s-1 , )
L o
W;E'F@)/l ("go) [ia(o,5(0),2(0) | do

1 T 7\ 21
+ mﬂ (10g ;) |h1((7,y(0),z(0'))|d0'}
1 0 g\ 221
+l?3{l)2m/l‘ (10g g) |h1((7,y(0),z(0))|d(7

k-2 1 ¥ Vi o-1
— log & hi(o,y(0), d
+w2;w}l"(g)/1 <oga> | 1(0 y(o) z(a))| o

1 T T\ $—s1-1
+m/1 (1°g;) \hz(o,y(a),z(a))\daﬂ

— 0,

as 7, — 11, independent of (y,z) with respect to |k (7,¥(7),z(t))| < U; and |k (7, y(7),
z(t))| < U,. Similarly,

M2y, 2)(12) — M (9, 2)(71)| — O,
as 7, — 11 independent of (y,z) with respect to the boundedness of /; and /. And be-

cause of the equicontinuity of I1; and IT,, the operator I1 is equicontinuous. Thus, by the

Arzela—Ascoli theorem the operator IT is compact. The set
A = {(1,2) €Y x Z:(y,2) = ATI(5,2);0 < A < 1}

is finally shown to be bounded. Then (y,z) = €I1(y,z). For any t € H, we have y(r) =
AT (y,2)(7), z(t) = AI12(y, 2)(7). Using (F1) in (17), we get

, (ogo)' [ n
) 1T+

T 0-01-1
* ﬁfl (lOg g) (0o + ¢1]y(0)] + ¢2|2(0)|) do

Page 11 of 46



Subramanian et al. Advances in Difference Equations (2021) 2021:267 Page 12 of 46

9 Vo o | o+o2-1 s
T @/1 ("g;) (%0 +¢1y(@)] + ¢2|2(0)]) do

g

T s-¢1-1
+ﬁf1 (10‘%;) (@0+¢1|y(0)|+¢2|Z(0)|)da}:|,

which yields, when taking the norm for t € H,

= 1 (Y y\e
+w2;@@/1 (log—) (¢o+g01\y(a)|+(p2]z(g)|)da

Iyl < (90 + @1]|y(0)] + @2]2(c)|)S1 + (@0 + @1|y(0)| + @2]2(0)|) T1. (29)

We also obtain

Izll < (90 + @1]y(0)] + ¢2]2(0)|) Sz + (@0 + @1|y(0)| + @2]2(0)|) Tz (30)
From (29) and (30), we get

Iyl + NIzl = 9o(S1 + S2) + @o(T1 + T2)
+ Iyl [901(51 +8y) +ou(Th + 7—2)]
+ 2l [92(S1 + S2) + Ba(Th + o)),

which yields, with ||y, z|| = [ly]l + ||zl

.zl < 9o(S1+8) + @o(Th + T2)
Yzl = v .

This means that A(IT) is bounded. Thus, by Lemma 7, the operator IT has at least one
fixed point. This indicates that the BVP (1)—(2) has at least one solution on H. O

Theorem 9 Suppose that (F,) hold. Then the BVP (1)—(2) has a unique solution on H,
provided that

(S1 +S) (D1 + Do) + (T1 + To)(D1 + D) < 1, (31)

where (19)—(22) refer to Sy, T1, Sz, and Ty, respectively.
Proof Let us fix

e > & (31~+ Szl +&(T1+Ta)
T1-(S1+S) (P + D) — (Th + To)(D1 + D)

and show that 18, C B, when the operator IT is given by (16) and

B, = {(y,z)ey x Z: ||(y,z)|| 58}.
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For (y,z) € B,, T € H, we have
|11 (7, 9(1),2(2)) | < B1|y(T)] + Fo| ()] + &1 < Dallyll + Dzl + &

and |y (7, ¥(7),2(7))| < 2 Iyl + 52||z|| + &,. This leads to

1 T 7\¢!
|H1()’:Z)(T)| = @/I <10g ;)

X |h1(o,y(a),z(a)) —h1(0,0,0)| + |h1(0,0,0)| do

(log)e! 1 v v\t
' T[l’{ﬁ/ (1)
x |3 (0,¥(0),2(0)) = ha(0,0,0)| + |h2(0,0,0)| do
k=2 1 8]' 8] -1
s Yo [ (o)

X |h2(a,y(0),z(o)) —h2(6,0,0)| + |h2(0,0,0)| do

1 /T<1 T)Q—Ql—l
+ og —
Fe-onh (%o

X |h1(a,y(0),z(a)) —h1(0,0,0)| + |h1(0,0,0)| do}

1 0 g\ 221
+ U353 v 7/ (log—)
| "Te+en i o

x | (o,y(0),2(0)) = h1(0,0,0)| + |1 (c,0,0)| do

k-2 , -1
1 /‘7’1( y]>g
+ wy E Wj—— log —
o "T(o) Ji o

x |1 (0,¥(0),2(0)) = h1(0,0,0)| + |h1(5,0,0)| do

1 T T\ Ss-s1-1
+ log —)
I'(s-¢1) /; < o

X |h2(o,y(a),z(a)) —h2(0',0,0)| + |h2(0,0,0)| d(r]:|
(log T)°
Fo+1)

(log T)e™1 | Ma(log T)o 01
+
v [e-o01+1)

sﬁmﬂ+%wwfo:

k-2

(log§)e+ez (log y;
+%[”rm+m+1) Z:’F@+n}]}
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R N (log T)e~! | ¥3(log T)s =
) ) &
+ (D1l + Dallell + 2)[ » [ Tle-ai+D

k=2
1 S+6 log §:)S
RO PR LGS P )
F(c+c+1) ‘w Te+1)

< (D1lyll + Dozl + £1)S1 + (Drllyll + Dallz]l + E) T

Similarly, we get

1 T \s!
Hz()’rz)(f)iﬁg)/l (logg)

x |y (0,¥(0),2(0)) = ha(0,0,0)| + | h2(0,0,0)| do

(logT)s~! 1 0 g\ et
— (o ly,— log —
124 I'(o+02) Ji o

x |1 (0,¥(0),2(0)) = 11 (0,0,0)| + |h11(0,0,0)|do

k-2 ) -1
1 (Y 7\
o log Z
rel i@ )| <°g<7>

X !hl(o,y(o),z(a)) —h1(0,0,0)| + |h1(a,0,0)| do

1 T T s-¢1-1
——
F(s‘—gl)/l ( o

x |y (0, ¥(0),2(0)) = ha(0,0,0)| + | ha(0,0,0)| da}

s 1 /U(l U>§+§2_1
+t v og —
1"t i o

x |y (0,¥(0),2(0)) = ha(0,0,0)| + | h2(0,0,0)| do

k-2 8 s-1
1 U 5]
+ w1 Zej—/ (log —)
i I'(s) 1 o

x |y (0,¥(0),2(0)) = ha(0,0,0)| + | h2(0,0,0)| do

1 T T 0—01-1
+ — log —
F(Q—Ql)/l ( g0>

x |1 (0, ¥(0),2(0)) = i (0,0,0)| + |1(c,0,0)| da}j|

< (B1lyll + D2llzll + &) T + (B1lyll + F2llzll + £1)So.

(32)

(33)

Page 14 of 46
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Thus, (32) and (33) imply ||I1(y,2)|| < ¢, and hence 15, C B,. Now, for (y1,21), (¥2,22)
€Y x Zandany t € H, we get

[T (y1,20)(7) = T (2, 22)(7) |

1 T T o-1
< Té?)/l (10g;) Vn(cr,yl(d),zl(cr))—hl(g,yz((,),ZZ(G))’d(7

(logT)et 1 v v\ttt
+ DR log —
v F'c+s) i o

x |hy(0,y1(0),21(0)) = ha(0,2(0), 22(0)) | do

kiZ: 1 Si 61 g_l
+ w1 €= / (log —)
pa I'(s) /i o

x |hy(0,31(0),21(0)) = ha (0, 2(0), 22(0)) | do
1 T T o0-01-1

o) (ee7)

x |h1(o,31(0),21(0)) = h1(o, y2(0) )|d0}

1 0 0 o+e2-1
+ 033 v 7/ <log—)
1PTe+o) i U0

X |h1(0,y1(0),21(0)) - hl(G’yz(U)’Zz(Um do

k=2 X -1
1 Yj %\
log 2
+w2;w’l‘(9)/1 (0 0)

x |1 (0,51(0), 21(0)) = I (0, 32(0), 22(0)) | do

1 T T s—s1-1
+ log —
r(g—gl)/l ( go)

X |h2(0,y1(0),21(0)) —hz(G,yz(U),Zz(Um dU]:|

~ ~ (log T)°
< (31]ly1 - Dallzr —
< (%1llyr =321l + Pallza Zz||): Fo+1)
(log )2 [ 94(log T)2-1 (log §)0+2 — _ (logy)°
+ + M {vyy—"—— + s E w;
4 Fle-e1+1) Fle+o2+1) ‘w T+

+ (D1llyr =321l + Dallz - 221)
(log T)°~ [ #3(log T)s~51 (log v)5+<2 o> (logd)s
X + Uy Vli Z S -1
2 IN'g—-c1+1) I'c+g+1) I'(¢c+1)

< (S1(B1 + B2) + Ti (@1 + 92)) (Iy1 = 221l + llz1 - z2).
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Likewise, we obtain

[T (1, 21)(7) = o (32, 22)(7)| < (Frllyn = y2]l + Dallzr — 22)

! (logT)S (log T)<~ [ﬂl(log T)s=s1

+
I'c+1) s MNg-¢1+1)
(logv)s*52 < (logs)s
+l92 V17+a)12€}' !
Flc+e+1) = T+
+ (F1llyr = y21l + Dallz — 22

" (log T)s™! | ¥2(log T)e—¢1
v [e-o01+1)

(log@)e*e2 2 (logy;
“9{ T+or+1) " Z ’F(Q+1)”}

= (52(51 + 52) + 73(51 +{§2))(||y1 =2l + llz1 —Zz||),

so we obtain

1Ty, 21) = T (2, 22) | < (51(51 +9,) + Ti(0 +§2))

x (lyr = y21l + llz1 = z211). (34)

In the same way,

IT2(y1,21) = M2 (y2,20) || < (52(51 +32) + To(D +§2))
X (ly1 = y2ll + llz1 = 22ll). (35)
So, we infer from (34) and (35)
[T1(G1,21) = T2, 22) | < (S1 + S)(B1 + ) + (Th + To) (B + o)
X [||y1 =l + llz1 —22||]~

It follows, thus, from the condition
(S1+S) (@1 + )+ (Th + T)(@h + Do) < 1,

that IT is a contraction operator. This shows that IT is a contraction. Hence, by Banach’s
fixed point theorem, the operator IT has a unique fixed point which corresponds to a
unique solution of problem (1)—(2). This completes the proof. O

Theorem 10 (Krasnoselskii, [44, p. 31]) Let M be a closed convex non-empty subset of a
Banach space £. Suppose that A and B map M into € and that
e (i) Ay + Bze M Vx,ye M,

o (ii) A is compact and continuous.
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« (iil) B is a contraction mapping.
Then there exists x € M such that Ax + Bx = x.

Theorem 11 Suppose that (F3) hold. In addition, there exist positive constants V1, V, such
that

|hl(T;y;Z)| Svl) |h2(T,_)/,Z)i SVZr (36)
forallt € H and y,z € R. Then the BVP (1)—(2) has at least one solution on H, if

(log T)° (D1 + 05)  (log T)S (3 + 0)
N . (37)
I'e+1) F(g+1)

Proof Let us define aball B, = {(y,2) € ¥ x Z:||(,2)| < &} to be closed as follows:

1,9, 2)(7)

. v +63-1
- (log;)g [194[ l“(gvni S) / (10g g); ha(0,(0),2(0)) do
1
k=2 1 5/* Sq s-1
— [ —’) ha(0,y(0),2(0)) d
+wlj=21€’r(g)/1 <°g(, 2(0:3(0),2(0) do

T 0-01-1
_ ;)/1‘ (log ;) hi(o,y(0),2(c)) da}

I'lo-o1
1 [4 0 o+02-1
+l93 Uzm/l‘ (10g;) hl(U,y(O'),Z(U))dU
k-2 ’ -1
1 (Y y,»)g
+ —— log = hi(o,y(0),z(c))do
DRIy (10e2) oyt 260)

1 T T s-¢1-1
_@/1 (‘°g;> hZ(U»y(U),Z(a))da”,

T o-1
M) = s [ (1062 ) infoio) ) do

and

5,1 (3, 2)(7)

B (logr)g—l vy 0 g\ e+e2-1
= 5 |:z91{ T0+0) /1 (log ;) hl(a,y(a),z(a)) do

S 1 Y A
— [ (1 _1> (oo o)) d
+wz;w1r‘(g)/; <og e 1(0,y(0),2(0)) do

1 T T\ s-s1-1
“remar ), (o) hz@’y(a),z(a»do}

Page 17 of 46
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1 v St+s2-1
+ ﬁg{vlmfl <log g) hy(o,y(0),2(0)) do

S PRI LT AN A S d
[~/ N l - ) ’
+wp jzzle,r(g)fl (ogg) 2(0,5(0),2(0)) do

1 T 7\ e-¢e1-1
B mfl (log ;) (o, y(0),2(0)) daH,
T c-1
HZ,Z(Y’Z)(T) = %g)/; (logé) hz(G,y(o),z(g)) do.

Note that

I (y,2)(7) = 1,1 (y, 2)(T) + M12(y, 2)(T),
[y (y,2)(r) = My,1(y, 2)(7) + Mo (y, 2)(7),

on B, is a closed, bounded, and convex subset of Banach space ) x Z and that we have a

ball B;. Now, let us choose
e > max{SiV1 + TiVao, SaVi + Ta Vo,

and demonstrate that I18, C B,; to test Krasnoselskii theorem’s condition (i), if we set

¥y =(1,Y2), 2 = (21,22) € B, and using condition (36), we get
[TT1,1 (3, 2)(7) + M12(9,2)(7)|
< %Q) 1I<log§>glvl do
+ (10g;)g_1 [m { nn (§1+ 5 /1 ) (log g)gm_lvz do

k-2 1 8 5 s-1
+w €§—— log —) V, do
1121 T () /1 ( o) 7

1 T T 0—01-1
+— log — V1 do
F(Q—Ql)/1 ( gU) ' }

1 0 0 o+02-1
+ 3 V27/ (log —) Vi do
['(o+02) )i o

k=2

1 Y y,-)gl
+w wi—— log = V1 do
2 @ ) ( *a) 7

1 T T s-61-1
P log — Vy do
r(g—gl)fl ( go) ’

<SVi+TiV,<e.
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Similarly, we find that
T3 (53, 2)(1) + T2 (3, 2)(7)| < S Vi + oV <.

The two above inequalities contribute to the assumption that
I, (y,2) + [1,(3,2) € B,

So we define that operator (I1;3, ITo2) obeys condition (iii) of the Krasnoselskii theorem
that satisfies contraction. For (y1,z1), (y2,22) € B,, we have

1201, 21)(7) = T 2(2,22) (7))

1 T T Q—lh , ;
S@/l (log;> ‘ 1(0,y1(0), 1(o )) 1(0 y2(0), 22(0 )| o

(log T)° ~ ~
< 2 - 0% - 38
Fo+ 1)( 1y =220l + Dallz1 — 221) (38)

and

T22(01,21)(7) = Ta2(y2,22) (7))

1 T c-1
T/ <1°g§) |h2(0,91(0),21(0)) = 12 (0, 32(0), 22(0)) | do
log T)S ~ R
= 1(~?§+)1) (D1lly1 = 321l + D2llz1 — 22 ). (39)

From (38) and (39) it follows that

|(TT1,2, T22) (1, 20)(7) = (M2, TT22) (32, 22) (7))

<(mgn%%+%hu%Twa+%»
- Fle+1) F(c+1)

X (Ilyr = y2ll + llz1 = z211),

which is a contraction by (37). Hence Krasnoselskii theorem’s condition (iii) is satisfied.
Next we can demonstrate that the operator (I1y1, [T ) fulfills the Krasnoselskii theorem’s
condition (ii). By applying the continuity of the /3, %, : H x R x R functions, we can infer
that the (ITy,;, [T5,) operator is continuous. For each (y,z) € B, we have

1 o-1 1 v S+6a-1
’1‘[11()/ z ‘ % U4 vli/ <log E) V,do
1 I'(s+¢6)/x o

+wlzelr()/ <log ) V) do

1 T( T)lel
+— log — Vi do
rm—gu[ £o '

Page 19 of 46
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1 (4 0 0+02-1
+ 13 vzi‘/ (10g—) Vido
Fo+02) )i o

k=2
+a)ZZw,F )f (logy’) Vi do

1 T T\ 5511
+— log — Vydo
r(g—gl)/l ( go) ’ ”

Il
>)

and

(logT)s! 1 /9 PANCACCR
’1'121()/ V4 ‘ 9 191 %) F(Q+Q2) . IOgG Vl do

+ wy Z Dj—— / ( V,) Vido

(o)

1 T( T)ggll
e = log — Vydo
r(s-c) /1 o ’
1 v v S+62-1
- log —

gy | () e

k-2 1 8,' 8] -1
+w €—r log —) V,do
ljzzl ’F(g)/l ( o ’

1 T 7\ 21
+— | (log= Vi do
r<g—gl>/1 ( go) : ”

= AZ?
which leads to
(M1, Ta1)(,2) | < Ay + Ay

Therefore the set (ITy1, ITo1) 3, is bounded uniformly. We shall demonstrate in the next
phase that the (ITy,1, ITy,1) 3, set is equicontinuous. For 73, 75 € H with 71 < 7, and for any
(y,2) € B, we obtain

(log 72)*~! — (log 71)¢~"
)

Y.(log T)e—€1 log §)e+e2
x[vl[ a(log 7) H%[vz (log6)

[TT1,1(9,2)(2) = M1 (3, 2)(11)| <

F'e-o01+1) Fe+o2+1)

2

(logy;)© ¥3(log T)s—<1
+C()z;w’r(a3+1) e MN¢-¢61+1)
k-2

log v)s*s2 (logé;)°
o,y (log Zl g
F(g+g2+1 I'(c+1)
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In a similar manner, we can get

(logp)s™ — (log 1)

T2, (9, 2)(12) — Ta1 (3, 2) (1) | <

¥

9 (log T)S~S1 1 S+52
<Ay, 1(log T) e (logv)

MNeg—-c1+1) I'c+g+1)

(logé;)© D(log T)2741
”‘”Z 9T g+1)” V1|:F(Q—Ql+1)
k-2

(log 6)°*¢2 (log y)
+ﬁ\l{vzl“(gww 1) +w2; ’F(Q+1)”]

Thus

|(T121,1, TT2,1) (9, 2)(12) — (T1,1, T12,1) (3, 2)(71) |

tends to zero as 77 — 11 independent of (y,z) € B,. Therefore the set (ITy,I151)B; is
equicontinuous. Therefore it implies from the Arzela—Ascoli theorem that the operator
(11,1, y1) is compact on B,. We conclude from Krasnoselskii fixed point theorem’s state-
ment that the problem (1)—(2) has at least one solution on H. O

4 Stability results for the problem (1)-(2)
Let us define nonlinear operators G1, G € C(H,R) x C(H,R) — C(H,R); where I1; and
I1, are defined by (17) and (18):

ADey(t) - hi(t,9(1),2(1)) = Gi(y,2)(7)
HDs2(t) — hy(7,x(1), 2(7)) = G2y, 2)(7),

for t € H. For some 1,7, > 0, we consider the following inequalities:
1610, 2)|| <71, 1G2(,2)| < ma. (40)

Definition 12 The coupled system (1)—(2) is said to be stable in the Hyers—Ulam sense,
if ICq, Ky > 0 exist such that there is a unique solution (y,z) € C(H,R) x C(H,R) of prob-
lems (1)—(2) with

|0,2) - 3:2)| < Kimy + Koo,
for every solution (3,Z) belongs to C(H,R) x C(H,R) of inequality (40).
Theorem 13 Suppose that (F3) hold. Then the BVP (1)—(2) is Hyers—Ulam stable.

Proof Let (y,z) € C(H,R) x C(H,R) be the (1)—(2) the solution of the problems that sat-
isfy (17) and (18). Let (¥,Z) be any satisfying solution (40):

ADCy(t) = hi (1,(1),2(7)) + G1 (3, 2)(2),
"D 2() = hy(7,5(1), 2(7)) + G2, 2)(7)
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for T € H. Therefore,

L
I'(o) i

B v s+s2-1
+ % |:ﬁ4iv1ﬁ/1 (log g) Go(y,2)(0) do
o1 % 5\ s1
e ,> o
+ w1 FZIEJF(S_) /1 <Og0 gz()/ Z)(a) o
1 T 7\ 21
) Mfl <1°g ;) gl(%Z)(U)da}

1 0 0 o+02-1
+ 195 vz—/ (log —) G1(3:2)(0) do
I'o+02) )i o

T o-1
3(0) = MG 2)(7) + (log 5) G1(5,2)(0) do

k=2 1 ¥ v o0-1
+a)2;wjm 1 <log;) G1(y,2)(0)do

1 T T c—¢1—-1
_@/1 (l‘)g;) 92(%2)(0)da”,

It follows that

1 T o-1
I 3,2)(t) -3(7)| < Tg)/l (log 2) 7 do

1 o-1 1 v c+co-1
+ % Dq vl—/ logE 75 do
7 I'(s+s2) 1 o
k=2 8 s-1
1 / 1< 8]>
+w €§—— log = o do
! ; 'T() )i o ?
1 T T o-01-1
+ / (log —> 7, do
I'o-o01) )i o
1 [4 0 0+02-1
2 _ log — d
s ”Zr(ng)/l (Ogo> e

k=2 : -1
1 Y Y \°
— log = d
+w2;w’1"(9)/1 (0g0> e

1 T T s-¢1-1
+_— log — 7y do
r(g—g1>/1 ( go) ?

- | (ogT)®  (log T)°" [ 94(log T)20
[ Tle+1) 4 I'o-o01+1)
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(logh)ere: A (logy)e
+ﬁs{vzf(9+92+l) Z “Te+n )"

, | UogT )2t [ 93(log T)s~<!
v F(c-61+1)

k=2
(logv)s*e2 (log é;)°
1? -
' 4{UIF(§+§2+1 Z:’1“(§+1 =

< Simy + Tims.

Similarly,

(logT)s (logT)s7! [ ¥1(log T)s~<1
|M3,2)(7) - Z(r)l_[ Ere TR <r(§_gl+1)

k-2
(logv)s*s2 (logéy)©
9 R 2
* 2:vllﬂ(g+§2+1 @1 1Fg+1) i

(log T)? | (log T)S* [ ¥4(log T)e21
i v D IFo-o01+1)

k-2
(log6)e*ez (log )
9 eV )
’ li”zr(wgm)“"zzjlw’r(g+1> i

< Tomy + Somy,

where in (19)—(22) we describe &1, S, 71 and 7T,. The IT operator, given by (17) and (18),

can therefore be excluded as follows from the fixed point property. We have

(1) =3(0)| = [y(x) - 1 (3,2)(7) + 135 2)(x) = 5(2) |
<M @,2)(x) - L1 3,2)(7)] + |T11352)(x) = 5(7)|
< (8101 + Tith) + (S102 + Tid) | (0,2) - G -2) |

+817T1 +7—17T2, (41)

|2(7) =2(1)| = |2(2) - 12(3,2)(7) + 23, 2)(x) — 2(2)
< M, 2)(x) - L3,2)(7)| + |25 2)(1) - Z(2)|
< (T301 + $:01) + (o + SaB) || (0,2) - G- 2) |
+ Tamy + Sy, (42)

From (41) and (42) it follows that

|| 0,2) - @—?)II < (S1+S)m + (Th + To)ma + (S1 + 52)(51 + 52)
+(Ti+ T) @1+ 92)] 02) -
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(S1+S)my + (Th + T2)me

16:2-0-2l = T 5 Fr e 70+ T B2 90

< Kymy + Koo,

with
Ky = (S1+8,)
1—((S1+S)(@1 + D) + (Th + T2) (D1 + D))
. (Ti + T2)
1—((S1 +S)@1 + D) + (T1 + To) (1 + 92))
Therefore, the BVP (1)-(2) is Hyers—Ulam stable. a

5 Variants of the problem

Further, we can solve some problems similar to problem (1)—(2) by using the methodology
employed in the previous section. For example, we consider two new problems by replac-
ing the condition. Note that the boundary conditions (2) include the strips of the different
lengths when modifying the strips in boundary conditions like the same lengths (2), then

the problem reduces to the form

y(1)=y'(1) =0,

HDe1y(T) = viHT2z(v) + w; Z,l:f &2(5)),
z(1)=Z/(1) =0,

HDs12(T) = wHZ0y(v) + w, Z,k:_12 @y (5))s

(43)

with
l<v<d<dy<---<Ba<T.

On the other hand, the multi-point boundary conditions in (2) contain different multi-

points in contrast to the multi-point boundary conditions in (43). We have

y(1)=y'(1)=0,
HDay(T) = " I%2(v) + 01 Y1 €2(8)),
2(1)=Z(1) =0,
HDSIZ(T) = " T2y(0) + wr Y1 (),

(44)

and
1<O<v<di<dp<---<a<T.
Concerning problem (1) with (43) instead of (2), we obtained the operator defined by

M(y,2)(7) = (L, 2)(7), (3, 2)(7)), (45)
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where

T o-1
I (y,2)(7) = %Q)/; (logé) hl(a,y(a),z(o)) do

1 [ 5\t
+wlzej@/1 (log;’) hz(a,y(a),z(a))da

1 T 7\ ¢l
e | (o) e ser|
v 0+02-1
+ﬁ3{vzm'/l (log S) hl(o,y(o'),z(o-)) do

8,' A\ o-1
+w22w,%)/1 (log%> hl(o,y(a),z(a))da

(o

T s—¢1-1
_ ﬁ /1 <log g) hy(0,3(0), 2(0) da”, (46)

T s-1
nz(y,z)(r)=%/1 (logg) ha(0,3(0),2(0)) do

(logT)s~! 1
+ Hivy——m—
U [(o +02)

v 0+02-1
X /1 (log g) h(0,y(0),2(0)) do

k-2 1 5 y o-1
—— logZ) hi(o,y(0), d
+w2j21:w]l"(g)/1 <0ga) 1(0 y(o) z(a)) o

1 T T\ s s1-1
B m/l (l"g ;) ha(0,9(0),2(0)) do}
v s+6o-1
+ﬁz{v1ﬁfl (log g) hz(a,y(a),z(g)) do

- 1 8 5 g—lh )
. loe , |
+a)1j21:€1r(§)/1 (oga) 2(0 y(o) Z(U)) o

T e-01-1
_ ﬁfl <log g) I (0,9(0),2(0) da”, (47)
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where

9 =

9, =

9 =

Vs =

(2021) 2021:267

(48)

F(g(—g)m) (log Y717,
% (logv)?*e2™! + w, ]:Zj w;(log$;)°",
% (logv)*2 ™" + oy gje,’(log &)<,
%(log T)s—s17,

Y= 1917.94 - 192193, and

Si=

T =

S, =

Ty =

(log T)? . (log 7)™t | 94(log T)e01
I(e+1) 0 Fo-01+1)

k=2

»2

(log U)Q+QZ
+H{vyy—--—+
I'lo+o0y+1)

(log T)271 | ¥3(log T)s~1
v Fc-a1+1)

(log v)s*s2 k-2

+ ¥ —tw
4[vlF(§+§z+1)

(log T)s7 | 9,(log T)e—1
U Fe-01+1)
k-2

+l91{1)2 22

(log U)Q+QZ

F(Q+Q2+1

(logT)s (logT)s™' | v1(log T)s—=!
I'(c+1) (%4 I'g-c1+1)

(logv)s*s? k=2

Oy
2{”1r(g+gz+1>

(log §)°
'F (0+1)

(logé))s
12 'T(c+1)

(log é)°
’F (0+1)

(log éj)°
Z ]l"(g +1)

I
)
I
)

Concerning the problem (1) with (44) instead of (2), we obtain the operator defined

by

[0, 2)(7) = (M1, 2)(x), a3, 2)()),

(53)
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where

T o-1
Hl(y,z)(r):%é))/l (logé) hl(a,y(a),z(o))d(r

j=1
1 r 7\ 0-e1-1
_m/l (log ;) hl(O’,y(O'),z(g)) do}
o+02-1
o { F(Q+Q2)/ ( ) (0,9(0),2(0)) do

k-2 1 5 Y o-1
+ wy Z wj@ 1 <10g ;j) n (o,y((r),z(a)) do
j=1
s-¢1-1
F(g o ) ( ) hy(o,y(0),2(0)) da}:|, (54)

M1 2)(0) = 1 f (log ) o (0,3(0),2(0)) do

(logt)s! 1
+ vy ——
0 ['(o +02)

0 +02-1
x/ (log€>gg hl(a,y(a),z(o))do
1
(Sj S Q*l
+w22wj%g)/l <logg]> hi(o,y(0),2(0)) do
s-¢1-1
e gl>/ ( ) ("’y(“)’z("))d"}

v s+sr-1
+ ﬁz{vlﬁ /1 (log g) hy(o,y(0),2(0)) do

2, gaed
+w1§e,@/1 (1og;’> hy(0,y(0),2(0)) do
_ﬁ /1 T(log g)g_gl_lhl(a,y(o),z(a)) da”, (55)
where
=L@ (ogme-art,

I'(o-o1)
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Dy = &(1 g)erex-l S (log8,)27!
= 56)
(o) k=2 (
7(log v)s*27L 4y Ze](logé )L
I(s+ ) =
I'(s) —¢1-1
94 = ——2(log T)s~17,
Te-a) t
U= 191194 - 192193, and
(logT)¢ (logT)°™! | ¥4(log T)o 1
= +
""T(+1) 1 Fo-01+1)
+ 934 v 7(10g9)9+92 %2: (log))° (57)
3 2F(Q+Q2+1 @2 /FQ+1 ’
T - (log T)e~! | ¥3(log T)s—<
9 T+
o (log v)s*s2 kXZ: (log éj)° (58)
Vp— )
"o "M &I+
S _(log T)s™" | 9(log T)o
T 9 |Tl-oai+1)
49 Ly 1080 kZZ: (log3)® (59)
Vg )
N"To+0+1)  “*&7To+1)
7= (log T)S N (log T)s7! | ¥ (log T)s<1
PTT(c+1) 9 | T(c-—ci+1)
k-2
(logv)s*s? (logé))s
0% _ 60
" 2{U1F(g+§2+1 IZ/Fg+1 (60)

Now for the problems (1)—(43), (1)—(44), we state the results of existence, unique-
ness, and stability. We are not providing the evidence as it is similar to Sects. 3 and
4.

Theorem 14 Suppose that (F1) hold. If

01(S1+S)+0i(Ti+To) < 1,
02(S1 +8) + 0 (T1 + T2) < 1.

(61)
Then there exists at least one solution for problem (1)—(43) on ‘H, where S1, T1, S, and T,
are given by (49) and (52), respectively.

Theorem 15 Suppose that (F,) hold. Then the BVP (1)—(43) has a unique solution on ‘H,
provided that

(S1+S2)(B1 + D) + (T1 + To) (D1 + D) < 1, (62)
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where S1, T1, S, and T, are given by (49) and (52).

Theorem 16 Suppose that (F;) hold. In addition, there exist positive constants V1, Vs such
that, forall t € H and y,z € R,

|h1(T)y)Z)| Svlr |h2(T;y;Z)i SVZ' (63)

Then the BVP (1)—(43) has at least one solution on H, if

(log T)2(D1 + 05)  (log T)S (9 + D)

Fo+1) | T(+D ©
Theorem 17 Suppose that (F;) hold. Then the BVP (1)—(43) is Hyers—Ulam stable.
Theorem 18 Suppose that (F1) hold. If

p1(S1+S)+ou(Ti+ ) <1,
(65)

02(S1 +8) + 0 (T1 + T2) < 1.

Then there exists at least one solution for problem (1)—(44) on ‘H, where S1, T1, S, and T,
are given by (57) and (60), respectively.

Theorem 19 Suppose that (F,) hold. Then the BVP (1)—(44) has a unique solution on H,
provided that

(St + 8@ + ) + (Ti + T)(B1 + Do) < 1, (66)
where S1, Ti, Sz, and T, are given by (57) and (60).

Theorem 20 Suppose that (F,) hold. In addition, there exist positive constants V1, V, such
that, for all t € H and y,z € R,

[ (t,9,2)] <V, |ha(t,y,2)| < Va. (67)

Then the BVP (1)—(44) has at least one solution on H, if

(log T)C (D, +05)  (log T)S (9, + 0)

68
F(o+1) ¥ I'(c+1) (68)
Theorem 21 Suppose that (F;) hold. Then the BVP (1)—(44) is Hyers—Ulam stable.
6 Applications with illustrative examples
Example 1 Consider the following coupled system of Hadamard-type FDEs:
HDE y() = In(x,5(2), 2(0)), )

HD% 4(z) = ho(t,¥(1), 2(1)),
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for t € [1,2], equipped with coupled boundary conditions:

y(1)=y'(1) =0,

HDBEY(T) = ZHTH2D) + 12 3% 62(8),

25 250 (70)
z(1)=2/(1) =0,
HD2OZ(T) 17 HIzoy(g—O) % ;'L=1 zz)'}y(y])
Here,Q-Ee(Z 8, s =7t €(23l,01=5 €(0,1], 61 = 2 € (0,1], 92—56(0 1), §2=
2 €(0,1), €1 = 55, €2 = 125’63 5007 €4 = gg' W1 = o0 W2 = 35 W3 = 55, Wa = 15, 81 = 35,

_ 723 417 267 389 889 379 159 7 3
82 = 550, 83 = 35, 4 = 25’ V1= 3007 Y2 = 3507 ¥3 = 5007 V4 = 2007 @1 = 3500 @2 = 3057 V1 = 1257

Vy = 51070, T=2,v= 2(7), 6= 383 and we have the continuous functions

1 [y(7)] 1
hl(t,y(t),z(r)) = 662+ 9) (3r + 1 3/|;(T)| + = COS(Z(T))),

h2(T’y(T)’Z(T)) = % (g + COS(y(‘L')) + 1 |ZT‘Z[()"|:)|>

Then by using (24), for T € H, we have

1 wi(r)] 1
|h1(r,w1,wz)| = ‘m(% + % + = cos(wz(r)))‘

__ It lwi ()] | cos(wa (7))
< + +

2(t2+9)  6(z2+9)(1 +|wi(r)]) 30(z2+9)
1 m@l w0

=20 " 601+ wi(x))) 300

and

16t \ 3
1 N [ cos(wy (1))l N [wa ()]
T 481 167 80T (1 + |wa(1)])

1 w(r) [wa (7))
< — + + .
48 16 80(1 + |wa(7)|)

1 (JT 1 |wa(7)] )’

|y, wy, )| = _<— +cos(wi (1)) + 514 wa(0)]

Therefore, the functions /; and 4, obviously satisfy the (F7) condition with

1 1 1 -~ 1

<Po=%, (01=@, ¢2=%, %:E’ <P1=E: 2=%~

From Egs. (7) and (8), with the data given, we find that

r
v = _Te (log T)e~1~1
I'(o-o01)
F(% 121_11 F(E) 49
= oy (log2) 0 7% = —33-(log 2) %,
r(iz _ 1y (%

50 25
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k-2
(log g)erel 4 o, Z wj(log )/,-)Q’1
j=1

vl (o)

" T(o+0)

17 (121 212 k=2
(= 369 50 20 7 121
_ 500 50 , N2
r(121 < 200) * 500 12:1 @;j(log y;) %0

L2y 369\16 7 [13 [ 267\
=SB log — + —| —(log =—
e 200 200 100 \ % 200

6 289\ % 19/ 889\ % 53 379\ %
+ —|log — + —|log — +—|log— ,
25\ %250 50\ 2500 125\ 200

V3 = L(g)(log v)stel kize-(logé-)g_1
I'(s+¢2) P ! ’

( ) 77 25 20 -1 k 2
125
= I log §: -
r Zé+§é <°g50) s oze’(og )

ol G (77 ey L1591 23 49\ %
- 339 log — — | — | log —
I'(355) 50 250 200 40

16 1 16
32 723\% 179 417 23 47\ %
+ —|log— + —|log — log — ,
125 500 500 250 50 25

I'(s) -1
93 = ——20(log T)s~S1
! F(s‘—s‘l)(og)
(%) o T3 9
:71 2 log 2) 100,
(z—%)( g) F(—}gg)(og "

Table 1 shows the numerical results of ¥ for j = 1,2,...,k — 2 and ¢. These results
are shown in Fig. 1. Now by employing Algorithm 1, we obtain #; &~ 0.88617886, 1, ~
0.02198308, 3 ~ 0.22359817, ¥4 ~ 1.21168646 and

¥ = 0104 — tht3 ~ 1.06885555.

On this level, by applying Egs. (19), (20), (21) and (22), we got

1=

(log7)°  (log T)°! | 94(log T)2
I'(o+1) o4 I'o-o01+1)

k-2
log §)e+ez 1 0
+ U3 V2% Z o; (log VJ)
I(o+02+1) I'(o+1)
_ (log2) % (logz)lso‘l[1.21168646(1og2)%-%é

121 + 1 11
TT(2 1) 106885555 (2 -1,

1 oo 369)0+02 k=2 ogv) 5
+O.22359817i 7. (108 350) ’ (Ogiy’)l)

logae)™ 7
500 M(2E+ 35 1) 7 200 4 e

~0.30176768,
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Table 1 Numerical results of ¢ for j =

(2021) 2021:267

1,2,3,4 and 1, in Example 1

n T g 9
th % U3 4
1 1.00 0.0000 0.0220 0.2236 0.0000 -0.0049
2 1.05 0.0658 0.0220 0.2236 0.0876 0.0008
3 1.10 0.1268 0.0220 0.2236 0.1699 0.0166
4 1.15 0.1845 0.0220 0.2236 0.2483 0.0409
5 1.20 0.2394 0.0220 0.2236 03230 0.0724
6 1.25 0.2918 0.0220 0.2236 0.3945 0.1102
7 1.30 0.3420 0.0220 0.2236 0.4631 0.1535
8 1.35 0.3902 0.0220 0.2236 0.5290 0.2015
9 1.40 04364 0.0220 0.2236 0.5925 0.2537
10 145 04810 0.0220 0.2236 0.6536 0.3095
1 1.50 0.5240 0.0220 0.2236 0.7126 0.3685
12 1.55 0.5655 0.0220 0.2236 0.7696 04303
13 1.60 0.6056 0.0220 0.2236 0.8248 0.4946
14 1.65 0.6444 0.0220 0.2236 0.8783 0.5610
15 1.70 0.6820 0.0220 0.2236 0.9301 0.6294
16 1.75 0.7185 0.0220 0.2236 0.9804 0.6995
17 1.80 0.7540 0.0220 0.2236 1.0292 0.7711
18 1.85 0.7884 0.0220 0.2236 1.0767 0.8439
19 1.90 0.8219 0.0220 0.2236 1.1229 09179
20 1.95 0.8544 0.0220 0.2236 1.1679 0.9930
21 2.00 0.8862 0.0220 0.2236 1.2117 1.0689
1.4 T T T T T T T T T
1 1.1 1.2 1.3 1.4 1.5 16 1.7 1.8 1.9 2
€ (L,2)
Figure 1 Graphical representation of ¥; forj=1,2,3,4 in Example 1
e (log T)2~1 | ¥3(log T)s~1
1=
U I(c-s1+1)
ste k=2 s
9 (logv)s*s2 Z (log )
TtV Vi tw
F(g+g2+1 ’F§+1
121 71 17
(log2)50 ! 0.22359817(10g 2)5-2
= 71
1.06885555 I’(ﬁ - £ + 1)
7, _1 k=2 i
3 (log )25 " 159 (log5 )%
+1.211686461 oo 7 Z G [ | 004723924,
125 F +1) 250 +1)

2
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(log T)s! |:192(10g T)e-o1
S =

v Fle-o01+1)
(logg)ere2 2 (logy)e
+ 191 V)y—— + > Z w;
Fle+o2+1) [(o+1)
_ (log2)5! |:0.02198308(10g2)50‘55

106885555 r(&-%+1

———— + —_———
500 F(121 + 1) 200 1 1—~(121 )

+0. 88617886{
j=1

17 (IOg 269)%+% 7 k=2 (]Og)//)io }:|

~ 0.00423958,

(log T)s s (log T)s~* | 91 (log T)s™!
I'(c+1) %4 IMNg-c1+1)

Ty =
k-2
1 S+62 log §:)S
+ Uy 1)1% IZ/(Og )
[(c+s+1) I'c+1)
_ (log2)%  (log2)%~! [0.88617886(1og2)3é-%

71 + 71
F(Z+1)  1.06885555| (2 -1Z+1)

ps

3 (logZ )2 kY = (10g5)25
0.02198308 _—
* 1125 1"(71 + IZ ] +1)

~ 0.17474270,
with
m=¢1(S1 +S) + @(7—1 +7T7)
1 1
~ @(0.30176768 +0.00423958) + R(O'04723924 +0.17474270)

~0.01897399 < 1,
2= 92(S1 +82) + 92(T1 + Ta)

1 1
~ R(0'30176768 +0.00423958) + %(0.04723924 +0.17474270)

~ 0.00379479 < 1.

Table 2 shows the numerical results of S;, 7; and n; for i = 1,2 and W. These results are
shown in Figs. 2 and 3. Hence, again by using the Algorithm 1, we obtain

W =min{l - [¢1(S1+8) +41(T1 + T2)], 1 - [0a(S1 + S2) + 9a(T1 + T)]}
= min{1 - 0.01897399, 1 — 0.00379479}
= 0.98102600.

All of Theorem 8’s requirements are fulfilled. Problem (69)—(70) therefore has a solution
onH =[1,2].
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Table 2 Numerical results of Sj, T;, n; fori=1,2 and W in Example 1

T S T i v
S S Ti T m 2

1.00 0.0000 0.0000 0.0000 0.0000 0.0000 0.0000 1.0000
1.05 0.0163 0.0013 0.0403 0.0029 0.0030 0.0006 0.9970
1.10 0.0047 0.0005 00114 0.0012 0.0009 0.0002 0.9991
1.15 0.0080 0.0006 0.0127 0.0023 0.0011 0.0002 0.9989
1.20 0.0134 0.0008 0.0147 0.0044 0.0014 0.0003 0.9986
1.25 0.0208 0.0010 0.0169 0.0075 0.0019 0.0004 0.9981
1.30 0.0300 0.0012 0.0191 0.0115 0.0024 0.0005 0.9976
135 0.0410 0.0014 0.0212 0.0167 0.0031 0.0006 0.9969
140 0.0536 0.0016 0.0234 0.0229 0.0038 0.0008 0.9962
145 0.0677 0.0018 0.0255 0.0302 0.0046 0.0009 0.9954
1.50 0.0834 0.0020 0.0276 0.0385 0.0056 0.0011 0.9944
1.55 0.1003 0.0022 0.0297 0.0479 0.0066 0.0013 0.9934
1.60 0.1186 0.0025 0.0318 0.0583 0.0077 0.0015 0.9923
1.65 0.1381 0.0027 0.0338 0.0698 0.0088 0.0018 0.9912
1.70 0.1587 0.0029 0.0358 0.0821 0.0101 0.0020 0.9899
1.75 0.1803 0.0031 0.0378 0.0954 00114 0.0023 0.9886
1.80 0.2029 0.0033 0.0397 0.1096 0.0128 0.0026 0.9872
1.85 0.2264 0.0036 0.0416 0.1247 0.0142 0.0028 0.9858
1.90 0.2507 0.0038 0.0435 0.1406 0.0157 0.0031 0.9843
1.95 0.2759 0.0040 0.0454 0.1573 0.0173 0.0035 0.9827
2.00 0.3018 0.0042 0.0472 0.1747 0.0190 0.0038 0.9810

Example 2 Consider the following coupled system of Hadamard-type FDEs:

(o)l
( ) COS(y 200 1+Z\zr(r)\ (71)
3 Iy( )
( )= 5(z+36) T+lp(o)] T 555 c0s(2(1)),

for t € H, equipped with coupled boundary conditions:

y(1) =y'(1) =0,
HDBY(T) = ZHIH L) + B Y1 62(s)),
z(1)=2(1) =

HD¥o(T) = 2 HIzoy( ")+ ok

(72)

4
200 Z-j=1 @y(y)).

Here,0 =23 € (2,3], ¢ = 32 € (2,3], 01 = 32 € (0,1], 61 = 3% € (0,1], 92—206(01) gz—

1 _ 23 _ _ 3 179 23 13 6 19
3 €(0,1), €1 = 555, €2 = 125’63 5007 €4 = 507 @1 = 1900 P2 = 350 W3 = 55, D4 = 125’ &1 = 40’
_ 723 417 267 389 889 379 159 7 _ 3
82 = 5500 83 = 350, 4 = 25’ V1= 3007 Y2 = 2500 ¥3 = 5007 V4 = 2007 @1 = 2500 @2 = 3057 V1 = 1257
_ 17 7 369
V2= 5550 I =2, v =55, 0 = 55 and
T 1 7 |z(r)|
hi(t,9(1),2(1)) = = + — cos(y(t)) + —
(2000 2(0)) = 5 + g eoso) + 555 7 1+ 20
JT+1 3 ly(t)] 13

hy(t,y(1), (1)) = cos(z(7)).

4 " 5(t +36) 1 + |y()] +ﬁ

First we show that condition (/) holds. In this case, we have

’hl(f, w1, Wa) — hl(f,Wh/W\/z)‘

7 |wy(7)] _<T 1 7 |wy(r)l )’

. A L cos(wi(1)) + + — cos(wy (7)) +
~|3 T g M 200 1+ wa(r)]  \3 90 "V F 500 T ()l

3
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035 — 0418 1
—8—i1 oqel |
03 —E—i=2 ’ —E—i2 T.(i=12)
Si(i=12) 0.14
0.25 4
042
02 1 01
%) &
0.5 1 008
006
04 S
004
005
002
- £ A L L L L L L L
0 0
111 12 13 14 15 16 17 18 19 2 T 12 13 14 15 16 17 18 19 2
T€E(L2) 7€ (L2)
(a) S; fori=1,2 (b) T; fori=1,2
0.02

0.018

0.016

0.014

0.012

< 0.01

0.008

0.006

0.004

0.002

1 11 1.2 1.3 1.4 15 1.6 1.7 1.8 1.9 2
€(1,2)

(¢) ni fori=1,2 and ¥

Figure 2 Graphical representation of S;, 7;, n; fori= 1,2 and W in Example 1

1 7 | wa(7)] [Wa(7)]
ggcos(wi(@)) —eos(M(D) | + 75517 +w|?4/2t(r)| 1 +W|2w2t(r)|

90
1

=5 — |wa (1) = Wa(7)]

—|wi(r) - (7)] + 500

and

{hz("'—; w1, W2) - hz('ﬂ le T/l\/2)|

VTl 3 |wi(7)] 13
- ‘ 530 Te @)+ 250 0%

Sl 3 OB )
_< 4 " 5(r+36) 1+ (o) | 250 cos(i(z ))

[w1(0)] [w1()] 13
5(T +36) ‘ 1+ wi(t)] 1+ |wi(r)l * 350 cos(w (1)) = cos(Wa(1))|
3 ) -~
< m|wl(r)—m(t)] 250|w2 — (7).
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Figure 3 Graphical representation of W Example 1
Table 3 Numerical results of ¢ forj=1,2,3,4 and ¥, in Example 2
n T g 9
th % U3 4
1 1.00 0.0000 0.0228 0.3530 0.0000 -0.0080
2 1.05 0.0769 0.0228 0.3530 0.5237 0.0322
3 1.10 0.1427 0.0228 03530 0.6255 0.0812
4 1.15 0.2032 0.0228 0.3530 0.6924 0.1326
5 1.20 0.2597 0.0228 0.3530 0.7430 0.1849
6 1.25 03130 0.0228 0.3530 0.7839 0.2373
7 1.30 03635 0.0228 0.3530 0.8183 0.2894
8 135 04115 0.0228 0.3530 0.8480 0.3409
9 1.40 04574 0.0228 0.3530 0.8742 0.3918
10 145 0.5013 0.0228 0.3530 0.8975 04419
1 1.50 0.5434 0.0228 0.3530 0.9185 04911
12 1.55 0.5838 0.0228 0.3530 0.9377 0.5394
13 1.60 0.6228 0.0228 0.3530 0.9553 0.5869
14 1.65 0.6604 0.0228 0.3530 09715 0.6335
15 1.70 0.6967 0.0228 0.3530 0.9865 0.6792
16 1.75 0.7317 0.0228 0.3530 1.0005 0.7241
17 1.80 0.7657 0.0228 0.3530 1.0137 0.7681
18 1.85 0.7986 0.0228 0.3530 1.0260 08113
19 1.90 0.8305 0.0228 0.3530 1.0376 0.8537
20 1.95 0.8615 0.0228 0.3530 1.0486 0.8953
21 2.00 0.8916 0.0228 0.3530 1.0590 0.9362
Thus, we obtain
3 1 3 7 5 3 ~ 13
1= — 2= 1= 752 2= —.
90’ 200’ 185 250

From Egs. (7) and (8) and employing Algorithm 2 with the data given, we find that ¥; ~
0.89164224, ¥, ~ 0.02279537, 93 ~ 0.35298423, ¥4 ~ 1.05901515, and

¥ = 0104 — tht3 ~ 0.93621624.

Table 3 shows the numerical results of ¥ for j = 1,2,...,k — 2 and . These results are
shown in Fig. 4. On this level, by applying Eqgs. (19), (20), (21) and (22), we got S; &
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Figure 4 Graphical representation of ¥ forj=1,2,3,4 in Example 2

18 19

Table 4 Numerical results of S;, 77 and (S + Sz)(51 + 52) +(T7 + 75)(51 + 52) in Example 2

T S; T (S1+ Sz)(ﬂljr 19%2
S S, T T +(T7 + T + D)
1.00 0.0000 0.0000 0.0000 0.0000 0.0000
1.05 0.0015 0.0004 0.0259 0.0044 0.0022
1.10 0.0039 0.0007 0.0344 0.0105 0.0033
1.15 0.0085 0.0010 0.0435 0.0210 0.0048
1.20 0.0151 0.0013 0.0525 0.0352 0.0067
1.25 0.0237 0.0016 0.0615 0.0528 0.0090
1.30 0.0342 0.0019 0.0704 0.0734 0.0115
1.35 0.0466 0.0023 0.0792 0.0968 0.0143
1.40 0.0608 0.0026 0.0879 0.1226 0.0173
145 0.0765 0.0030 0.0965 0.1507 0.0205
1.50 0.0937 0.0033 0.1050 0.1807 0.0240
1.55 0.1124 0.0037 0.1134 0.2126 0.0276
1.60 0.1324 0.0041 0.1216 0.2460 0.0314
1.65 0.1535 0.0044 0.1298 0.2810 0.0353
1.70 0.1758 0.0048 0.1379 03172 0.0394
1.75 0.1992 0.0052 0.1459 0.3547 0.0436
1.80 0.2235 0.0055 0.1537 0.3932 0.0479
1.85 0.2488 0.0059 0.1615 04327 0.0523
1.90 0.2749 0.0063 0.1691 04730 0.0568
1.95 03017 0.0066 0.1767 0.5142 0.0613
2.00 0.3293 0.0070 0.1841 0.5560 0.0660

0.32929244, T; ~ 0.18410940, S, ~ 0.00700804, 7, ~ 0.55601261. Table 4 shows the nu-

merical results of S;, 7; for i = 1,2. These results are shown in Figs. 5. Hence, again by

using the Algorithm 2, we obtain

Table 4 shows the results. Also, one can see the graphical representation of results in

Figs. 5. Therefore all of the Theorem 9 assumptions are fulfilled. Consequently, on

(S1 +S8) (D + ) + (T1 + T2) (B + D2) ~ 0.06599551 < 1.

‘H = [1,2] a unique solution exists for the problem (71)-(72) by Theorem 9.
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Figure 5 Graphical representation of variables in Example 2

Example 3 Consider the following coupled system of Hadamard-type FDEs:

"D 353’(1) = e 8T+ 25 sin(/(T) + 555 23+r ILZ\(ZI()TI)\ (73)
HTy3% _ 3 ()l
D13z(r) = \/(4+f)2 + 50530) Tep(on 225 2 cos(z(1)),
for t € [1,2], equipped with coupled boundary conditions:
y(1)=y'(1) =0,
1
"DBy(T) = 125HITG (5) + 250 j= 1 62(8)), (74)

z(1)=Z'(1) =0,

17 19
"Dw(T) = %HI%Q’( )+ 20 200 ;'1:1 @y(¥))-

Here o= e 23l s = Be@3l o=@l a-FeOla-FeOl -

%
11 23 32 179 23 13 6 19
5 €(0,1), €1 = 555, €2 = 125’63 50’ @1 = 007 P2 = 25 D3 = 55, D4 = 125’51 40’

5007 €4 =
_ 723 417 267 389 889 379 _ 159 7 _ 3
82 = 5500 03 = 350, 84 = 25’ V1= 5007 Y2 = 2507 V3 = 5007 Y4 T 2007 @1 T 2507 P2 = 3007 V1 T 1257
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V=L T=2v="2,0=2%and

5007 50’ Y = 200

R 4 |z(7)|
oo 0) = 5+ Tt gy
hy(t,y(1), (1)) = 1 + 3 (@)l + 12 cos(z(1)).

(4+1)>2 7(t+20)1+|y(z)] 225
Now, we show that condition (F5) holds. In this case, we have

|l (T, Wi, wa) = b (T, W1, W) |

4 [wa(T)]
9(23 + t2) 1 + |wy(7)]

—logt % in(e . |W2( )|
_ <e ety 750 sin(wi (7)) + 9(23 + 72) 1 + [y(7)| )'

< 2 sin(wi (1)) - sin(ﬁq(f))‘

—logt

9 .
+ 250 sm(wl(t)) +

= |€e

— 250
. 4 wa(o)| [Wa(7)]
9123+ 12) |1+ |wa(T)] 1+ |wa(r)]
= 250|W1(T) Wl(T)| 4|W2(T) —W2|

and

|h2(7—', Wi, Wa) — hz(T1W1,W2)|

3 [wi(7)] + Ecos(wz(t))

1
z‘ [ar0?  7(c+20) 1+ wi(r)] & 225

! 3 w12 o
) <\/m T 7@ 20) 1+ (o) 575 Cos(a(x ))‘

3 ‘ [wi(T)] B [w1 ()]
T 72t +20) |14 wi(x)] 1+ |wi(T)]

+ 12 cos(wz(t)) - cos(@z(r))|

25
!wl(r) wi(r)] + 12 IW2(T - Wa(7)|.
=
So, we get
5 _ 9 ~ 1
' 950 >7 54
5 _ 1 ~ 12
T, >7 905

From Egs. (7) and (8) and employing Algorithm 2 with the data given, we find that ¥; ~
0.87623493, ¥, ~ 0.02070006, 3 ~ 0.28269454, ¥4 ~ 1.15597829 and

¥ = 0104 — thts ~ 1.00705677.
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Table 5 Numerical results of ¥ forj=1,2,3,4 and ¥, in Example 3

n T g 9
th % U3 4
1 1.00 0.0000 0.0207 0.2827 0.0000 -0.0059
2 1.05 0.0506 0.0207 0.2827 0.2281 0.0057
3 1.10 0.1040 0.0207 0.2827 0.3436 0.0299
4 1.15 0.1569 0.0207 0.2827 04342 0.0623
5 1.20 0.2087 0.0207 0.2827 0.5108 0.1008
6 1.25 0.2593 0.0207 0.2827 0.5780 0.1440
7 1.30 0.3086 0.0207 0.2827 0.6382 0.1911
8 1.35 0.3565 0.0207 0.2827 0.6928 0.2411
9 1.40 0.4031 0.0207 0.2827 0.7430 0.2937
10 145 0.4484 0.0207 0.2827 0.7895 0.3482
1 1.50 0.4925 0.0207 0.2827 0.8328 0.4043
12 1.55 0.5355 0.0207 0.2827 0.8734 04618
13 1.60 05772 0.0207 0.2827 09115 0.5203
14 1.65 06179 0.0207 0.2827 0.9476 0.5797
15 1.70 0.6576 0.0207 0.2827 0.9817 0.6397
16 1.75 0.6963 0.0207 0.2827 1.0142 0.7003
17 1.80 0.7340 0.0207 0.2827 1.0451 0.7613
18 1.85 0.7708 0.0207 0.2827 1.0746 0.8225
19 1.90 0.8068 0.0207 0.2827 1.1029 0.8839
20 1.95 0.8419 0.0207 0.2827 1.1300 0.9455
21 2.00 0.8762 0.0207 0.2827 1.1560 1.0071

1.3

1.4

1.5
7€ (L,2)

1.6 1.7

Figure 6 Graphical representation of ; forj=1,2,3,4 in Example 3

Table 5 shows the numerical results of ¥; for j = 1,2,...,k — 2 and . These results are
shown in Fig. 6. On this level, by applying Egs. (19), (20), (21) and (22), we got &; =
0.26208346, T; ~ 0.09384668, S, ~ 0.00432903, 7, ~ 0.32353228. Table 6 shows the nu-
merical results of S;, 7; for i = 1,2. These results are shown in Figs. 7a and 7b. Again by

using the Algorithm 2, we find that the problem (73)—(74) has a unique solution for [1,2],

which is stable for Hyers—Ulam, with

(S1 +82) (D1 + D) + (Th + T2)(P1 + D) ~ 0.04075659 < 1.
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Table 6 Numerical results of S;, 77 and (S + Sz)(51 + 52) +(T7 + 75)(51 + 52) in Example 3

T S; T (S + SZ)(ﬂlj’ 1922
S S, T T +(T7 + T + D)
1.00 0.0000 0.0000 0.0000 0.0000 0.0000
1.05 0.0022 0.0004 0.0228 0.0029 0.0020
1.10 0.0029 0.0005 0.0201 0.0038 0.0019
1.15 0.0057 0.0006 0.0239 0.0075 0.0027
1.20 0.0101 0.0008 0.0282 0.0133 0.0037
1.25 0.0161 0.0010 0.0326 0.0210 0.0049
1.30 0.0237 0.0012 0.0370 0.0307 0.0064
1.35 0.0328 0.0014 0.0414 0.0423 0.0080
140 0.0434 0.0016 0.0457 0.0557 0.0099
145 0.0555 0.0019 0.0500 0.0707 0.0120
1.50 0.0688 0.0021 0.0543 0.0874 0.0143
1.55 0.0835 0.0023 0.0585 0.1056 0.0168
1.60 0.0993 0.0025 0.0626 0.1252 0.0194
1.65 0.1163 0.0027 0.0667 0.1461 0.0222
1.70 0.1344 0.0030 0.0708 0.1683 0.0251
1.75 0.1535 0.0032 0.0747 0.1916 0.0282
1.80 0.1735 0.0034 0.0787 0.2161 0.0314
1.85 0.1944 0.0036 0.0825 0.2415 0.0347
1.90 0.2162 0.0039 0.0864 0.2680 0.0381
1.95 0.2388 0.0041 0.0901 0.2953 0.0417
2.00 0.2621 0.0043 0.0938 0.3235 0.0453

Table 6 shows the results. Also, one can see the graphical representation of results in

Figs. 7. So all requirements of Theorem 13 are fulfilled.

7 Discussion

We addressed the existence, uniqueness, and stability of solutions for a coupled system of
Hadamard-type FDEs augmented by Hadamard fractional integral and multi-point con-
ditions via the alternatives of Leray—Schauder, Banach, fixed point theorems of Krasnosel-
skii, and Hyer—Ulam stability. One can observe that, for particular values of (v1, v2, @1, w2),
our problem reduces to some special problems. Suppose we present the problems (1)—(2)

in the form: to take w1 = @y = 0 in the results provided;

y1) =y (1)=0,  DUy(T)=1"T22(v),

z(1)=Z(1) =0, HDS12(T) = v, T22y(p),

with 1 <6 < v < T, while the results are

k-2
y1)=y(1)=0,  HDUYT)=w ) €z(s),

j=1
k-2
2A1)=Z(1)=0, DT = ) wp(y),

j=1

with 1<y <81 <y2 <83 <+ <Yz <82 < T, followed by v; = v, = 0. We can solve the
above problems similar to problem (1)—(2) by using the methodology employed in the

previous section. We emphasize that the problems discussed above are new.
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Supporting informations

Algorithm 1 MATLAB lines for calculating the numerical results of variable in Example 1

1 function Matrixout = Funcexamplel (varrho, varsigma, varrhoi, ...
2 varsigmai, epsilonj, varpij, deltaj, gammaj, omegai, nui,...
3 T, upsilon, theta, varphim, widehatvarphim)
4 k=6;
5 %section 1
6 varthetal = (gamma (varrho))/(gamma (varrho - varrhoi(1l)))...
7 * (log(T))"(varrho - varrhoi (1) -1);
8 vartheta2 = (nui(2)*gamma (varrho))/gamma (varrho + varrhoi(2))...
9 * (log(theta))” (varrho + varrhoi(2)-1);
10 s=0;
11 for j=1:k-2
12 s= s + varpij(j) * (log(gammaj(j)))”(varrho -1);
13 end;
14 vartheta2= vartheta2 + omegai(2) =* s;
15 vartheta3 = (nui(l) * gamma(varsigma))/gamma (varsigma + varsigmai(2))...
16 * (log(upsilon)) " (varsigma + varsigmai (2) -1);
17 s=0;
18 for j=1:k-2
19 s=s + epsilonj(j)*(log(deltaj(j))) " (varsigma-1);
20 end;
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21 vartheta3= vartheta3+ omegai(l) * s;

22 varthetad = gamma (varsigma)/gamma (varsigma - varsigmai(l))...

23 * (log(T))"(varsigma - varsigmai (1)-1);

24 varthetaj (1,1)=varthetal;

25 varthetaj (1,2)=vartheta2;

26 varthetaj (1, 3)=vartheta3;

27 varthetaj (1,4)=vartheta4d;

28 vartheta=varthetalx vartheta4- vartheta2+ vartheta3;

29 Matrixout=varthetaj;

30 Matrixout (1,5)=vartheta;

31 %section 2

32 S1 = (log(T))"varrho / gamma (varrho+l) ;

33 s=0;

34 for j=1:k-2

35 s= s + varpij(j) * (log(gammaj(j)))"~varrho;

36 end;

37 s= s * omegail (2)/gamma (varrho+l) ;

38 Sl= S1 + (log(T))"(varrho-1)/ vartheta...

39 * ( (varthetaj (4)* (log(T))"(varrho - varrhoi(l)))/gamma(varrho - varrhoi
(1)+1) ...

40 + varthetaj (3)*( nui(2)x (log(theta))” (varrho + varrhoi (2))/gamma (varrho
+varrhoi (2)+1) ...

41 + s));

42 Matrixout (1,6)=S1;

43 Tl = (log(T))"~(varrho-1)/vartheta;

44 s=0;

45 for j=1:k-2

46 s=s + epsilonj(j)*(log(deltaj(j))) " (varsigma) ;

47 end;

48 s= s* omegai (l)/ gamma(varsigma+l) ;

49 Tl= T1 * ( varthetaj(3)x* (log(T))"(varsigma- varsigmai (1)) /gamma (varsigma
- varsigmai (1)+1)...

50 + varthetaj(4) * ( nui(l)* (log (upsilon))”(varsigma + varsigmai(2))...

51 / gamma (varsigma+ varsigmai (2)+1) + s ));

52 Matrixout (1,7)=T1;

53 S2 = (log (T))"(varsigma-1) /vartheta;

54 s=0;

55 for j=1:k-2

56 s= s + varpij(j) * (log(gammaj(j)))“varrho;

57 end;

58 s= s * omegai (2)/gamma (varrho+l) ;

59 S2= S2 % ( varthetaj(2) * (log(T))"(varrho - varrhoi(1l))...

60 / gamma (varrho - varrhoi(1l)+1l) + varthetaj(l)...

61 * (nui(2) * (log(theta))”(varrho + varrhoi(2))

62 / gamma (varrho + varrhoi(2) + 1 ) +s ));

63 Matrixout (1,8)=S2;

64 T2 = (log(T))"~(varsigma) / gamma (varsigma+l) ;

65 s=0;

66 for j=1:k-2

67 s=s + epsilonj(j)=*(log(deltaj(j))) " (varsigma) ;

68 end;

69 s= s* omegai (l)/ gamma(varsigma+l) ;

70 T2= T2 + (log(T))"(varsigma-1)/vartheta...

71 * (varthetaj (1) * (log(T))”(varsigma- varsigmai(l))...

72 / gamma (varsigma- varsigmai (1)+1) + varthetaj (2)*( nui(l)...

73 * (log(upsilon) )~ (varsigma + varsigmai(2))...

74 / gamma (varsigma + varsigmai (2)+1) + s));

75 Matrixout (1,9)=T2;

76 Matrixout (1,10)=varphim(2) » (S1+S2)+ widehatvarphim(2)* (T1+T2);

77 Matrixout (1,11)=varphim(3) * (S1+S2)+ widehatvarphim(3)* (T1+T2);

78 Psi=min (l1-Matrixout(1l,10),1-Matrixout(1l,11) );

79 Matrixout (1,12)=Psi;

80 end

Algorithm 2 MATLAB lines for calculating the numerical results of variable in Examples 2

and 3
1 function Matrixout = Funcexample2l (varrho, varsigma, varrhoi, ...
2 varsigmai, epsilonj, varpij, deltaj, gammaj, omegai, nui,...
3 T, upsilon, theta, widetildevarthetai, widehatvarthetai)
4  k=6;
5 %section 1
6 varthetal = (gamma (varrho))/(gamma (varrho - varrhoi(1l)))...
7 * (log(T)) " (varrho - varrhoi(1l) -1);
8 vartheta2 = (nui(2)*gamma (varrho))/gamma (varrho + varrhoi(2))...
9 * (log(theta))” (varrho + varrhoi (2)-1);
10 s=0;
11 for j=1:k-2
12 s= s + varpij(j) » (log(gammaj(j)))”(varrho -1);
13 end;
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14 vartheta2= vartheta2 + omegai(2) =* s;
15 vartheta3 = (nui(l) * gamma(varsigma))/gamma (varsigma + varsigmai (2))...
16 * (log(upsilon) )~ (varsigma + varsigmai(2) -1);
17 s=0;
18 for j=1:k-2
19 s=s + epsilonj (j)*(log(deltaj(j)))"(varsigma-1) ;
20 end;
21 vartheta3= vartheta3+ omegai(l) =* s;
22 varthetad = gamma(varsigma)/gamma (varsigma - varsigmai(1l))...
23 * (log(T)) " (varsigma - varsigmai (1)-1);
24 varthetaj (1,1)=varthetal;
25 varthetaj (1,2)=vartheta2;
26 varthetaj (1,3)=vartheta3;
27 varthetaj (1,4)=varthetad;
28 vartheta=varthetalx vartheta4- vartheta2* vartheta3;
29 Matrixout=varthetaj;
30 Matrixout (1,5)=vartheta;
31 %section 2
32 S1 = (log(T))"varrho / gamma (varrho+1l) ;
33 s=0;
34 for j=1:k-2
35 s= s + varpij(j) * (log(gammaj(j)))~varrho;
36 end;
37 s= s * omegail (2)/gamma (varrho+l) ;
38 Sl= S1 + (log(T))”(varrho-1)/ vartheta...
39 * ( (varthetaj(4)* (log(T))”(varrho - varrhoi(l)))/gamma(varrho - varrhoi (1)
+1) ...
40 + varthetaj (3)*( nui(2)* (log(theta))”(varrho + varrhoi (2))/gamma (varrho+
varrhoi (2)+1) ...
41 + s) )i
42 Matrixout (1,6)=S1;
43 Tl = (log(T))" (varrho-1)/vartheta;
44 s=0;
45 for j=1:k-2
46 s=s + epsilonj(j)*(log(deltaj(j)))" (varsigma) ;
47 end;
48 s= s* omegai (l)/ gamma(varsigma+l) ;
49 Tl= T1 * ( varthetaj(3)x* (log(T))"(varsigma- varsigmai (1)) /gamma (varsigma
- varsigmai (1)+1)...
50 + varthetaj (4) * ( nui(l)x (log (upsilon))”(varsigma + varsigmai (2))...
51 / gamma (varsigma+ varsigmai (2)+1) + s ) );
52 Matrixout (1,7)=T1;
53 S2 = (log (T))"(varsigma-1)/vartheta;
54 s=0;
55 for j=1:k-2
56 s= s + varpij(j) * (log(gammaj(j)))~varrho;
57 end;
58 s= s * omegai (2)/gamma (varrho+l) ;
59 S2= S2 * ( varthetaj(2) * (log(T))"(varrho - varrhoi(1l))...
60 / gamma (varrho - varrhoi(l)+1) + varthetaj(1l)...
61 * (nui(2) = (log(theta))”(varrho + varrhoi(2))
62 / gamma (varrho + varrhoi(2) + 1 ) +s ));
63 Matrixout(1,8)=S2;
64 T2 = (log(T))"(varsigma) / gamma (varsigma+l) ;
65 s=0;
66 for j=1:k-2
67 s=s + epsilonj(j)*(log(deltaj(j)))" (varsigma) ;
68 end;
69 s= s* omegai (l)/ gamma(varsigma+l) ;
70 T2= T2 + (log(T))"(varsigma-1)/vartheta...
71 * (varthetaj (1) * (log(T))"(varsigma- varsigmai (1l))...
72 / gamma (varsigma- varsigmai (1l)+1) + varthetaj (2)+*( nui(l)...
73 * (log (upsilon) )~ (varsigma + varsigmai(2))...
74 / gamma (varsigma + varsigmai (2)+1) + s));
75 Matrixout (1,9)=T2;
76 Matrixout (1,10) = (widetildevarthetai(l) + widetildevarthetai(2))...
77 * (S1+S2) + (T1+T2)...
78 % (widehatvarthetai (1) + widehatvarthetai(2));
79 end
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