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1 Introduction
The methods of fractional calculus significantly improved the study of integer-order math-
ematical models associated with real-world problems appearing in scientific and technical
disciplines. A point of central importance for choosing fractional order derivative oper-
ators is their nonlocal nature, which accounts for the history of the associated phenom-
ena under investigation. For application details, see financial economics [1], ecology [2],
immune systems [3], HIV/AIDS [4], chaotic synchronization [5, 6], etc. Inspired by the
great popularity of the subject, many researchers turned to the further development of
this branch of mathematical analysis. In particular, fractional order boundary value prob-
lems attracted considerable attention, and the literature on the topic was enriched with a
huge number of interesting articles, for instance, see [7–12].

Fractional differential systems have also been studied by many researchers in view of
their occurrence in the mathematical modeling of several physical and engineering pro-
cesses [13–15]. One can find the details about the theoretical development of the topic in
the articles [16–26].

We introduce and study a new class of coupled systems of mixed-order three fractional
differential equations equipped with nonlocal multi-point coupled boundary conditions.

© The Author(s) 2021. This article is licensed under a Creative Commons Attribution 4.0 International License, which permits use,
sharing, adaptation, distribution and reproduction in any medium or format, as long as you give appropriate credit to the original
author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes were made. The images or other
third party material in this article are included in the article’s Creative Commons licence, unless indicated otherwise in a credit line
to the material. If material is not included in the article’s Creative Commons licence and your intended use is not permitted by
statutory regulation or exceeds the permitted use, you will need to obtain permission directly from the copyright holder. To view a
copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

https://doi.org/10.1186/s13662-021-03440-7
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-021-03440-7&domain=pdf
http://orcid.org/0000-0001-5350-2977
mailto:bashirahmad_qau@yahoo.com


Ahmad et al. Advances in Difference Equations        (2021) 2021:278 Page 2 of 21

In precise terms, we consider the following fully coupled system:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

CDη

a+ u(t) = ρ(t, u(t), x(t), y(t)), 1 < η ≤ 2, t ∈ [a, b],
CDξ

a+ x(t) = ϕ(t, u(t), x(t), y(t)), 1 < ξ ≤ 2, t ∈ [a, b],
CDζ

a+ y(t) = ψ(t, u(t), x(t), y(t)), 2 < ζ ≤ 3, t ∈ [a, b],

u(a) = u0, u(b) =
∑m

i=1 pix(αi),

x(a) = 0, x(b) =
∑n

j=1 qjy(βj),

y(ξ1) = 0, y(ξ2) = 0, y(b) =
∑l

k=1 rku(γk),

a < ξ1 < ξ2 < α1 < · · · < αm < β1 < · · · < βn < γ1 < · · · < γl < b,

(1.1)

where CDχ is a Caputo fractional derivative of order χ ∈ {η, ξ , ζ }, ρ,ϕ,ψ : [a, b] ×R×R×
R →R are given functions, pi, qj, rk ∈R, i = 1, . . . , m, j = 1, . . . , n, k = 1, . . . , l.

Here we emphasize that the novelty of the present work lies in the fact that we consider a
coupled system of three fractional differential equations of different orders on an arbitrary
domain equipped with coupled nonlocal multi-point boundary conditions. One can ob-
serve that the multi-point boundary conditions are of cyclic nature and involve different
nonlocal positions. Moreover, it is worthwhile to mention that much of the work on cou-
pled fractional systems involves two fractional differential equations on the fixed domain.
Thus our results are more general and contribute significantly to the existing literature on
the topic.

The rest of the paper is organized as follows: In Sect. 2 we recall some basic defini-
tions from fractional calculus and present an auxiliary result, which plays a pivotal role in
transforming system (1.1) into equivalent integral equations. An existence result for the
problem at hand is proved via the Leray–Schauder alternative, while the existence of a
unique solution is established via Banach’s contraction mapping principle. These results
are presented in Sect. 3. Examples are also discussed for illustration of the obtained results.

2 Preliminaries
Let us begin this section with some definitions related to our study [27].

Definition 2.1 The Riemann–Liouville fractional integral of order ω ∈ R (ω > 0) for a
locally integrable real-valued function h defined on –∞ ≤ a < t < b ≤ +∞, denoted by
Iω

a+ h, is defined by

Iω
a+ h(t) =

1

(ω)

∫ t

a
(t – s)ω–1h(s) ds,

where 
 denotes the Euler gamma function.

Definition 2.2 Let h, h(m) ∈ L1[a, b] for –∞ ≤ a < t < b ≤ +∞. The Riemann–Liouville
fractional derivative Dω

a+ h of order ω ∈ (m – 1, m], m ∈N is defined as

Dω
a+ h(t) =

1

(m – ω)

dm

dtm

∫ t

a
(t – s)m–1–ωh(s) ds,
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while the Caputo fractional derivative CDω
a+ h of order ω ∈ (m – 1, m], m ∈N is defined as

CDω
a+ h(t) = Dω

a+

[

h(t) – h(a) – h′(a)
(t – a)

1!
– · · · – h(m–1)(a)

(t – a)m–1

(m – 1)!

]

.

Remark 2.3 The Caputo fractional derivative of order ω ∈ (m – 1, m], m ∈N for a contin-
uous function h : (0,∞) →R such that h ∈ Cm[a, b], existing almost everywhere on [a, b],
is defined by

CDωh(t) =
1


(m – ω)

∫ t

a
(t – s)m–ω–1h(m)(s) ds.

Now we present an important result to analyze problem (1.1).

Lemma 2.4 Let ρ,ϕ,ψ ∈ C[a, b] and � �= 0. Then the unique solution of the system

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

CDη

a+ u(t) = ρ(t), 1 < η ≤ 2, t ∈ [a, b],
CDξ

a+ x(t) = ϕ(t), 1 < ξ ≤ 2, t ∈ [a, b],
CDζ

a+ y(t) = ψ(t), 2 < ζ ≤ 3, t ∈ [a, b],

u(a) = u0, u(b) =
∑m

i=1 pix(αi),

x(a) = 0, x(b) =
∑n

j=1 qjy(βj),

y(ξ1) = 0, y(ξ2) = 0, y(b) =
∑l

k=1 rku(γk),

a < ξ1 < ξ2 < α1 < · · · < αm < β1 < · · · < βn < γ1 < · · · < γl < b.

(2.1)

is given by the formulas

u(t) =
∫ t

a

(t – s)η–1


(η)
ρ(s) ds + u0 + (t – a)

{

a12

∫ b

a

(b – s)η–1


(η)
ρ(s) ds

+
∑m

i=1 pi

b – a

(

a13

m∑

i=1

pi(αi – a) + 1

)∫ αi

a

(αi – a)ξ–1


(ξ )
ϕ(s) ds

+
∑m

i=1 pi(αi – a)
�(b – a)

(

a3

∫ ξ1

a

(ξ1 – s)ζ–1


(ζ )
ψ(s) ds + a4

∫ ξ2

a

(ξ2 – s)ζ–1


(ζ )
ψ(s) ds

– A3

∫ b

a

(b – s)ζ–1


(η)
ψ(s) ds – A1

n∑

j=1

qj

∫ βj

a

(βj – s)ζ–1


(ζ )
ψ(s) ds

– A1

∫ b

a

(b – s)ξ–1


(ξ )
ϕ(s) ds

+ A3

l∑

k=1

rk

∫ γk

a

(γk – s)η–1


(η)
ρ(s) ds

)}

+ a11(t – a), (2.2)

x(t) =
∫ t

a

(t – s)ξ–1


(ξ )
ϕ(s) ds +

(t – a)
�

{

–a5

∫ b

a

(b – s)η–1


(η)
ρ(s) ds

+ a5

m∑

i=1

pi

∫ αi

a

(αi – a)ξ–1


(ξ )
ϕ(s) ds + a3

∫ ξ1

a

(ξ1 – s)ζ–1


(ζ )
ψ(s) ds



Ahmad et al. Advances in Difference Equations        (2021) 2021:278 Page 4 of 21

+ a4

∫ ξ2

a

(ξ2 – s)ζ–1


(ζ )
ψ(s) ds

– A3

∫ b

a

(b – s)ζ–1


(η)
ψ(s) ds – A1

n∑

j=1

qj

∫ βj

a

(βj – s)ζ–1


(ζ )
ψ(s) ds

– A1

∫ b

a

(b – s)ξ–1


(ξ )
ϕ(s) ds

+ A3

l∑

k=1

rk

∫ γk

a

(γk – s)η–1


(η)
ρ(s) ds + a6

}

, (2.3)

y(t) =
∫ t

a

(t – s)ζ–1


(ζ )
ψ(s) ds + b1(t)

∫ ξ1

a

(ξ1 – a)ζ–1


(ζ )
ψ(s) ds

+ b2(t)
∫ ξ2

a

(ξ2 – s)ζ–1


(ζ )
ψ(s) ds

+ b3(t)
∫ b

a

(b – s)ζ–1


(ζ )
ψ(s) ds + b4(t)

n∑

j=1

qj

∫ b

a

(βj – s)ζ–1


(ζ )
ψ(s) ds

+ b5(t)
∫ b

a

(b – s)η–1


(η)
ρ(s) ds

– b3(t)
l∑

k=1

rk

∫ γk

a

(γk – s)η–1


(η)
ρ(s) ds – b4(t)

∫ b

a

(b – s)ξ–1


(ξ )
ϕ(s) ds

– b5(t)
m∑

i=1

αi

∫ αi

a

(αi – s)ξ–1


(ξ )
ϕ(s) ds + b6(t), (2.4)

where

b1(t) =
1

ξ1 – ξ2

(

ξ2 – a +
a2a7

�
+ (t – a)

(
a1a7

�
– 1

))

+ (t – a)2 a7

�
,

b2(t) =
1

ξ1 – ξ2

(

– ξ1 + a +
a2a8

�
+ (t – a)

(
a1a8

�
+ 1

))

+ (t – a)2 a8

�
,

b3(t) =
b – a

�(ξ1 – ξ2)
(
a2 + a1(t – a) + (ξ1 – ξ2)(t – a)2),

b4(t) =
A2

�(ξ1 – ξ2)
(
a2 + a1(t – a) + (ξ1 – ξ2)(t – a)2),

b5(t) =
a9

�(ξ1 – ξ2)
(
a2 + a1(t – a) + (ξ1 – ξ2)(t – a)2),

b6(t) =
a10

�(ξ1 – ξ2)
(
a2 + a1(t – a) + (ξ1 – ξ2)(t – a)2),

a1 = (ξ2 – a)2 – (ξ1 – a)2, a2 = (ξ2 – a)(ξ1 – a)(ξ1 – ξ2),

a3 =
A3(b – ξ2) – A1

∑n
j=1 qj(ξ2 – βj)

ξ1 – ξ2
, a4 =

A3(ξ1 – b) – A1
∑n

j=1 qj(βj – ξ1)
ξ1 – ξ2

,

a5 =
A3

∑l
k=1 rk(γk – a)
b – a

, a6 = u0A3

( l∑

k=1

rk –
∑l

k=1 rk(γk – a)
b – a

)

,
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a7 =
–(b – a)(b – ξ2) + A2

∑n
j=1 qj(ξ2 – βj)

ξ1 – ξ2
,

a8 =
–(b – a)(ξ1 – b) + A2

∑n
j=1 qj(βj – ξ1)

ξ1 – ξ2
,

a9 =
l∑

k=1

rk(γk – a), a10 = –u0(b – a)
l∑

k=1

rk +
l∑

k=1

rk(γk – a),

a11 =
1

b – a

(
a6

∑m
i=1 pi(αi – a)

�
– u0

)

,

a12 =
–a5

∑m
i=1 pi(αi – a)

�(b – a)
–

1
b – a

, a13 =
a5

�
,

A1 =
a2 + (b – a)a1 + (b – a)2(ξ1 – ξ2)

ξ1 – ξ2
, A2 =

–
∑l

k=1 rk(rk – a)
∑m

i=1 pi(αi – a)
b – a

,

A3 =
–

∑n
j=1 qj

ξ1 – ξ2

(
a2 + a1(βj – a) + (βj – a)2(ξ1 – ξ2)

)
,

� = A2A3 – A1(b – a). (2.5)

Proof The solution of system (2.1) can be written as

u(t) = Iη

a+ρ(t) + c1 + c2(t – a), (2.6)

x(t) = Iξ

a+ϕ(t) + c3 + c4(t – a), (2.7)

y(t) = Iζ

a+ψ(t) + c5 + c6(t – a) + c7(t – a)2, (2.8)

where ci ∈ R (i = 1, 2, . . . , 7) are unknown constants. Using the condition u(a) = u0 in (2.6)
gives c1 = u0 and applying the condition x(a) = 0 in (2.7) yields c3 = 0, while making use of
the conditions y(ξ1) = 0 and y(ξ2) = 0 leads to the equations

Iζ

a+ψ(ξ1) + c5 + c6(ξ1 – a) + c7(ξ1 – a)2 = 0, (2.9)

Iζ

a+ψ(ξ2) + c5 + c6(ξ2 – a) + c7(ξ2 – a)2 = 0. (2.10)

Using the conditions u(b) =
∑m

i=1 pix(αi), x(b) =
∑n

j=1 qjy(βj), and y(b) =
∑l

k=1 rku(γk) with
c1 = u0 and c3 = 0 in (2.6)–(2.8) gives

Iη

a+ρ(b) + u0 + c2(b – a) =
m∑

i=1

pi
(
Iξ

a+ϕ(αi) + c4(αi – a)
)
, (2.11)

Iξ

a+ϕ(b) + c4(b – a) =
n∑

j=1

qj
(
Iζ

a+ψ(βj) + c5 + c6(βj – a) + c7(βj – a)2), (2.12)

Iζ

a+ψ(b) + c5 + c6(b – a) + c7(b – a)2 =
l∑

k=1

rk
(
Iη

a+ρ(rk) + u0 + c2(rk – a)
)
. (2.13)

Subtracting (2.10) from (2.9), we find that

c6 =
1

ξ1 – ξ2

(
a1c7 – Iζ

a+ψ(ξ1) + Iζ

a+ψ(ξ2)
)
, (2.14)



Ahmad et al. Advances in Difference Equations        (2021) 2021:278 Page 6 of 21

where a1 is given in (2.5). Substituting the value of c6 into (2.9) yields

c5 =
1

ξ1 – ξ2

(
a2c7(ξ2 – a)Iζ

a+ψ(ξ1) – (ξ1 – a)Iζ

a+ψ(ξ2)
)
, (2.15)

where a2 is given in (2.5). From (2.11), we have

c2 =
1

b – a

(

–Iη

a+ρ(b) +
m∑

i=1

piIξ

a+ϕ(αi) +
m∑

i=1

pi(αi – a)c4 – u0

)

. (2.16)

Substituting the values of c2, c5, and c6 into (2.12) and (2.13), we get the system

A1c7 + A2c4

=
l∑

k=1

rkIη

a+ρ(γk) +
l∑

k=1

rku0 +
∑l

k=1 rk(γk – a)
b – a

( m∑

i=1

piIξ

a+ϕ(αi) – u0 – Iη

a+ρ(b)

)

+
1

ξ1 – ξ2

(
(ξ1 – b)Iζ

a+ψ(ξ2) + (b – ξ2)Iζ

a+ψ(ξ1)
)

– Iζ

a+ψ(b),

A3c7 + (b – a)c4

=
n∑

j=1

qjIζ

a+ψ(βj) +
∑n

j=1 qj

ξ1 – ξ2

(
(ξ2 – βj)Iζ

a+ψ(ξ1) + (βj – ξ1)Iζ

a+ψ(ξ2)
)

– Iξ

a+ϕ(b).

Solving the above system together with the notation in (2.5), we obtain

c4 =
1
�

{

a3Iζ

a+ψ(ξ1) + a4Iζ

a+ψ(ξ2) – A3Iζ

a+ψ(b) – A1

n∑

j=1

qjIζ

a+ψ(βj) – a5Iη

a+ρ(b)

+ A3

l∑

k=1

rkIη

a+ρ(γk) + a6

}

,

c7 =
1
�

{

a7Iζ

a+ψ(ξ1) + a8Iζ

a+ψ(ξ2) + (b – a)Iζ

a+ψ(b)

+ A2

n∑

j=1

qjIζ

a+ψ(βj) – a9

m∑

i=1

piIξ

a+ϕ(αi)

– A2Iξ

a+ϕ(b) + a9Iη

a+ρ(b) – (b – a)
l∑

k=1

rkIη

a+ρ(γk) + a10

}

.

Substituting the value of c4 into (2.16) yields

c2 =
[

–1
b – a

– a5

∑m
i=1 pi(αi – a)
�(b – a)

]

Iη

a+ρ(b) +
m∑

i=1

[
1

b – a
+ a5

∑m
i=1 pi(αi – a)
�(b – a)

Iξ

a+ϕ(αi)
]

+
∑m

i=1 pi(αi – a)
�(b – a)

{

a3Iζ

a+ψ(ξ1) + a4Iζ

a+ψ(ξ2) – A3Iζ

a+ψ(b)
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– A1

n∑

j=1

qjIζ

a+ψ(βj) – A1Iξ

a+ϕ(b)

+ A3

l∑

k=1

rkIη

a+ρ(γk)

}

+ a11.

Inserting the value of c7 into (2.14) and (2.15), we get

c5 =
1

ξ1 – ξ2

{[

ξ2 – a +
a2a7

�

]

Iζ

a+ψ(ξ1) +
[

–ξ1 + a +
a2a8

�

]

Iζ

a+ψ(ξ2)

+
a2

�

(

(b – a)Iζ

a+ψ(b)

+ A2

n∑

j=1

qjIζ

a+ψ(βj) – a9

m∑

i=1

piIξ

a+ϕ(αi) – A2Iξ

a+ϕ(b) + a9Iη

a+ρ(b)

– (b – a)
l∑

k=1

rkIη

a+ρ(γk) + a10

)}

,

c6 =
1

ξ1 – ξ2

{[
a1a7 – 1

�

]

Iζ

a+ψ(ξ1) +
[

a1a8

�
+ 1

]

Iζ

a+ψ(ξ2) +
a1

�

(

(b – a)Iζ

a+ψ(b)

+ A2

n∑

j=1

qjIζ

a+ψ(βj) – a9

m∑

i=1

piIξ

a+ϕ(αi) – A2Iξ

a+ϕ(b) + a9Iη

a+ρ(b)

– (b – a)
l∑

k=1

rkIη

a+ρ(γk) + a10

)}

.

Finally, substituting the values of ci, i = 1, 2, . . . , 7, into (2.6), (2.7), and (2.8), we obtain (2.2),
(2.3), and (2.4). We can prove the converse of this lemma by direct computation. �

3 Main results
Let X = C([a, b],R) be a Banach space endowed with the norm ‖x‖ = sup{|x(t)|, t ∈ [a, b]}.
Then (X ×X ×X,‖(u, x, y)‖X) is also a Banach space equipped with the norm ‖(u, x, y)‖X =
‖u‖ + ‖x‖ + ‖y‖, u, x, y ∈ X.

In view of Lemma 2.4, we define an operator T : X × X × X → X × X × X by

T
(
u(t), x(t), y(t)

)
=

(
T1

(
u(t), x(t), y(t)

)
, T2

(
u(t), x(t), y(t)

)
, T3

(
u(t), x(t), y(t)

))
,

where

T1
(
u(t), x(t), y(t)

)

=
∫ t

a

(t – s)η–1


(η)
ρ
(
s, u(s), x(s), y(s)

)
ds + u0

+ (t – a)

{

a12

∫ b

a

(b – s)η–1


(η)
ρ
(
s, u(s), x(s), y(s)

)
ds
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+
∑m

i=1 pi

b – a

(

a13

m∑

i=1

pi(αi – a) + 1

)∫ αi

a

(αi – a)ξ–1


(ξ )
ϕ
(
s, u(s), x(s), y(s)

)
ds

+
∑m

i=1 pi(αi – a)
�(b – a)

(a3

∫ ξ1

a

(ξ1 – s)ζ–1


(ζ )
ψ

(
s, u(s), x(s), y(s)

)
ds

+ a4

∫ ξ2

a

(ξ2 – s)ζ–1


(ζ )
ψ

(
s, u(s), x(s), y(s)

)
ds

– A3

∫ b

a

(b – s)ζ–1


(η)
ψ

(
s, u(s), x(s), y(s)

)
ds

– A1

n∑

j=1

qj

∫ βj

a

(βj – s)ζ–1


(ζ )
ψ

(
s, u(s), x(s), y(s)

)
ds

– A1

∫ b

a

(b – s)ξ–1


(ξ )
ϕ
(
s, u(s), x(s), y(s)

)
ds

+ A3

l∑

k=1

rk

∫ γk

a

(γk – s)η–1


(η)
ρ
(
s, u(s), x(s), y(s)

)
ds + a12)

}

+ a11(t – a),

T2
(
u(t), x(t), y(t)

)

=
∫ t

a

(t – s)ξ–1


(ξ )
ϕ
(
s, u(s), x(s), y(s)

)
ds

+
(t – a)

�

{

–a5

∫ b

a

(b – s)η–1


(η)
ρ
(
s, u(s), x(s), y(s)

)
ds

+ a5

m∑

i=1

pi

∫ αi

a

(αi – a)ξ–1


(ξ )
ϕ
(
s, u(s), x(s), y(s)

)
ds

+ a3

∫ ξ1

a

(ξ1 – s)ζ–1


(ζ )
ψ

(
s, u(s), x(s), y(s)

)
ds

+ a4

∫ ξ2

a

(ξ2 – s)ζ–1


(ζ )
ψ

(
s, u(s), x(s), y(s)

)
ds

– A3

∫ b

a

(b – s)ζ–1


(η)
ψ

(
s, u(s), x(s), y(s)

)
ds

– A1

n∑

j=1

qj

∫ βj

a

(βj – s)ζ–1


(ζ )
ψ

(
s, u(s), x(s), y(s)

)
ds

– A1

∫ b

a

(b – s)ξ–1


(ξ )
ϕ
(
s, u(s), x(s), y(s)

)
ds

+ A3

l∑

k=1

rk

∫ γk

a

(γk – s)η–1


(η)
ρ
(
s, u(s), x(s), y(s)

)
ds + a6

}

,

T3
(
u(t), x(t), y(t)

)

=
∫ t

a

(t – s)ζ–1


(ζ )
ψ

(
s, u(s), x(s), y(s)

)
ds

+ b1(t)
∫ ξ1

a

(ξ1 – a)ζ–1


(ζ )
ψ

(
s, u(s), x(s), y(s)

)
ds
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+ b2(t)
∫ ξ2

a

(ξ2 – s)ζ–1


(ζ )
ψ

(
s, u(s), x(s), y(s)

)
ds

+ b3(t)
∫ b

a

(b – s)ζ–1


(ζ )
ψ

(
s, u(s), x(s), y(s)

)
ds

+ b4(t)
n∑

j=1

qj

∫ b

a

(βj – s)ζ–1


(ζ )
ψ

(
s, u(s), x(s), y(s)

)
ds

+ b5(t)
∫ b

a

(b – s)η–1


(η)
ρ
(
s, u(s), x(s), y(s)

)
ds

– b3(t)
l∑

k=1

rk

∫ γk

a

(γk – s)η–1


(η)
ρ
(
s, u(s), x(s), y(s)

)
ds

– b4(t)
∫ b

a

(b – s)ξ–1


(ξ )
ϕ
(
s, u(s), x(s), y(s)

)
ds

– b5(t)
m∑

i=1

αi

∫ αi

a

(αi – s)ξ–1


(ξ )
ϕ
(
s, u(s), x(s), y(s)

)
ds + b6(t).

For computational convenience, let us set

L1 =
1


(η + 1)

{

(b – a)η + |a12|(b – a)η+1 +
|A3|∑m

i=1 |pi|(αi – a)
∑l

k=1 |rk|(γk – a)η

|�|
}

,

M1 =
1


(ξ + 1)

{ m∑

i=1

|pi|
(

|a13|
m∑

i=1

|pi|(αi – a) + 1

)

(αi – a)ξ

+
|A1|∑m

i=1 |pi|(αi – a)(b – a)ξ

|�|

}

,

N1 =
1


(ζ + 1)

{∑m
i=1 |pi|(αi – a)

|�|

(

|a3|(ξ1 – a)ζ + |a4|(ξ2 – a)ζ + |A3|(b – a)ζ

+ |A1|
n∑

j=1

|qj|(βj – a)ζ
)}

,

L2 =
b – a

|�|
(η + 1)

{

|a5|(b – a)η + |A3|
l∑

k=1

|rk|(γk – a)η
}

,

M2 =
1


(ξ + 1)

{

(b – a)ξ +
b – a
|�|

(

|a5|
m∑

i=1

|pi|(αi – a)ξ + |A1|(b – a)ξ
)}

,

N2 =
b – a

|�|
(ζ + 1)

{

|a3|(ξ1 – a)ζ + |a4|(ξ2 – a)ζ + |A3|(b – a)ζ + |A1|
n∑

j=1

|qj|(βj – a)ζ
}

,

L3 =
1


(η + 1)

{

δ5(b – a)η + δ3

l∑

k=1

|rk|(γk – a)η
}

,

M3 =
1


(ξ + 1)

{

δ4(b – a)ξ + δ5

m∑

i=1

|αi|(αi – a)ξ
}

,
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N3 =
1


(ζ + 1)

{

(b – a)ζ + δ1(ξ1 – a)ζ + δ2(ξ2 – a)ζ

+ δ3(b – a)ζ + δ4

n∑

j=1

|qj|(βj – a)ζ
}

, (3.1)

where

δ1 =
1

|ξ1 – ξ2|
(

|ξ2| + |a| +
|a2a7|
|�| + (b – a)

∣
∣
∣
∣
a1a7

�
– 1

∣
∣
∣
∣

)

+ (b – a)2 |a7|
|�| ,

δ2 =
1

|ξ1 – ξ2|
(

|a| + |ξ1| +
|a2a8|
|�| + (b – a)

∣
∣
∣
∣
a1a8

�
+ 1

∣
∣
∣
∣

)

+ (b – a)2 |a8|
|�| ,

δ3 =
b – a

|�|(|ξ1 – ξ2|)
(|a2| + |a1|(b – a) +

(|ξ1 – ξ2|
)
(b – a)2),

δ4 =
|A2|

|�|(|ξ1 – ξ2|)
(|a2| + |a1|(b – a) +

(|ξ1 – ξ2|
)
(b – a)2),

δ5 =
|a9|

|�|(|ξ1 – ξ2|)
(|a2| + |a1|(b – a) +

(|ξ1 – ξ2|
)
(b – a)2),

δ6 =
|a10|

|�|(|ξ1 – ξ2|)
(|a2| + |a1|(b – a) +

(|ξ1 – ξ2|
)
(b – a)2).

In our first result, we establish the existence of solutions for system (1.1) by applying the
Leray–Schauder alternative [28].

Lemma 3.1 (Leray–Schauder alternative) Let J : U −→ U be a completely continuous op-
erator (i.e., a map restricted to any bounded set in U is compact). Let Q(J) = {x ∈ U : x =
ηJ(x) for some 0 < η < 1}. Then either the set Q(J) is unbounded, or J has at least one fixed
point.

Theorem 3.2 Let � �= 0, where � is defined by (2.5). In addition, we assume that:
(H2) ρ,ϕ,ψ : [a, b] ×R×R×R → R are continuous functions and there exist real con-

stants ki,σi,μi ≥ 0 (i = 1, 2, 3) and k0 > 0, σ0 > 0, μ0 > 0 such that, for all t ∈ [a, b]
and u, x, y ∈R,

∣
∣ρ(t, u, x, y)

∣
∣ ≤ k0 + k1|u| + k2|x| + k3|y|,

∣
∣ϕ(t, u, x, y)

∣
∣ ≤ σ0 + σ1|u| + σ2|x| + σ3|y|,

∣
∣ψ(t, u, x, y)

∣
∣ ≤ μ0 + μ1|u| + μ2|x| + μ3|y|.

Then system (1.1) has at least one solution on [a, b] provided that

(L1 + L2 + L3)k1 + (M1 + M2 + M3)σ1 + (N1 + N2 + N3)μ1 < 1,

(L1 + L2 + L3)k2 + (M1 + M2 + M3)σ2 + (N1 + N2 + N3)μ2 < 1,

(L1 + L2 + L3)k3 + (M1 + M2 + M3)σ3 + (N1 + N2 + N3)μ3 < 1, (3.2)

where Li, Mi, Ni, i = 1, 2, 3, are given in (3.1).
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Proof Observe that the continuity of the operator T : X × X × X → X × X × X follows
from that of the functions ρ , ϕ, and ψ . Next, let � ⊂ X × X × X be bounded such that

∣
∣ρ

(
t, u(t), x(t), y(t)

)∣
∣ ≤ K1,

∣
∣ϕ

(
t, u(t), x(t), y(t)

)∣
∣ ≤ K2,

∣
∣ψ

(
t, u(t), x(t), y(t)

)∣
∣ ≤ K3, ∀(u, x, y) ∈ �,

for positive constants K1, K2, and K3. Then, for any (u, x, y) ∈ �, we have

∣
∣T1

(
u(t), x(t), y(t)

)∣
∣

≤
∫ t

a

(t – s)η–1


(η)
∣
∣ρ

(
s, u(s), x(s), y(s)

)∣
∣ds + |u0|

+ (b – a)

{

|a12|
∫ b

a

(b – s)η–1


(η)
∣
∣ρ

(
s, u(s), x(s), y(s)

)∣
∣ds

+
∑m

i=1 |pi|
b – a

(

|a13|
m∑

i=1

|pi|(αi – a) + 1

)∫ αi

a

(αi – a)ξ–1


(ξ )
∣
∣ϕ

(
s, u(s), x(s), y(s)

)∣
∣ds

+
∑m

i=1 |pi|(αi – a)
|�|(b – a)

(|a3|
∫ ξ1

a

(ξ1 – s)ζ–1


(ζ )
∣
∣ψ

(
s, u(s), x(s), y(s)

)∣
∣ds

+ |a4|
∫ ξ2

a

(ξ2 – s)ζ–1


(ζ )
∣
∣ψ

(
s, u(s), x(s), y(s)

)∣
∣ds

+ |A3|
∫ b

a

(b – s)ζ–1


(η)
∣
∣ψ

(
s, u(s), x(s), y(s)

)∣
∣ds

+ |A1|
n∑

j=1

|qj|
∫ βj

a

(βj – s)ζ–1


(ζ )
∣
∣ψ

(
s, u(s), x(s), y(s)

)∣
∣ds

+ |A1|
∫ b

a

(b – s)ξ–1


(ξ )
∣
∣ϕ

(
s, u(s), x(s), y(s)

)∣
∣ds

+ |A3|
l∑

k=1

|rk|
∫ γk

a

(γk – s)η–1


(η)
∣
∣ρ

(
s, u(s), x(s), y(s)

)∣
∣ds + |a12|)

}

+ |a11|(b – a)

≤ |u0| + |a11|(b – a) +
{

1

(η + 1)

{

(b – a)η + |a12|(b – a)η+1

+
|A3|∑m

i=1 |pi|(αi – a)
∑l

k=1 |rk|(γk – a)η

|�|
}}

‖ρ‖

+

{
1


(ξ + 1)

{ m∑

i=1

|pi|
( m∑

i=1

|pi|(αi – a) + 1

)

(αi – a)ξ

+
|A1|∑m

i=1 |pi|(αi – a)(b – a)ξ

|�|

}}

‖ϕ‖

+

{
1


(ζ + 1)

{∑m
i=1 |pi(αi – a)|

|�|

(

|a3|(ξ1 – a)ζ + |a4|(ξ2 – a)ζ
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+ |A3|(b – a)ζ + |A1|
n∑

j=1

|qj|(βj – a)ζ
)}}

‖ψ‖

≤ |u0| + |a11|(b – a) + L1K1 + M1K2 + N1K3,

which implies that
∥
∥T1(u, x, y)

∥
∥

X ≤ |u0| + |a11|(b – a) + L1K1 + M1K2 + N1K3.

In a similar way, we can find that

∥
∥T2(u, x, y)

∥
∥

X ≤ |a6|(b – a)
|�| + L2K1 + M2K2 + N2K3

and

∣
∣T3(u, x, y)(t)

∣
∣ ≤

∫ t

a

(t – s)ζ–1


(ζ )
∣
∣ψ

(
s, u(s), x(s), y(s)

)∣
∣ds

+ max
t∈[a,b]

{
b1(t)

}
∫ ξ1

a

(ξ1 – a)ζ–1


(ζ )
∣
∣ψ

(
s, u(s), x(s), y(s)

)∣
∣ds

+ max
t∈[a,b]

{
b2(t)

}
∫ ξ2

a

(ξ2 – s)ζ–1


(ζ )
∣
∣ψ

(
s, u(s), x(s), y(s)

)∣
∣ds

+ max
t∈[a,b]

{
b3(t)

}
∫ b

a

(b – s)ζ–1


(ζ )
∣
∣ψ

(
s, u(s), x(s), y(s)

)∣
∣ds

+ max
t∈[a,b]

{
b4(t)

}
n∑

j=1

|qj|
∫ b

a

(βj – s)ζ–1


(ζ )
∣
∣ψ

(
s, u(s), x(s), y(s)

)∣
∣ds

+ max
t∈[a,b]

{
b5(t)

}
∫ b

a

(b – s)η–1


(η)
∣
∣ρ

(
s, u(s), x(s), y(s)

)∣
∣ds

+ max
t∈[a,b]

{
b3(t)

}
l∑

k=1

|rk|
∫ γk

a

(γk – s)η–1


(η)
∣
∣ρ

(
s, u(s), x(s), y(s)

)∣
∣ds

+ max
t∈[a,b]

{
b4(t)

}
∫ b

a

(b – s)ξ–1


(ξ )
∣
∣ϕ

(
s, u(s), x(s), y(s)

)∣
∣ds

+ max
t∈[a,b]

{
b5(t)

}
m∑

i=1

∣
∣
∣
∣pi

∫ αi

a

(αi – s)ξ–1


(ξ )

∣
∣
∣
∣ϕ|(s, u(s), x(s), y(s)

)
ds

+ max
t∈[a,b]

{
b6(t)

}

≤ δ6 + L3K1 + M3K2 + N3K3,

which implies that
∥
∥T3(u, x, y)

∥
∥

X ≤ δ6 + L3K1 + M3K2 + N3K3.

From the above argument, we deduce that the operator T is uniformly bounded, that is,

∥
∥T(u, x, y)

∥
∥

X ≤ |u0| + |a11|(b – a) +
|a6(b – a)|

|�| + δ6

+ (L1 + L2 + L3)K1 + (M1 + M2 + M3)K2 + (N1 + N2 + N3)K3.
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Next, we show that T is equicontinuous. Let t1, t2 ∈ [a, b] with t1 < t2. Then we have

∣
∣T1

(
u(t2), x(t2), y(t2)

)
– T1

(
u(t1), x(t1), y(t1)

)∣
∣

≤ K1


(η + 1)
[
2(t2 – t1)η +

∣
∣tη

2 – tη
1
∣
∣
]

+ (t2 – t1)|a11| +
{

t2 – t1


(η + 1)

{

(|a12|(b – a)η+1

+
|A3|∑m

i=1 |pi|(αi – a)
∑l

k=1 |rk|(γk – a)η

|�|(b – a)

}}

K1

+
{

t2 – t1


(ξ + 1)

{∑m
i=1 |pi|(∑m

i=1 |pi|(αi – a) + 1)(αi – a)ξ

|�|(b – a)

+
|A1|∑m

i=1 |pi|(αi – a)(b – a)ξ

|�|(b – a)

}}

K2

+

{
t2 – t1


(ζ + 1)

{∑m
i=1 |pi|(αi – a)
|�|(b – a)

(

|a3|(ξ1 – a)ζ + |a4|(ξ2 – a)ζ + |A3|(b – a)ζ

+ |A1|
n∑

j=1

|qj|(βj – a)ζ
)}}

K3.

Analogously,we can obtain

∣
∣T2

(
u(t2), x(t2), y(t2)

)
– T2

(
u(t1), x(t1), y(t1)

)∣
∣

≤ K2


(ξ + 1)
[
2(t2 – t1)ξ +

∣
∣tξ

2 – tξ
1
∣
∣
]

+ (t2 – t1)
|a6|
|�| +

t2 – t1

�

{
1


(η + 1)

{

|a5|(b – a)η

+ |A3|
l∑

k=1

|rk|(γk – a)η
}}

K1

+
t2 – t1

�
(ξ + 1)

{

|a5|
m∑

i=1

|pi|(αi – a)ξ + |A1|(b – a)ξ
}

K2

+
t2 – t1

|�|
(ζ + 1)

{

|a3|(ξ1 – a)ζ + |a4|(ξ2 – a)ζ + |A3|(b – a)ζ

+ |A1|
n∑

j=1

|qj|(βj – a)ζ
}

K3,

and

∣
∣T3(t2), x(t2), y(t2)) – T3u(t1), x(t1), y(t1))

∣
∣

≤ K3


(ζ + 1)
[
2(t2 – t1)ζ +

∣
∣tζ

2 – tζ
1
∣
∣
]

+ (t2 – t1)
|a1a10|

|�|(ξ1 – ξ2)

+
(t2 – t1)|a1|

|�|(|ξ1 – ξ2|)
(η + 1)

{

|a9|(b – a)η + (b – a)
l∑

k=1

|rk|(γk – a)η
}

K1
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+
(t2 – t1)|a1|

|�|(|ξ1 – ξ2|)
(ξ + 1)

{

|A2|(b – a)ξ + |a9|
m∑

i=1

|pi|(αi – a)ξ
}

K2

+
(t2 – t1

(|ξ1 – ξ2|)
(ζ + 1)

{∣
∣
∣
∣
a1a7

�
– 1

∣
∣
∣
∣(ξ1 – a)ζ +

∣
∣
∣
∣
a1a8

�
+ 1

∣
∣
∣
∣(ξ2 – a)ζ

+
|a1|
|�| (b – a)ζ +

|A2a1|
|�|

n∑

j=1

qj(βj – a)ζ
}

K3 +
{(

t2
2 – t2

1
)

– 2a(t2 – t1)
}
{

|a10|
|�|

+

{
1

|�|
(η + 1)

(

|a9|(b – a)η + (b – a)
l∑

k=1

|rk|(γk – a)η
)}

K1

+

{
1

|�|
(ξ + 1)

(

|A2|(b – a)ξ + |a9|
m∑

i=1

pi(αi – a)ξ
)}

K2

+

{
1

|�|
(ζ + 1)

(

|a7|(ξ1 – a)ζ + |a8|(ξ2 – a)ζ + (b – a)ζ+1

+ |A2|
n∑

j=1

qj(βj – a)ζ
)}

K3

}

.

The above inequalities are independent of u, x, y and tend to zero as t1 → t2. This shows
that the operator T(u, x, y) is equicontinuous. In consequence, we deduce that the operator
T(u, x, y) is completely continuous.

Finally, we consider the set P = {(u, x, y) ∈ X × X × X : (u, x, y) = νT(u, x, y), 0 ≤ ν ≤ 1}
and show that it is bounded.

Let (u, x, y) ∈P with (u, x, y) = νT(u, x, y). For any t ∈ [a, b], we have u(t) = νT1(u, x, y)(t),
x(t) = νT2(u, x, y)(t), y(t) = νT3(u, x, y)(t). Then, by (H2), we have

∣
∣u(t)

∣
∣ ≤ |u0| + |a11|(b – a) + L1

(
k0 + k1|u| + k2|x| + k3|y|

)

+ M1
(
σ0 + σ1|u| + σ2|x| + σ3|y|

)

+ N1
(
μ0 + μ1|u| + μ2|x| + μ3|y|

)

= |u0| + |a11|(b – a) + L1k0 + M1σ0 + N1μ0 + (L1k1 + M1σ1 + N1μ1)|u|2
+ (L1k2 + M1σ + N1μ2)|x| + (L1k3 + M1σ3 + N1μ3)|y|,

∣
∣x(t)

∣
∣ ≤ |a6|(b – a)

|�| + L2k0 + M2σ0 + N2μ0 + (L2k1 + M2σ1 + N2μ1)|u|

+ (L2k2 + M2σ2 + N2μ2)|x|
+ (L2k3 + M2σ3 + N2μ3)|y|,

and

∣
∣y(t)

∣
∣ ≤ δ6 + L3k0 + M3σ0 + N3μ0 + (L3k1 + M3σ1 + N3μ1)|u|

+ (L3k2 + M3σ2 + N3μ2)|x|
+ (L3k3 + M3σ3 + N3μ3)|y|.
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It follows from the foregoing arguments that

‖u‖ ≤ |u0| + |a11|(b – a) + L1k0 + M1σ0 + N1μ0 + (L1k1 + M1σ1 + N1μ1)‖u‖
+ (L1k2 + M1σ2 + N1μ2)‖x‖ + (L1k3 + M1σ3 + N1μ3)‖y‖,

‖x‖ ≤ |a6|(b – a)
|�| + L2k0 + M2σ0 + N2μ0 + (L2k1 + M2σ1 + N2μ1)‖u‖

+ (L2k2 + M2σ2 + N2μ2)‖x‖ + (L2k3 + M2σ3 + N2μ3)‖y‖,

‖y‖ ≤ δ6 + L3k0 + M3σ0 + N3μ0 + (L3k1 + M3σ1 + N3μ1)‖u‖
+ (L3k2 + M3σ2 + N3μ2)‖x‖
+ (L3k3 + M3σ3 + N3μ3)‖y‖.

Adding the above three inequalities, we have

‖u‖ + ‖x‖ + ‖y‖

≤ |u0| + |a11|(b – a) +
|a6|(b – a)

|�| + δ6 + (L1 + L2 + L3)k0 + (M1 + M2 + M3)σ0

+ (N1 + N2 + N3)μ0

+
[
(L1 + L2 + L3)k1 + (M1 + M2 + M3)σ1 + (N1 + N2 + N3)μ1

]‖u‖
+

[
(L1 + L2 + L3)k2 + (M1 + M2 + M3)σ2 + (N1 + N2 + N3)μ2

]‖x‖
+

[
(L1 + L2 + L3)k3 + (M1 + M2 + M3)σ3 + (N1 + N2 + N3)μ3

]‖y‖,

which implies that

∥
∥(u, x, y)

∥
∥

X

≤ 1
M0

[

|u0| + |a11|(b – a) +
|a6|(b – a)

|�|
+ δ6 + (L1 + L2 + L3)k0 + (M1 + M2 + M3)σ0

+ (N1 + N2 + N3)μ0

]

,

where M0 = min{1 – [(L1 + L2 + L3)ki + (M1 + M2 + M3)σi + (N1 + N2 + N3)μi], i = 1, 2, 3}.
Hence the set P is bounded. Thus, by the Leray–Schauder alternative, we deduce that the
operator T has at least one fixed point, which implies that problem (1.1) has at least one
solution on [a, b]. This completes the proof. �

Our next existence and uniqueness result is based on the contraction mapping principle
due to Banach.

Theorem 3.3 Let � �= 0, where � is defined by (2.5). In addition, we assume that:
(H2) ρ,ϕ,ψ : [a, b] × R × R × R → R are continuous functions and there exist positive

constants l1, l2, and l3 such that, for all t ∈ [a, b] and ui, xi, yi ∈ R, i = 1, 2, 3, we
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have

∣
∣ρ(t, x1, x2, x3) – ρ(t, y1, y2, y3)

∣
∣ ≤ l1

(|x1 – y1| + |x2 – y2| + |x3 – y3|
)
,

∣
∣ϕ(t, x1, x2, x3) – ϕ(t, y1, y2, y3)

∣
∣ ≤ l2

(|x1 – y1| + |x2 – y2| + |x3 – y3|
)
,

∣
∣ψ(t, x1, x2, x3) – ψ(t, y1, y2, y3)

∣
∣ ≤ l3

(|x1 – y1| + |x2 – y2| + |x3 – y3|
)
.

If

(L1 + L2 + L3)l1 + (M1 + M2 + M3)l2 + (N1 + N2 + N3)l3 < 1, (3.3)

where Li, Mi, Ni are given in (3.1), then system (1.1) has a unique solution on [a, b].

Proof Define supt∈[a,b] ρ(t, 0, 0, 0) = Q1 < ∞, supt∈[a,b] ϕ(t, 0, 0, 0) = Q2 < ∞,
supt∈[a,b] ψ(t, 0, 0, 0) = Q3 < ∞, and r > 0 such that

r >
|u0| + (b – a)|a11| + |a6|(b–a)

|�| + δ6 + E
1 – (L1 + L2 + L3)l1 – (M1 + M2 + M3)l2 – (N1 + N2 + N3)l3

,

where E = (L1 + L2 + L3)Q1 + (M1 + M2 + M3)Q2 + (N1 + N2 + N3)Q3.
In the first step, we show that TBr ⊂ Br , where Br = {(u, x, y) ∈ X ×X ×X : ‖(u, x, y)‖ ≤ r}.

By assumption (H2), for (u, x, y) ∈ Br , t ∈ [a, b], we have

∣
∣ρ

(
t, u(t), x(t), y(t)

)∣
∣ ≤ ∣

∣ρ
(
t, u(t), x(t), y(t)

)
– ρ(t, 0, 0, 0)

∣
∣

≤ l1
(|u| +

∣
∣x(t)

∣
∣ +

∣
∣y(t)

∣
∣
)

+ Q1

≤ l1
(‖u‖ + ‖x‖ + ‖y‖) + Q1 ≤ l1r + Q1. (3.4)

Similarly, we can get

∣
∣ϕ

(
t, u(t), x(t), y(t)

)∣
∣ ≤ ∣

∣ϕ
(
t, u(t), x(t), y(t)

)
– ϕ(t, 0, 0, 0)

∣
∣

≤ l2
(|u| +

∣
∣x(t)

∣
∣ +

∣
∣y(t)

∣
∣
)

+ Q2

≤ l2
(‖u‖ + ‖x‖ + ‖y‖) + Q2 ≤ l2r + Q2, (3.5)

and

∣
∣ψ

(
t, u(t), x(t), y(t)

)∣
∣ ≤ l3

(‖u‖ + ‖x‖ + ‖y‖) + Q3 ≤ l3r + Q3. (3.6)

Using (3.4), (3.5), and (3.6), we obtain

∣
∣T1(u, x, y)(t))

∣
∣ ≤ |u0| + |a11|(b – a) +

{
1


(η + 1)

{

(b – a)η + |a12|(b – a)η+1

+
|A3|∑m

i=1 |pi|(αi – a)
∑l

k=1 |rk|(γk – a)η

|�|
}}

‖ρ‖

+

{
1


(ξ + 1)

{ m∑

i=1

|pi|
m∑

i=1

|pi|(αi – a) + 1)(αi – a)ξ
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+
|A1|∑m

i=1 |pi|(αi – a)(b – a)ξ

|�|

}}

‖ϕ‖

+

{
1


(ζ + 1)

{∑m
i=1 |pi(αi – a)|

|�|

(

|a3|(ξ1 – a)ζ + |a4|(ξ2 – a)ζ

+ |A3|(b – a)ζ + |A1|
n∑

j=1

|qj|(βj – a)ζ
)}}

‖ψ‖

≤ |u0| + |a11|(b – a) + L1(l1r + Q1) + M1(l2r + Q2) + N1(l3r + Q3)

≤ |u0| + |a11|(b – a) + (L1l1 + M1l2 + N1l3)r + L1Q1 + M1Q2 + N1Q3,

which, on taking the norm for t ∈ [a, b], yields

∥
∥T1(u, x, y)

∥
∥

X ≤ |u0| + |a11|(b – a) + (L1l1 + M1l2 + N1l3)r + L1Q1 + M1Q2 + N1Q3.

Likewise, we can find that

∥
∥T2(u, x, y)

∥
∥

X ≤ |a6|(b – a)
|�| + (L2l1 + M2l2 + N2l3)r + L2Q1 + M2Q2 + N2Q3

and

∥
∥T3(u, x, y)

∥
∥

X ≤ δ6 + (L3l1 + M3l2 + N3l3)r + L3Q1 + M3Q2 + N3Q3.

Consequently,

∥
∥T(u, x, y)

∥
∥

X

≤ |u0| + |a11|(b – a) +
|a6|(b – a)

|�| + δ6 +
[
(L1 + L2 + L3)l1 + (M1 + M2 + M3)l2

+ (N1 + N2 + N3)l3
]
r + (L1 + L2 + L3)Q1 + (M1 + M2 + M3)Q2

+ (N1 + N2 + N3)Q3 ≤ r.

Now, for (u1, x1, y1), (u2, x2, y2) ∈ X × X × X and for any t ∈ [a, b], we get

∣
∣T1(u2, x2, y2)(t) – T1(u1, x1, y1)(t)

∣
∣

≤
{

1

(η + 1)

{

(b – a)η + |a12|(b – a)η+1

+
|A3|∑m

i=1 |pi|(αi – a)
∑l

k=1 |rk|(γk – a)η

|�|
}}

× l1
(‖u2 – u1‖ + ‖x2 – x1‖ + ‖y2 – y1‖

)

+

{
1


(ξ + 1)

{ m∑

i=1

|pi|
( m∑

i=1

|pi|(αi – a) + 1

)

(αi – a)ξ

+
|A1|∑m

i=1 |pi|(αi – a)(b – a)ξ

|�|

}}

l2
(‖u2 – u1‖ + ‖x2 – x1‖ + ‖y2 – y1‖

)



Ahmad et al. Advances in Difference Equations        (2021) 2021:278 Page 18 of 21

+

{
1


(ζ + 1)

{∑m
i=1 |pi|(αi – a)

|�|

(

|a3|(ξ1 – a)ζ + |a4|(ξ2 – a)ζ

+ |A3|(b – a)ζ + |A1|
n∑

j=1

|qj|(βj – a)ζ
)}}

l3
(‖u2 – u1‖ + ‖x2 – x1‖ + ‖y2 – y1‖

)

≤ (L1l1 + M1l2 + N1l3)
(‖u2 – u1‖ + ‖x2 – x1‖ + ‖y2 – y1‖

)
,

which implies that

∥
∥T1(u2, x2, y2) – T1(u1, x1, y1)

∥
∥

X

≤ (L1l1 + M1l2 + N1l3)
(‖u2 – u1 + ‖‖x2 – x1‖ + ‖y2 – y1‖

)
. (3.7)

Similarly, we find that

∥
∥T2(u2, x2, y2) – T2(u1, x1, y1)

∥
∥

X

≤ (L2l1 + M2l2 + N2l3)
(‖u2 – u1‖ + ‖x2 – x1‖ + ‖y2 – y1‖

)
(3.8)

and

∥
∥T3(u2, x2, y2) – T3(u1, x1, y1)

∥
∥

X

≤ (L3l1 + M3l2 + N3l3)
(‖u2 – u1‖ + ‖x2 – x1‖ + ‖y2 – y1‖

)
. (3.9)

It follows from (3.7), (3.8), and (3.9) that

∥
∥T(u2, x2, y2) – T(u1, x1, y1)

∥
∥

X

≤ [
(L1 + L2 + L3)l1 + (M1 + M2 + M3)l2 + (N1 + N2 + N3)l3

]

× (‖u2 – u1‖ + ‖x2 – x1‖ + ‖y2 – y1‖
)
.

The above inequality together with (3.3) implies that T is a contraction. Hence it follows
by Banach’s fixed point theorem that there exists a unique fixed point for the operator
T , which corresponds to a unique solution of problem (1.1) on [a, b]. The proof is com-
pleted. �

4 Examples
Let us consider the following mixed-type coupled fractional differential system:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

D
3
2
a+ u(t) = ρ(t, u(t), x(t), y(t)), t ∈ [1, 2],

D
7
4
a+ x(t) = ϕ(t, u(t), x(t), y(t)), t ∈ [1, 2],

D
5
2
a+ x(t) = ψ(t, u(t), x(t), y(t)), t ∈ [1, 2],

u(1) = 1/400, u(2) = 1
20 x( 13

10 ),

x(1) = 0, x(2) =
∑2

j=1 qjy(β – j),

y( 11
10 ) = 0, y( 6

5 ) = 0, y(b) =
∑2

k=1 rku(γk).

(4.1)
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Here, η = 3/4, ξ = 7/4, ζ = 5/2, a = 1, b = 2, u0 = 1/400, m = 1, n = 2, l = 2, p1 = 1/20,
q1 = 1/100, q2 = 1/50, r1 = 1/1000, r2 = 1/500, α1 = 13/10, β1 = 7/5, β2 = 3/2, γ1 = 8/5,
γ2 = 17/10. With the given data, it is found that L1 � 0.75223, L2 � eq1397 × 10–5, L3 �
5.0146×10–3, M1 � 4.0414×10–2, M2 � 1.2435, M3 � 4.8058×10–5, N1 � 1.8944×10–3,
N2 � 3.0567 × 10–3, N3 � 1.0942.

(1) In order to illustrate Theorem 3.2, we take

ρ(t, u, x, y) = e–2t +
1
8

u cos x +
e–t

3
x sin y +

e–t

4
y cos u,

ϕ(t, u, x, y) = t
√

t2 + 3 +
e–t

3�
u tan–1 x +

1√
48 + t2

x +
1
4

y sin u, (4.2)

ψ(t, u, x, y) =
e–t

10
+

e–t

3
u +

1
4 + t

x +
e–t

4
y cos x.

It is easy to check that condition (H1) is satisfied with k0 = 1/e2, k1 = 1/8, k2 = 1/(3e), k3 =
1/(4e), σ0 = 2

√
7, σ1 = 1/(6e), σ2 = 1/7, σ3 = 1/4, μ0 = 1/(10e), μ1 = 1/(3e), μ2 = 1/5, μ3 =

1/(4e). Furthermore,

(L1 + L2 + L3)k1 + (M1 + M2 + M3)σ1 + (N1 + N2 + N3)μ1 � 0.30801 < 1,

(L1 + L2 + L3)k2 + (M1 + M2 + M3)σ2 + (N1 + N2 + N3)μ2 � 0.49596 < 1,

(L1 + L2 + L3)k3 + (M1 + M2 + M3)σ3 + (N1 + N2 + N3)μ3 � 0.49161 < 1.

Clearly, the hypotheses of Theorem 3.2 are satisfied, and hence the conclusion of Theo-
rem 3.2 applies to problem (4.1) with ρ , ϕ, ψ given by (4.2).

(2) In order to illustrate Theorem 3.3, we take

ρ(t, u, x, y) =
e–t

√
3 + t2

cos u + cos t,

ϕ(t, u, x, y) =
1

5 + t4

(
sin u + |x|) + e–t , (4.3)

ψ(t, u, x, u) =
e–t

3
sin y + tan–1 t,

which clearly satisfies condition (H2) with l1 = 1/(2e), l2 = 1/6, and l3 = 1/(3e). Moreover,
(L1 + L2 + L3)l1 + (M1 + M2 + M3)l2 + (N1 + N2 + N3)l3 � 0.49596 < 1. Thus the hypothesis
of Theorem 3.3 holds true, and consequently there exists a unique solution for problem
(4.1) on [1, 2] with ρ , ϕ, ψ given by (4.3).

5 Conclusions
This paper studies a tripled system of nonlinear fractional differential equations of differ-
ent orders on an arbitrary domain complemented with the multi-point boundary condi-
tions of cyclic nature involving different nonlocal positions. Applying the standard fixed
point theorems, we have proved the existence and uniqueness results for the given prob-
lem, which are well illustrated with the aid of examples. By taking all pi = 0, i = 1, . . . , m,
qj = 0, j = 1, . . . , and rk = 0, k = 1, . . . , l, we obtain the new results for the given tripled sys-
tem of nonlinear fractional differential equations equipped with the conditions: u(a) = u0,



Ahmad et al. Advances in Difference Equations        (2021) 2021:278 Page 20 of 21

u(b) = 0, x(a) = 0, x(b) = 0, y(ξ1) = 0, y(ξ2) = 0, y(b) = 0. To the best of our knowledge, it
is the first paper dealing with a nonlocal multi-point boundary value problem involving a
tripled system of nonlinear fractional differential equations of different orders on an arbi-
trary domain.
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