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Abstract
In this work, we study the existence, uniqueness, and continuous dependence of
solutions for a class of fractional differential equations by using a generalized Riesz
fractional operator. One can view the results of this work as a refinement for the
existence theory of fractional differential equations with Riemann–Liouville, Caputo,
and classical Riesz derivative. Some special cases can be derived to obtain
corresponding existence results for fractional differential equations. We provide an
illustrated example for the unique solution of our main result.
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1 Introduction
Fractional differential equations are considered as prolongation of the concept of deriva-
tive operator from integer order to any real or complex order. Fractional differential equa-
tions usually describe the nonlocal effects. Over the last two decades, there has been a
blistering growth in the field of fractional calculus. Owing to the vast amount of applica-
tions, many mathematicians focused their engrossment on fractional calculus.

There exist several definitions for fractional derivatives and fractional integrals in the
literature like Riemann–Liouville, Caputo, Hadamard, Riesz, Grunwald–Letnikov, Mar-
chaud, Erdelyi–Kober, etc. The process of developing these operators began with a series
of stages ranging from exponential functions to different classes of functions. Having lately
come into holocene Udita N. Katugampola [1] generalized the above mentioned integral
and differential operators. Meanwhile the well-developed theory and many more applica-
tions of the said operators are still a spotlight area of research in applied sciences.

As we know, the existence theory is meat-and-potatoes in every field of science, as it is
very applicative to comprehend whether there is a solution to a given differential equation
beforehand; otherwise, all the attempts to find a numerical or analytic solution will become
valueless. The analysis of fractional differential equations has been carried out by various
authors (see, for example, [2–18]).

© The Author(s) 2021, corrected publication 2023. This article is licensed under a Creative Commons Attribution 4.0 International
License, which permits use, sharing, adaptation, distribution and reproduction in any medium or format, as long as you give ap-
propriate credit to the original author(s) and the source, provide a link to the Creative Commons licence, and indicate if changes
were made. The images or other third party material in this article are included in the article’s Creative Commons licence, unless
indicated otherwise in a credit line to the material. If material is not included in the article’s Creative Commons licence and your
intended use is not permitted by statutory regulation or exceeds the permitted use, you will need to obtain permission directly
from the copyright holder. To view a copy of this licence, visit http://creativecommons.org/licenses/by/4.0/.

https://doi.org/10.1186/s13662-021-03459-w
http://crossmark.crossref.org/dialog/?doi=10.1186/s13662-021-03459-w&domain=pdf
http://orcid.org/0000-0003-3463-2607
mailto:sh.rezapour@azaruniv.ac.ir
mailto:sh.rezapour@mail.cmuh.org.tw
mailto:rezapourshahram@yahoo.ca
http://creativecommons.org/licenses/by/4.0/


Aleem et al. Advances in Difference Equations        (2021) 2021:303 Page 2 of 28

As most fractional derivatives are computed using the corresponding integrals, re-
searchers describe the nonlocal effects in terms of left and the right derivative. Thus,
many mathematicians are in a hunt to generalize the notions further. In this context, Riesz
[19] demonstrated the two-sided fractional operators using both left and right Riemann–
Liouville’s fractional differential and integral operators.

Due to the two-sided nature of Riesz’s differential operator, the interesting differential is
specifically used for fractional modeling on a finite domain. Some optimality conditions
are discussed by Almeida for fractional variational problems with Riesz–Caputo derivative
[20]. Frederico et al. derived Noether’s theorem for variational problems having Riesz–
Caputo derivatives. In [21], Mandelbrot demonstrated that there is a close connection
between Brownian motion and fractional calculus.

In [22], the authors solved the fractional Poisson equation having Riesz derivative using
Fourier transform. Due to the validity of Riesz derivative operator on the whole domain, it
appears in the fractional turbulent diffusion model. In [23], the authors numerically solved
the advection-diffusion equation having Riesz derivative. For further applications of Riesz
derivative on the anomalous diffusion, see [24–29].

In this work, we define the generalized Riesz–Caputo type derivative operator by using
the generalized operators. We present basic perspectives on the existence and unique-
ness of solutions of fractional differential equations. Motivated by [30, 31], we provide the
analysis on existence of solutions for the following nonlinear fractional differential equa-
tion involving generalized Riesz–Caputo type derivative operator with general boundary
conditions:

⎧
⎨

⎩

RC
0 Dα,ρ

T φ(μ) = g(μ,φ(μ),RC
0 Dα∗ ,ρ

T φ(μ)), μ ∈ [0, T],

φ(0) = φ0, φ(T) = φT ,
(1)

where φ0 and φT are constants, while g : [0, T] × R
2 → R is continuous with 1 < α ≤ 2,

0 < α∗ ≤ 1, and 1 < ρ < ∞.
The rest of the paper is organized as follows: Sect. 2 presents some basic definitions

and lemmas from literature. In Sect. 3 we introduce the generalized Riesz–Caputo’s frac-
tional operators and derived some useful results, while in Sect. 4 we establish some equiv-
alence results for boundary value problem (1) and establish the results for the existence
and uniqueness of solutions for BVP (1). The last section of this paper presents the stability
of solutions for BVP (1) by means of continuous dependence on parameters.

2 Preliminaries
In this section we demonstrate some useful results including definitions and lemmas
related to Riesz–Caputo derivatives and integrals that will help us in our later discus-
sions. Following the same traditional definitions of Riesz–Caputo derivative and integral
[19, 30, 32], we can generalize these definitions using a generalized Caputo type derivative
operator. Some preliminary structural properties, which we will frequently use in our later
discussion, are also introduced in this section. In 2010, Om Prakash Agrawal defined the
generalized fractional in the following way.
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Definition 2.1 ([33]) Let α > 0. Then the generalized fractional integral operator Aα
(a,T ;r,s)

is defined as

Aα
(a,T ;r,s)φ(μ) := r

∫ μ

a
Kα(μ,η)φ(η) dη + s

∫ T

μ

Kα(μ,η)φ(η) dη,

where the kernel function Kα(μ,η) may depend on α and a < μ < T and r, s ∈R.

This is the generalized fractional integral operator which, by using the specific kernel
function, leads to the specific operator. For example, if Kα(μ,η) = (μ–η)α–1

�(α) and by taking

T = 0 leads to the left sided R-L integral operator and by taking Kα(μ,η) = ηρ–1(μρ–ηρ )α–1

ρα–1�(α)
with T = 0 gives the left generalized integral defined below. Furthermore, the limits of
integration a and T can be extended to –∞ and ∞ respectively.

Definition 2.2 ([34]) Let α ∈ R+, c ∈ R, and g ∈ Xp
c (a, b), where Xp

c (a, b) is the space of
Lebesgue measurable functions. Then corresponding generalized left- and right-sided
fractional integrals (ρIα

a+g)(μ) and (ρIα
b– g)(μ) of order α ∈C(Re(α)) > 0 are defined by

(
ρIα

a+g
)
(μ) =

ρ1–α

�(α)

∫ μ

a

ηρ–1g(η)
(μρ – ηρ)1–α

dη, μ > a,ρ > 0,

(
ρIα

b– g
)
(μ) =

ρ1–α

�(α)

∫ b

μ

ηρ–1g(η)
(ηρ – μρ)1–α

dη, μ < b,ρ > 0,

respectively, where �(·) is Euler’s gamma function.

Theorem 2.3 ([35]) Let α,ρ ∈R and ρ, a > 0. Then, for φ ∈ Xp
c (a, b), the following relation

holds:

(ρ

∗Dα
a+

ρIα
a+φ

)
(μ) = φ(μ).

Similarly, the inverse property holds for a right-hand-sided integral and a derivative op-
erator as well.

Lemma 2.4 ([35]) Let 0 < α < β < 1 and ρ, a > 0. Then, for φ ∈ Xp
c (a, b), the following rela-

tion holds:

ρ
∗Dα

a+
ρIβ

a+φ(μ) = ρIβ–α

a+ φ(μ).

Lemma 2.5 ([35]) Let α,ρ ∈ R+ and g ∈ ACn
δ [0, T]: the space of complex-valued functions

g which have continuous derivatives up to order (n – 1) on [a, b] such that δ(n–1)
ρ g(μ) ∈

AC[0, T] is absolutely continuous on [0, T], where δρ(g(μ)) = μ1–ρ d
μ

(g(μ)). Then, for 0 ≤
μ ≤ T , the following relations hold:

(i) (ρ0 Iα
μ

ρ∗Dα
0,μg)(μ) = g(μ) –

∑n
j=0

δ
j
ρg(0)

j! ( μρ

ρ
)
j
,

(ii) (ρμIα
T

ρ∗Dα
μ,T g)(T) = {g(μ) –

∑n
j=0

(–1)jδ
j
ρg(T)

j! ( Tρ–μρ

ρ
)
j},

where n = �α� and δ
j
ρ = (η1–ρ d

dη
)j.
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3 Generalized Riesz–Caputo fractional operators
In this section we introduce the generalized Riesz–Caputo fractional integrals and deriva-
tive operators.

Definition 3.1 ([19]) For g(μ) ∈ C(0, T), the classical Riesz–Caputo derivative is defined
by

R
∗Dα

0,T g(μ) =
1

�(n – α)

∫ T

0
|μ – η|n–α–1g(n)(η) dη

=
1
2
(
∗Dα

0,μ + (–1)n∗Dα
μ,T

)
g(μ),

where ∗Dα
0,μ and ∗Dα

μ,T are left and right Caputo derivatives [36], respectively.

Following the same mechanism, we generalize the Riesz fractional integral by means of
Definition 2.2 as follows.

Definition 3.2 Let g(μ) ∈ Xp
c (a, b) and α,ρ > 0. Then, for 0 ≤ μ ≤ T , the generalized Riesz

type integral is defined as

(ρ

0 Iα
T g

)
(μ) =

ρ1–α

�(α)

∫ T

0
ηρ–1∣∣

(
ηρ – μρ

)∣
∣α–1g(η) dη

= ρ
0 Iα

μg(μ) + ρ
μIα

T g(μ).

Accordingly, the Riesz–Caputo derivative [19] can be generalized by means of general-
ized Caputo type derivative operators [1] as follows.

Definition 3.3 Let α,ρ ∈C with Re(α), Re(ρ) > 0 and g(μ) ∈ Xρ
c (a, b) for 0 ≤ μ ≤ T . Then

the generalized Riesz–Caputo type derivative operator is defined as

RC
0 Dα,ρ

T g(μ) =
ρα–n+1

�(n – α)

∫ T

0

ηρ–1

|(μρ – ηρ)|α–n+1

(

η1–ρ d
dη

)n

g(η) dη

=
1
2
(
ρ
∗Dα

0,μ + (–1)nρ
∗Dα

μ,T
)
g(μ),

where ρ∗Dα
0,μ and ρ∗Dα

μ,T are left and right generalized Caputo type derivatives [37] as fol-
lows:

ρ
∗Dα

0,μ =
ρα–n+1

�(n – α)

∫ μ

0

ηρ–1

(μρ – ηρ)α–n+1

(

η1–ρ d
dη

)n

g(η) dη

and

ρ
∗Dα

μ,T =
ρα–n+1

�(n – α)

∫ T

μ

ηρ–1

(ηρ – μρ)α–n+1

(

–η1–ρ d
dη

)n

g(η) dη,

where n = �α�.
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Since for α = 1 the right generalized derivative is the negative of the left generalized
derivative, so for integer values of α, the generalized Riesz–Caputo type derivative defined
above comes to term with the conventional definitions of derivative.

Lemma 3.4 Let g ∈ ACn
δ [0, T] with 0 ≤ μ ≤ T . Then the following relation is true:

ρ
0 Iα

T
RC
0 Dα,ρ

T g(μ) =
1
2
(ρ

0 Iα
μ

ρ
∗Dα

0,μ + (–1)nρ
μIα

T
ρ
∗Dα

μ,T
)
g(μ). (∗)

Proof Using the above definitions, we can write

ρ
0 Iα

T
RC
0 Dα,ρ

T g(μ) =
1
2

ρ
0 Iα

T
(
ρ
∗Dα

0,μ + (–1)nρ
∗Dα

μ,T
)
g(μ)

=
1
2

ρ
0 Iα

T
ρ
∗Dα

0,μg(μ) +
(–1)n

2
ρ
0 Iα

T
ρ
∗Dα

μ,T g(μ)

=
1
2
(ρ

0 Iα
μ

ρ
∗Dα

0,μ +ρ
μ Iα

T
ρ
∗Dα

0,μ
)
g(μ) +

(–1)n

2
(ρ

0 Iα
μ

ρ
∗Dα

μ,T +ρ
μ Iα

T
ρ
∗Dα

μ,T
)
g(μ)

=
1
2
(ρ

0 Iα
μ

ρ
∗Dα

0,μ + (–1)nρ
μIα

T
ρ
∗Dα

μ,T
)
g(μ),

and the proof is finished. �

Remark 3.5 If 0 < α ≤ 1, then for g(μ) ∈ C[0, T] the relation illustrated in (∗) becomes

ρ
0 Iα

T
RC
0 Dα,ρ

T g(μ) = g(0) –
1
2
(
g(0) + g(T)

)
.

Proof The proof simply follows by using n = 1 in Lemma 3.4 and Lemma 2.5, which yields
the required result. �

Theorem 3.6 Let α > 0 and {φj}∞j=1 be a uniformly convergent sequence of continuous func-
tions on [a, b]. Then we can interchange the generalized fractional integral operator and the
limit, i.e.,

(
ρIα

a+ lim
j→0

φj
)
(μ) =

(
lim

j→∞
ρIα

a+φj
)
(μ).

Proof Let φ be the limit of the sequence {φj}. Since {φj} is the convergent sequence of
continuous functions, so φ is also continuous. To prove that under the given conditions
we can interchange fractional integral and limit, it is enough to show that the sequence
{ρIα

a+φj}∞j=1 is also uniformly convergent. That is, |ρIα
a+φj(μ) – ρIα

a+φ(μ)| → 0 as j → ∞. For
this, consider

∣
∣ρIα

a+φj(μ) – ρIα
a+φ(μ)

∣
∣

=
∣
∣
∣
∣
ρ1–α

�(α)

∫ μ

a

φj(η)ηρ–1

(μρ – ηρ)1–α
dη–

ρ1–α

�(α)

∫ μ

a

φj(η)ηρ–1

(μρ – ηρ)1–α
dη

∣
∣
∣
∣

≤ ρ1–α

�(α)

∫ μ

a

∣
∣
∣
∣
(φj(η) – φ(η))ηρ–1

(μρ – ηρ)1–α

∣
∣
∣
∣dη

≤ ρ1–α

�(α)
‖φj – φ‖∞

∫ η

a
ηρ–1(μρ – ηρ

)α–1 dη. (2)
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Now, we first shall evaluate the integral

∫ η

a
ηρ–1(μρ – ηρ

)α–1 dη = μαρ–ρ

∫ η

a
ηρ–1

(

1 –
ηρ

μρ

)α–1

dη.

Substituting ηρ

μρ = u, we have

∫ η

a
ηρ–1(μρ – ηρ

)α–1 dη

=
μαρ

ρ

∫ 1

ηρ

μρ

u0(1 – u)α–1 du =
μαρ

ρ

∫ 1

ηρ

μρ

(

u –
ηρ

μρ

)1–1

(1 – u)α–1 du.

Now, using the result
∫ ξ2
ξ1

(u – ξ1)α–1(ξ2 – u)β–1 du = (ξ2 – ξ1)α+β–1B(α,β), the above equa-
tion leads to

∫ η

a
ηρ–1(μρ – ηρ

)α–1 dη

=
μαρ

ρ

{
(μρ – aρ)αB(1,α)

μαρ

}

=
(μρ – aρ)αB(1,α)

ρ
=

(μρ – aρ)α

αρ
.

Consequently, from equation (2), we arrive at

∣
∣ρIα

a+φj(μ) – ρIα
a+φ(μ)

∣
∣ ≤ (μρ – aρ)α

ρ�(α + 1)
‖φj – φ‖∞.

Since (φj) is a uniformly convergent sequence, thus

∣
∣ρIα

a+φj(μ)–ρIα
a+φ(μ)

∣
∣ → 0 as j → ∞.

Therefore, the sequence {ρIα
a+φj}∞j=1 is also uniformly convergent, and hence the result fol-

lows. �

The similar result holds true for the right-sided generalized fractional integral as well.

Lemma 3.7 If φ(μ) is an analytic function in (a0 – ξ , a0 + ξ ), where t > 0 and α, a0 > 0, then

(
ρIα

a0φ
)
(ξ ) =

∞∑

j=0

�( j
ρ

+ 1)ξα(ρ–1)(ξ – a0)j+α

j!�( j
ρ

+ α + 1)ρα
φj(a0).

In particular, ρIα
a0φ is also analytic.

Proof Since φ is an analytic function, thus it can be written in the form of convergent
power series, i.e.,

φ(ξ ) =
∞∑

j=0

(ξ – a0)j

j!
φj(a0).



Aleem et al. Advances in Difference Equations        (2021) 2021:303 Page 7 of 28

Using Definition 2.2, we get

(
ρIα

a0φ
)
(ξ ) =

ρ1–α

�(α)

∫ ξ

a0

ηρ–1(ξρ – ηρ
)α–1

∞∑

j=0

(η – a0)j

j!
φj(a0) dη.

Using Theorem 3.6, the summation and integral sign are interchanged as follows:

(
ρIα

a0φ
)
(ξ ) =

ρ1–α

�(α)

∞∑

j=0

φj(a0)
j!

∫ ξ

a0

ηρ–1(η – a0)j(ξρ – ηρ
)α–1 dη,

(
ρIα

a0φ
)
(ξ )

=
ρ1–α

�(α)

∞∑

j=0

φj(a0)ξα(ρ–1)(ξ – a0)j+α

ρj!
B
(

j
ρ

+ 1,α
)

=
∞∑

j=0

�( j
ρ

+ 1)ξα(ρ–1)(ξ – a0)j+α

j!�( j
ρ

+ α + 1)ρα
φj(a0).

�

Theorem 3.8 Let φ ∈ Xp
c (a, b) and {λj}∞j=1 be a convergent sequence of nonnegative real

numbers with limit λ. Then

lim
j→0

(
ρIλj

a+φ
)
(μ) =

(
ρIλ

a+φ
)
(μ),

where convergence of the sequence {ρIλj
a+φ}∞j=1 is signified in terms of Xp

c (a, b) norm with
1 ≤ p ≤ ∞, p, c ∈ R, ρ > 0, and c ≤ ρ + 1.

Proof Let the sequence {λj}∞j=1 converge to the limit λ. Then, by definition,

(
ρIλj

a+φ
)
(μ) =

ρ1–λj

�(λj)

∫ μ

a

ηρ–1φ(η)
(μρ – ηρ)1–λj

dη, μ > a,ρ > 0,

and by taking limit on both sides and by using Theorem 3.6, we have

lim
j→0

(
ρIλj

a+φ
)
(μ) =

ρ limj→0(1–λj)

limj→0{(λj – 1)!}
∫ μ

a
ηρ–1φ(η)

{
lim
j→0

(
μρ – ηρ

)λj–1}dη

=
ρ(1–λ)

(λ – 1)!

∫ μ

a
ηρ–1φ(η)

(
μρ – ηρ

)λ–1 dη

=
(
ρIλ

a+φ
)
(μ),

and this ends the proof. �

Theorem 3.9 Let α > 0 and {φj}∞j=1 be a uniformly convergent sequence of continuous func-
tions on [a, b]. Then we can interchange the generalized Riesz fractional integral operator
and the limit, i.e.,

(ρ
0 Iα

T lim
j→0

φj
)
(μ) =

(
lim

j→∞
ρ
0 Iα

Tφj
)
(μ).

Proof The result follows taking into account Definition 3.2, Theorem 3.6, and the fact that
sum of two convergent sequence is convergent. �
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Lemma 3.10 ([38]) Let α > 0, g(μ) and u1(μ) be locally integrable, nonnegative, and non-
decreasing functions with μ ∈ [0, T]. Also, assume that v1(μ) is a nondecreasing continuous
function such that 0 ≤ v1(μ) < L, where L is a constant. Furthermore, if

g(μ) ≤ u1(μ) + ρ1–αv1(μ)
∫ μ

0
ηρ–1(μρ – ηρ

)α–1g(η) dη (0 ≤ μ ≤ T),

then the following inequality is true:

g(μ) ≤ u1(μ) +
∫ μ

0

[ ∞∑

j=1

ρ1–nα(v1(T)�(α))n

�(nα)
ηρ–1u1(η)

(
μρ – ηρ

)nα–1
]

dη.

Corollary 3.11 ([38]) Let α > 0 and assume that g(μ), u1(μ), and v1(μ) are defined in the
same way as in Lemma 3.10. Furthermore, if g satisfies

g(μ) ≤ u1(μ) + ρ1–αv1(μ)
∫ μ

0
ηρ–1(μρ – ηρ

)α–1g(η) dη, 0 ≤ η ≤ μ,

on μ ∈ [0, T], then

g(μ) ≤ u1(μ)Eα,1
(
ρ–αv1(μ)�(α)μαρ

)
,

where Eα,1(·) is a Mittag-Leffler function [12].

Likewise, the Gronwall inequality for generalized right-sided generalized fractional op-
erator is expressed as follows.

Lemma 3.12 ([38]) Let α > 0, μ ∈ [0, T] and assume that g(μ), u2(μ), and v2(μ) are defined
in the same way as in Lemma 3.10. Furthermore, if

g(μ) ≤ u2(μ) + ρ1–αv2(μ)
∫ T

μ

ηρ–1(ηρ – μρ
)α–1g(η) dη, 0 ≤ μ ≤ η,

then the following inequality holds true:

g(μ) ≤ u2(μ) +
∫ T

μ

[ ∞∑

j=1

ρ1–nα(v2(T)�(α))n

�(nα)
ηρ–1u2(η)

(
ηρ – μρ

)nα–1
]

dη.

Lemma 3.13 Let α > 0 and assume that g(μ), u1(μ), and v1(μ) are defined in the same
way as in Lemma 3.10. Furthermore, if

g(μ) ≤ u2(μ) + ρ1–αv2(μ)
∫ T

μ

ηρ–1(ηρ – μρ
)α–1g(η) dη, 0 ≤ μ ≤ η,

on μ ∈ [0, T], then

g(μ) ≤ u2(μ)Eα,1
(
ρ–αv2(μ)�(α)

(
Tρ – μρ

)α)
.
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Proof From Lemma 3.12,

g(μ) ≤ u2(μ) +
∫ T

μ

[ ∞∑

j=1

ρ1–nα(v2(T)�(α))n

�(nα)
ηρ–1u2(η)

(
ηρ – μρ

)nα–1
]

dη.

Since u2 is a nondecreasing function, therefore u2(μ) ≤ u2(η) for all η ∈ [0, T], and hence

g(μ) ≤ u2(μ)

{

1 +
∫ T

μ

∞∑

j=1

ρ1–nα(v2(T)�(α))n

�(nα)
ηρ–1u2(η)

(
ηρ – μρ

)nα–1 dη

}

= u2(μ)

{

1 +
∞∑

j=1

ρ–nα(v2(T)�(α))n

�(nα + 1)
(
Tρ – μρ

)nα

}

= u2(μ)

{ ∞∑

j=0

(ρ–αv2(T)�(α)(Tρ – μρ)α)n

�(nα + 1)

}

= u2(μ)Eα,1
(
ρ–αv2(μ)�(α)

(
Tρ – μρ

)α)
,

and the proof is ended. �

Lemma 3.14 Let α > 0, 0 < μ < T , and assume that g(μ), u1(μ), u2(μ), v1(μ), and v2(μ) are
defined in the same way as in Lemma 3.10 and Lemma 3.12. Furthermore, if g(μ) satisfies
the inequality

g(μ) ≤ u1(μ) + ρ1–αv1(μ)
∫ μ

0
ηρ–1(μρ – ηρ

)α–1g(η) dη + u2(μ) + ρ1–αv2(μ)

×
∫ T

μ

ηρ–1(ηρ – μρ
)α–1g(η) dη,

then the following inequality holds true:

g(μ) ≤ (
u1(μ) + u2(μ)

)
Eα,1

(
ρ–αv2(μ)�(α)

(
Tρ – μρ

)α)
Eα,1

(
ρ–αv1(μ)�(α)μαρ

)
,

where Eα,1(·) is a Mittag-Leffler function.

Proof Conflating Lemma 3.10 and Lemma 3.13 gives

g(μ) ≤
(

u1(μ) + u2(μ) + ρ1–αv2(μ)
∫ T

μ

ηρ–1(ηρ – μρ
)α–1 dη

)

× Eα,1
(
ρ–αv1(μ)�(α)μαρ

)

≤ (
u1(μ) + u2(μ)

)
Eα,1

(
ρ–αv2(μ)�(α)

(
Tρ – μρ

)α)

× Eα,1
(
ρ–αv1(μ)�(α)μαρ

)
. �

4 Existence and stability
For the upcoming existence results and discussion for boundary value (1), we use the fol-
lowing conditions. Let J = [0, T] and C(J) be the space of all continuous functions defined
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on J . We define the space

X =
{
φ(μ)|φ(μ) ∈ C(J) and ρ

∗Dα∗
φ(μ) ∈ C(J)

}

characterized by the norm ‖φ(μ)‖X = maxμ∈J |φ(μ)| + maxμ∈J |ρ∗Dα∗
φ(μ)|.

Lemma 4.1 (X,‖ · ‖X) is a Banach space.

Proof Let {φj}∞j=0 be a Cauchy sequence in (X,‖ · ‖X). Then clearly {ρ∗Dα∗
φj}∞j=0 is also a

Cauchy sequence in the space C(J). Therefore both {φj(μ)}∞j=0 and {ρ∗Dα∗
φj(μ)}∞j=0 converge

uniformly, say u(μ) and v(μ), respectively, in the space C(J). We just have to show that
v = ρ∗Dα∗u. For this, consider

∣
∣ρIβ∗

0+
ρ
∗Dα∗

0+ φj(μ) – ρIα∗
0+ v(μ)

∣
∣

=
∣
∣
∣
∣
ρ1–α∗

�(α∗)

∫ μ

0

ρ∗Dα∗
0+ φj(η)ηρ–1

(μρ – ηρ)1–α∗ dη–
ρ1–α∗

�(α∗)

∫ μ

0

v(η)ηρ–1

(μρ – ηρ)1–α∗ dη

∣
∣
∣
∣

≤ ρ1–α∗

�(α∗)

∫ μ

0

∣
∣
∣
∣
(ρ∗Dα∗

0+ φj(η) – v(η))ηρ–1

(μρ – ηρ)1–α∗

∣
∣
∣
∣dη

≤ μρα∗

ρ�(α∗ + 1)
max
μ∈J

∣
∣ρ∗Dα∗

0+ φj(μ) – v(μ)
∣
∣.

Since {ρ∗Dα∗
φj(μ)}∞j=0 converges uniformly to v(μ) for μ ∈ J , hence

∣
∣ρIα∗

0+
ρ
∗Dα∗

0+ φj(μ) – ρIβ∗
0+ v(μ)

∣
∣ → 0

as j → ∞, i.e., limj→∞ ρIα∗
0+

ρ∗Dα∗
0+ φj(μ) ∼= ρIα∗

0+ v(μ). Now considering

ρ
∗Dα∗

0+
(

lim
j→∞

ρIα∗
0+

ρ
∗Dβ∗

0+ φj(μ)
)

= ρ
∗Dα∗

0+
ρIα∗

0+ v(μ)

and taking into account Theorem 3.6 and Theorem 2.3, we get v(μ) = ρ∗Dα∗u(μ). This com-
pletes the proof. �

Lemma 4.2 Let α ∈ (1, 2), α∗ ∈ (0, 1), and g ∈ C(J). Then problem (1) is equivalent to the
following integral equation:

φ(μ) =
1
2

(φ0 + φT ) +
(

φT – φ0

2Tρ

)
(
2μρ – Tρ

)

+
ρ1–α(μρ – Tρ)

Tρ�(α)

∫ T

0
ηαρ–1g

(
η,φ(η), RC

0 Dα∗ ,ρ
T φ(η)

)
dη

–
μρρ1–α

Tρ�(α)

∫ T

0
ηρ–1(Tρ – ηρ

)α–1g
(
η,φ(η), RC

0 Dα∗ ,ρ
T φ(η)

)
dη

+
ρ1–α

�(α)

∫ T

0
ηρ–1∣∣ηρ – μρ

∣
∣α–1g

(
η,φ(η), RC

0 Dα∗ ,ρ
T φ(η)

)
dη

=
1
2

(φ0 + φT ) + ψ(μ), (3)
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where, for μ > η,

ψ(μ) =
(φT – φ0)μρ

2Tρ
–

μρρ1–α

�(α)Tρ

∫ T

0

ηρ–1g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
(Tρ – ηρ)1–α

dη

+
ρ1–α

�(α)

∫ μ

0

ηρ–1g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
(μρ – ηρ)1–α

dη,

and for η > μ,

ψ(μ) =
(φT – φ0)(μρ – Tρ)

2Tρ
+

(μρ – Tρ)ρ1–α

�(α)Tρ

∫ T

0

g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
η1–αρ

dη

+
ρ1–α

�(α)

∫ T

μ

ηρ–1g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
(ηρ – μρ)1–α

dη.

Proof Let φ(μ) ∈ X be a solution of boundary value problem (1). Then, by applying the
generalized Riesz-type integral operator on both sides of equation (1) and using Defini-
tion 3.2, Lemma 2.5, and Lemma 3.4, we obtain

1
2
φ(μ) –

1
2
φ(0) – c0

μρ

2ρ
+

1
2
φ(μ) –

1
2
φ(T) –

1
2

c1

(
μρ – Tρ

ρ

)

=
ρ1–α

�(α)

∫ T

0
ηρ–1∣∣

(
ηρ – μρ

)∣
∣α–1g

(
η,φ(η), RC

0 Dα∗
T φ(η)

)
dη

or

φ(μ) =
1
2

(φ0 + φT ) +
c0μ

ρ

2ρ

+
1
2

c1

(
μρ – Tρ

ρ

)

+
ρ1–α

�(α)

∫ μ

0
ηρ–1(μρ – ηρ

)α–1g
(
η,φ(η), RC

0 Dα∗
T φ(η)

)
dη

+
ρ1–α

�(α)

∫ T

μ

ηρ–1(ηρ – μρ
)α–1g

(
η,φ(η), RC

0 Dα∗
T φ(η)

)
dη.

Using the boundary conditions φ(0) = φ0 and φ(T) = φT into the above equation, we get

c0 =
ρ(φT – φ0)

Tρ
–

2ρ2–α

�(α)Tρ

∫ T

0

ηρ–1g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
(Tρ – ηρ)1–α

dη

and

c1 =
ρ(φT – φ0)

Tρ
+

2ρ2–α

�(α)Tρ

∫ T

0

g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
η1–αρ

dη.

Now again substituting these values of constants into the above equation, we get

φ(μ) =
1
2

(φ0 + φT )
(φT – φ0)μρ

2Tρ

–
μρρ1–α

�(α)Tρ

∫ T

0

ηρ–1g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
(Tρ – ηρ)1–α

dη
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+
ρ1–α

�(α)

∫ μ

0

ηρ–1g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
(μρ – ηρ)1–α

dη +
(φT – φ0)(μρ – Tρ)

2Tρ

+
(μρ – Tρ)ρ1–α

�(α)Tρ

∫ T

0

g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
η1–αρ

dη

+
ρ1–α

�(α)

∫ T

μ

ηρ–1g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
(ηρ – μρ)1–α

dη

=
1
2

(φ0 + φT ) +
(

φT – φ0

2Tρ

)
(
2μρ – Tρ

)

+
ρ1–α(μρ – Tρ)

Tρ�(α)

∫ T

0
ηαρ–1g

(
η,φ(η), RC

0 Dα∗ ,ρ
T φ(η)

)
dη

–
μρρ1–α

Tρ�(α)

∫ T

0
ηρ–1(Tρ – ηρ

)α–1g
(
η,φ(η), RC

0 Dα∗ ,ρ
T φ(η)

)
dη

+
ρ1–α

�(α)

∫ T

0
ηρ–1∣∣ηρ – μρ

∣
∣α–1g

(
η,φ(η), RC

0 Dα∗ ,ρ
T φ(η)

)
dη

=
1
2

(φ0 + φT ) + ψ(μ),

where, for μ > η,

ψ(μ) =
(φT – φ0)μρ

2Tρ
–

μρρ1–α

�(α)Tρ

∫ T

0

ηρ–1g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
(Tρ – ηρ)1–α

dη

+
ρ1–α

�(α)

∫ μ

0

ηρ–1g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
(μρ – ηρ)1–α

dη,

and for η > μ,

ψ(μ) =
(φT – φ0)(μρ – Tρ)

2Tρ
+

(μρ – Tρ)ρ1–α

�(α)Tρ

∫ T

0

g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
η1–αρ

dη

+
ρ1–α

�(α)

∫ T

μ

ηρ–1g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
(ηρ – μρ)1–α

dη.

Conversely, let φ(μ) ∈ X be a solution of the fractional integral operator (3), and we denote
the right-hand side of equation (3) by �(μ), i.e.,

�(μ) =
1
2

(φ0 + φT ) + ψ(μ).

Now taking the left and the right generalized Caputo derivative on both sides of the above
equation, we get

ρ
∗Dα

0,μ�(μ) = ρ
∗Dα

0,μ

(
1
2

(φ0 + φT )
)

+
(φT – φ0)

2Tρ

ρ
∗Dα

0,μ
(
μρ

)

–
ρ
0 Iα

T g(T ,φ(T), RC
0 Dα∗ ,ρ

T φ(T))
Tρ

ρ
∗Dα

0,μ
(
μρ

)

+ ρ
∗Dα

0,μ
ρ
0 Iα

μg
(
μ,φ(μ), RC

0 Dα∗
T φ(μ)

)

= g
(
μ,φ(μ), RC

0 Dα∗
T φ(μ)

)
(4)
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and

ρ
∗Dα

μ,T�(μ) = ρ
∗Dα

μ,T

(
1
2

(φ0 + φT )
)

+
(φT – φ0)

2Tρ

ρ
∗Dα

μ,T
(
μρ – Tρ

)

+
ρ
0 Iα

T g(T ,φ(T), RC
0 Dα∗ ,ρ

T φ(T))
Tρ

ρ
∗Dα

μ,T
(
μρ – Tρ

)

+ ρ
∗Dα

μ,T
ρ
μIα

T g
(
μ,φ(μ), RC

0 Dα∗ ,ρ
T φ(μ)

)

= g
(
μ,φ(μ), RC

0 Dα∗ ,ρ
T φ(μ)

)
. (5)

Here, we have used Theorem 2.3, and some simple calculation leads to the facts that
ρ∗Dα

0,μ(μρ) = 0 and ρ∗Dα
μ,T (μρ – Tρ) = 0. Consequently, from equations (4), (5) and Defi-

nition 3.3, the required result follows, i.e.,

1
2
(
ρ
∗Dα

0,μ�(μ) + ρ
∗Dα

μ,T�(μ)
)

= RC
0 Dα,ρ

T �(μ) = g
(
μ,φ(μ), RC

0 Dα∗ ,ρ
T φ(μ)

)
,

and the proof is completed. �

Now we present the existence and uniqueness results for the nonlinear boundary value
problem (1). We define an operator T̃ : X → X by

T̃
(
φ(μ)

)
=

1
2

(φ0 + φT ) +
(

φT – φ0

2Tρ

)
(
2μρ – Tρ

)

+
ρ1–α(μρ – Tρ)

Tρ�(α)

∫ T

0
ηαρ–1g

(
η,φ(η),RC

0 Dα∗ ,ρ
T φ(η)

)
dη

–
μρρ1–α

Tρ�(α)

∫ T

0
ηρ–1(Tρ – ηρ

)α–1g
(
η,φ(η),RC

0 Dα∗ ,ρ
T φ(η)

)
dη

+
ρ1–α

�(α)

∫ T

0
ηρ–1∣∣ηρ – μρ

∣
∣α–1g

(
η,φ(η),RC

0 Dα∗ ,ρ
T φ(η)

)
dη. (6)

Lemma 4.2 signifies that solutions of problem (1) coincide with the fixed points of the
operator T(φ(μ)). Ahead of the detailed existence results, let us have the following con-
siderations first:

(H∗
1) Let 1 < α < 2, 0 < α∗ < 1, and g : [0, T] ×R×R → R be a continuous function and

U(μ) ∈ L1[J ,R+] be a nonnegative function such that U(μ) ≤ φ(μ). Furthermore, g
satisfies

∣
∣g

(
μ,φ(μ), RC

0 Dα∗ ,ρ
T φ(μ)

)∣
∣ ≤ ρα

(
a1

∣
∣φ(μ)

∣
∣ + a2

∣
∣RC
0 Dα∗ ,ρ

T φ(μ)
∣
∣
)

+
bρα

Tρ
U(μ),

where a1, a2, b ∈R+.
(H∗

2) Let 1 < α < 2, 0 < α∗ < 1, and g : [0, T] ×R×R →R be a continuous function, and
g satisfies the Lipschitz condition, i.e.,

∣
∣g

(
η,φ1(η), RC

0 Dα∗ ,ρ
T φ1(η)

)
– g

(
η,φ2(η), RC

0 Dα∗ ,ρ
T φ2(η)

)∣
∣

≤ λ1
(∣
∣φ1(μ) – φ2(μ)

∣
∣ +

∣
∣RC
0 Dα∗ ,ρ

T φ1(η)
)

– RC
0 Dα∗ ,ρ

T φ2(η))
∣
∣),

where 0 < λ1 < 1
2 max{K1, K2}.
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Let M1 = maxμ∈J{h1(μ) : |h1(μ)| ≤ d2} and M∗ = maxμ∈J{f (μ) : |f (μ)| ≤ d1}, where

h1(μ) =
ρα∗ |φT – φ0|μρ(1–α∗)

2Tρ�(2 – α∗)
+

2a3Kμρ(α–α∗–1)

Tρρ1–α∗
�(2 – α∗)

+
2a3ρ

α–1Kμρ(α–α∗)

�(α – α∗ + 1)
+

bρ1+α∗K∗μρ(1–α∗)

�(2 – α∗)T2ρ

and

f (μ) = Tρ(α–1) + μαρ +
(
Tρ – μρ

)α .

Furthermore, let

K∗ :=
ρ

�(α)
max

(∫ T

0
ηρ–1(Tρ – ηρ

)α–1U(η) dη,
∫ T

0
ηαρ–1U(η) dη

)

,

L1 := sup
(

max
μ∈J

(
Tαρ + μαρ +

(
Tρ – μρ

)α))

and

L2 := sup

[

max
μ∈J

{
Tρ(α–1)μρ(1–α∗)

�(α + 1)�(2 – α∗)
+

μ(α–α∗)

�(2 – α∗ + 1)

+
Tρ(α–1)(Tρ – μρ)1–α∗

�(α + 1)�(2 – α∗)
+

(Tρ – μρ)α–α∗

�(α – α∗ + 1)

}]

.

By means of local integrability of U(μ), K∗ exists certainly. Define a set

Ar =
{
φ ∈ C(J) : ‖φ‖ < r

}
,

where r = {4 max(|φT |, |φ0|, 2bK∗
Tρ , 2Ka3M∗

�(α+1) )}E2
α,1(b). Then manifestly the set Ar is a closed,

bounded, and convex subset of the above defined Banach space (X,‖ · ‖X).

Theorem 4.3 Assume that condition (H∗
1) holds. Then problem (1) has a solution in Ar .

Proof We prove this result using the Schauder fixed point theorem. First we show that
the operator T̃ : Ar → Ar is a self-map. Suppose φ ∈ Ar , and for L ∈ (0, 1), the operator (6)
satisfies φ(μ) = LT̃(φ(μ)). Then from (6) and using condition (H∗

1), we have that

∣
∣φ(μ)

∣
∣ ≤ ∣

∣T̃φ(μ)
∣
∣

≤ 1
2
∣
∣(φ0 + φT )

∣
∣ +

|φT – φ0|μρ

2Tρ
+

|φ0 – φT |(Tρ – μρ)
2Tρ

+
a1ρμρ

Tρ�(α)

∫ T

0
ηρ–1(Tρ – ηρ

)α–1∣∣φ(η)
∣
∣dη

+
a2ρμρ

Tρ�(α)

∫ T

0
ηρ–1(Tρ – ηρ

)α–1∣∣RC
0 Dα∗ ,ρ

T φ(η)
∣
∣dη

+
bρμρ

T2ρ�(α)

∫ T

0
ηρ–1(Tρ – ηρ

)α–1U(η) dη
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+
a1ρ

�(α)

∫ μ

0
ηρ–1(μρ – ηρ

)α–1∣∣φ(η)
∣
∣dη

+
a2ρ

�(α)

∫ μ

0
ηρ–1(μρ – ηρ

)α–1∣∣RC
0 Dα∗ ,ρ

T φ(η)
∣
∣dη

+
bρ

Tρ�(α)

∫ μ

0
ηρ–1(μρ – ηρ

)α–1U(η) dη

+
a1ρ(Tρ – μρ)

�(α)Tρ

∫ T

0
ηαρ–1∣∣φ(η)

∣
∣dη

+
a2ρ(Tρ – μρ)

�(α)Tρ

∫ T

0
ηαρ–1∣∣RC

0 Dα∗ ,ρ
T φ(η)

∣
∣dη

+
bρ(Tρ – μρ)

�(α)T2ρ

∫ T

0
ηαρ–1U(η) dη +

a1ρ

�(α)

∫ T

μ

ηρ–1(ηρ – μρ
)α–1∣∣φ(η)

∣
∣dη

+
a2ρ

�(α)

∫ T

μ

ηρ–1(ηρ – μρ
)α–1∣∣RC

0 Dα∗ ,ρ
T φ(η)

∣
∣dη

+
bρ

Tρ�(α)

∫ T

μ

ηρ–1(ηρ – μρ
)α–1U(η) dη

≤ |φT | + |φ0| +
2a3Kρμρ

Tρ�(α)

∫ T

0
ηρ–1(Tρ – ηρ

)α–1 dη

+
bρμρ

T2ρ�(α)

∫ T

0
ηρ–1(Tρ – ηρ

)α–1U(η) dη

+
2a3Kρ

�(α)

∫ μ

0
ηρ–1(μρ – ηρ

)α–1 dη +
bρ

Tρ�(α)

∫ μ

0
ηρ–1(μρ – ηρ

)α–1U(η) dη

+
2a3Kρ(Tρ – μρ)

�(α)Tρ

∫ T

0
ηαρ–1 dη +

bρ(Tρ – μρ)
�(α)T2ρ

∫ T

0
ηαρ–1U(η) dη

+
2a3Kρ

�(α)

∫ T

μ

ηρ–1(ηρ – μρ
)α–1 dη +

bρ

Tρ�(α)

∫ T

μ

ηρ–1(ηρ – μρ
)α–1U(η) dη,

where K = maxμ∈[J (|φ(μ)|, |RC
0 Dα∗ ,ρ

T φ(μ)|), and so

∣
∣T̃φ(μ)

∣
∣ ≤ |φT | + |φ0| +

2a3Kμρ

Tρ(2–α)�(α + 1)
+

bK∗

Tρ

+
2a3Kμαρ

�(α + 1)
+

2a3K(Tρ – μρ)
Tρ(2–α)�(α + 1)

+
2a3K(Tρ – μρ)α

�(α + 1)

+
bρ

Tρ�(α)

∫ μ

0
ηρ–1(μρ – ηρ

)α–1U(η) dη

+
bρ

Tρ�(α)

∫ T

μ

ηρ–1(ηρ – μρ
)α–1U(η) dη

= |φT | + |φ0| +
bK∗

Tρ
+

2Ka3

�(α + 1)
{

Tρ(α–1) + μαρ +
(
Tρ – μρ

)α}

+
bρ

Tρ�(α)

∫ μ

0
ηρ–1(μρ – ηρ

)α–1U(η) dη

+
bρ

Tρ�(α)

∫ T

μ

ηρ–1(ηρ – μρ
)α–1U(η) dη.
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Since the functions μαρ and (Tρ – μρ)α are integrable, uniformly continuous, and non-
negative for μ ∈ [0, T] and also U(μ) ≤ φ(μ), hence applying Lemma 3.14 gives

∣
∣T̃φ(μ)

∣
∣ ≤

{

|φT | + |φ0| +
2bK∗

Tρ
+

2Ka3

�(α + 1)
{

Tρ(α–1) + μαρ +
(
Tρ – μρ

)α}
}

× Eα,1

(
b(Tρ – μρ)α

Tρ

)

Eα,1

(
bμαρ

Tρ

)

≤
{

|φT | + |φ0| +
bK∗

Tρ
+

2Ka3M∗

�(α + 1)

}

Eα,1

(
b(Tρ – μρ)α

Tρ

)

Eα,1

(
bμαρ

Tρ

)

.

Thus

∣
∣T̃φ(μ)

∣
∣ ≤

{

|φT | + |φ0| +
2bK∗

Tρ
+

2Ka3M∗

�(α + 1)

}

E2
α,1(b) < r.

Also,

∣
∣ρ∗Dα∗

0,μ
(
T̃φ(μ)

)∣
∣

≤ ρ
∗Dα∗

0,μ

(
1
2

(φ0 + φT )
)

+
(φT – φ0)

2Tρ

(
ρ
∗Dα∗

0,μ
(
μρ

))
+

(2a3ρ
αρ∗Dα∗

0,μ(μρ)
Tρ

)
ρ
0 Iα

T K

+
(

bρα

T2ρ

ρ
∗Dα∗

0,μ
(
μρ

)
)

ρ
0 Iα

T U(μ) + 2a3ρ
αρ

∗Dα∗
0,μ

ρ
0 Iα

μK +
bρα

Tρ

ρ
∗Dα

0,μ
ρ
0 Iα

μU(η).

Using Theorem 2.3 and Lemma 2.5, we get

∣
∣ρ∗Dα∗

0,μ
(
T̃φ(μ)

)∣
∣

≤ ρα∗ |φT – φ0|μρ(1–α∗)

2Tρ�(2 – α∗)
+

2a3Kμρ(α–α∗–1)

Tρρ1–α∗
�(2 – α∗)

+
bρα+α∗

μρ(1–α∗)ρ
0 Iα

T U(η)
�(2 – α∗)T2ρ

+ 2a3ρ
αρ

0 Iα–α∗
μ K +

bρα

Tρ

ρ
0 Iα–α∗

μ U(η)

=
ρα∗ |φT – φ0|μρ(1–α∗)

2Tρ�(2 – α∗)
+

2a3Kμρ(α–α∗–1)

Tρρ1–α∗
�(2 – α∗)

+
2a3ρ

α–1Kμρ(α–α∗)

�(α – α∗ + 1)

+
bρ1+α∗K∗μρ(1–α∗)

�(2 – α∗)T2ρ
+

bρ1+α∗

Tρ�(α – α∗)

∫ μ

0
ηρ–1(μρ – ηρ

)α–α∗–1U(η) dη.

Since U(μ) ≤ φ(μ) and μρ(1–α∗), μρ(α–α∗–1) are measurable and continuous functions for
μ ∈ [0, T], therefore by using the assumption φ(μ) = LT̃(φ(μ)) and Corollary 3.11, we get

∣
∣ρ∗Dα∗

0,μ
(
T̃φ(μ)

)∣
∣ ≤ M1E(α–α∗),1

(
ρα∗b
Tρ

μ(α–α∗)ρ
)

< r1. (7)

Moreover,

∣
∣ρ∗Dα∗

μ,T
(
T̃φ(μ)

)∣
∣
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≤ ρ
∗Dα∗

μ,T

(
1
2

(φ0 + φT )
)

+
|φT – φ0|

2Tρ

ρ
∗Dα∗

μ,T
(
Tρ – μρ

)
+

2a3K
�(α)Tρ(1–α)

ρ
∗Dα∗

μ,T
(
Tρ – μρ

)

+
bK∗

T2ρ

ρ
∗Dα∗

μ,T
(
Tρ – μρ

)
+ 2a3ρ

αρ
∗Dα∗

μ,T
ρ
μIα

T K +
bρα

Tρ

ρ
∗Dα∗

μ,T Iα
T U(η).

Using Theorem 2.3 and Lemma 2.5, we get

∣
∣ρ∗Dα∗

μ,T
(
T̃φ(μ)

)∣
∣

≤ ρα∗ |φT – φ0|(Tρ – μρ)1–α∗

2Tρ�(2 – α∗)
+

2a3Kρα∗ (Tρ – μρ)1–α∗

�(α)�(2 – α∗)

+
bK∗ρα∗ (Tρ – μρ)1–α∗

�(2 – α∗)T2ρ
+ 2a3ρ

αρ
μIα–α∗

T K +
bρα

Tρ

ρ
μIα–α∗

T U(η)

=
ρα∗ |φT – φ0|(Tρ – μρ)1–α∗

2Tρ�(2 – α∗)
+

2a3Kρα∗ (Tρ – μρ)1–α∗

�(α)�(2 – α∗)

+
bK∗ρα∗ (Tρ – μρ)1–α∗

�(2 – α∗)T2ρ
+

2a3Kρα∗ (Tρ – μρ)α–α∗

�(α – α∗ + 1)

+
bρ1+α∗

Tρ�(α – α∗)

∫ T

μ

ηρ–1(ηρ – μρ
)α–α∗–1U(η) dη.

Since U(μ) ≤ φ(μ) and (Tρ – μρ)α–α∗ ∈ L1[J ,R+] for μ ∈ [0, T], therefore taking into ac-
count the assumption that φ(μ) = LT̃(φ(μ)) with L ∈ (0, 1) and Corollary 3.11 yields

∣
∣ρ∗Dα∗

μ,T
(
T̃φ(μ)

)∣
∣ ≤ M1E(α–α∗),1

(
ρα∗b
Tρ

(
Tρ – μρ

)α–α∗
)

< r2. (8)

From Definition 3.3, inequalities (7) and (8) yield

∣
∣RC
0 Dα∗ ,ρ

T
(
T̃φ(μ)

)∣
∣ =

1
2
∣
∣ρ∗Dα∗

0,μ
(
T̃φ(μ)

)
– ρ

∗Dα∗
μ,T

(
T̃φ(μ)

)∣
∣ < r,

which implies T̃φ ∈ Ar ; that is, the operator T̃ : Ar → Ar is a self-map. Next we show that
operator (6) is continuous. For this, let φ1(μ),φ2(μ) ∈ Ar . Then we have

∣
∣T̃φ1(μ) – T̃φ2(μ)

∣
∣

≤ μρρ1–α

�(α)Tρ

∫ T

0

ηρ–1|g(η,φ1(η), RC
0 Dα∗ ,ρ

T φ1(η)) – g(η,φ2(η), RC
0 Dα∗ ,ρ

T φ2(η))|
(Tρ – ηρ)1–α

dη

+
ρ1–α

�(α)

∫ μ

0

ηρ–1|g(η,φ1(η), RC
0 Dα∗ ,ρ

T φ1(η)) – g(η,φ2(η), RC
0 Dα∗ ,ρ

T φ2(η))|
(μρ – ηρ)1–α

dη

+
(Tρ – μρ)ρ1–α

�(α)Tρ

∫ T

0

|g(η,φ1(η), RC
0 Dα∗ ,ρ

T φ1(η)) – g(η,φ2(η), RC
0 Dα∗ ,ρ

T φ2(η))|
η1–αρ

dη

+
ρ1–α

�(α)

∫ T

μ

ηρ–1|g(η,φ1(η), RC
0 Dα∗ ,ρ

T φ1(η)) – g(η,φ2(η), RC
0 Dα∗ ,ρ

T φ2(η))|
(ηρ – μρ)1–α

dη

=
{Tαρ + (Tρ – μρ)α}

ρα�(α + 1)
∣
∣g

(
η,φ1(η), RC

0 Dα∗ ,ρ
T φ1(η)

)
– g

(
η,φ2(η), RC

0 Dα∗ ,ρ
T φ2(η)

)∣
∣.
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Since g is continuous on Ar , hence for all μ ∈ [0, T] there exists δ > 0 such that
‖φ1(η) – φ2(η)‖ < δ, and for any ε > 0,

∣
∣g

(
η,φ1(η), RC

0 Dα∗ ,ρ
T φ1(η)

)
– g

(
η,φ2(η), RC

0 Dα∗ ,ρ
T φ2(η)

)∣
∣ <

ρα�(α + 1)
Tαρ

ε.

Therefore,

∣
∣T̃φ1(μ) – T̃φ2(μ)

∣
∣

≤ {Tαρ + (Tρ – μρ)α}
ρα�(α + 1)

× ∣
∣g

(
η,φ1(η), RC

0 Dα∗ ,ρ
T φ1(η)

)
– g

(
η,φ2(η), RC

0 Dα∗ ,ρ
T φ2(η)

)∣
∣

≤ ε

2
+

(Tρ – μρ)α

2Tαρ
ε < ε.

Likewise one can prove RC
0 Dα∗ ,ρ

T (T̃φ(μ)) is continuous on Ar . Moreover, we show that op-
erator (6) is completely continuous. For this, let η1,η2 ∈ J with η1 < η2 and φ ∈ Ar . Then
we have

∣
∣T̃φ(μ1) – T̃φ(μ2)

∣
∣

≤ |φT – φ0|(μρ
1 – μ

ρ
2 )

Tρ

+
∣
∣
∣
∣
(μρ

1 – μ
ρ
2 )ρ1–α

�(α)Tρ

∫ T

0

ηρ–1g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
(Tρ – ηρ)1–α

dη

∣
∣
∣
∣

+
∣
∣
∣
∣
ρ1–α

�(α)

∫ μ1

0

ηρ–1g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
(μρ

1 – ηρ)1–α
dη

–
ρ1–α

�(α)

∫ μ2

0

ηρ–1g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
(μρ

2 – ηρ)1–α
dη

∣
∣
∣
∣

+
∣
∣
∣
∣
(μρ

1 – μ
ρ
2 )ρ1–α

�(α)Tρ

∫ T

0

g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
η1–αρ

dη

∣
∣
∣
∣

+
∣
∣
∣
∣
ρ1–α

�(α)

∫ T

μ1

ηρ–1g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
(ηρ – μ

ρ
1 )1–α

dη

–
ρ1–α

�(α)

∫ T

μ2

ηρ–1g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
(ηρ – μ

ρ
2 )1–α

dη

∣
∣
∣
∣

≤ |φT – φ0|(μρ
1 – μ

ρ
2 )

Tρ
+

2a3KTαρ(μρ
1 – μ

ρ
2 )

�(α + 1)

+
bρK∗(μρ

1 – μ
ρ
2 )

T2ρ�(α)
+

2Ka3ρ

�(α)

∫ μ1

0

{
ηρ–1(μ

ρ
1 – ηρ

)α–1 – ηρ–1(μ
ρ
2 – ηρ

)α–1}dη

+
bρ

Tρ�(α)

∫ μ1

0

{
ηρ–1(μ

ρ
1 – ηρ

)α–1 – ηρ–1(μ
ρ
2 – ηρ

)α–1}U(η) dη

+
2Ka3ρ

�(α)

∫ μ2

μ1

ηρ–1(μ
ρ
2 – ηρ

)α–1 dη +
bρ

Tρ�(α)

∫ μ2

μ1

ηρ–1(μ
ρ
2 – ηρ

)α–1U(η) dη
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+
2Ka3(μρ

1 – μ
ρ
2 )Tρ(α–1)

�(α + 1)
+

(μρ
1 – μ

ρ
2 )K∗

Tρ

+
2Ka3ρ

�(α)

∫ T

μ2

{
ηρ–1(ηρ – μ

ρ
1
)1–α – ηρ–1(ηρ – μ

ρ
2
)1–α}

dη

+
bρ

Tρ�(α)

∫ T

μ2

{
ηρ–1(ηρ – μ

ρ
1
)1–α – ηρ–1(ηρ – μ

ρ
2
)1–α}

U(η) dη

+
2Ka3ρ

�(α)

∫ μ2

μ1

ηρ–1

(ηρ – μ
ρ
1 )1–α

dη +
bρ

Tρ�(α)

∫ μ2

μ1

ηρ–1U(η)
(ηρ – μ

ρ
1 )1–α

dη.

Since U(μ) ∈ L1[J ,R+], therefore the functions

(
ηρ–1(μ

ρ
1 – ηρ

)α–1 – ηρ–1(μ
ρ
2 – ηρ

)α–1)U(η),

(ηρ–1(μρ
2 – ηρ)α–1U(η)), and (ηρ–1(ηρ – μ

ρ
1 )1–α – ηρ–1(ηρ – μ

ρ
2 )1–α)U(η) are Lebesgue in-

tegrable in η. Also (μρ
1 – μ

ρ
2 )Tρ(α–1) and Tαρ(μρ

1 – μ
ρ
2 ) are uniformly continuous for

μ1,μ2 ∈ J . So we see through that the right-hand side of the above inequality tends to
zero as μ1 → μ2. Furthermore, we prove that |RC

0 Dα∗ ,ρ
T (T̃φ(μ1)) –RC

0 Dα∗ ,ρ
T (T̃φ(μ2))| → 0

as μ1 → μ2 for all μ1,μ2 ∈ [0, T] with μ1 < μ2. For this, let us compute first the left and
the right generalized Caputo derivatives of operator (6).

ρ
∗Dα∗

0,μ
(
T̃φ(μ)

)
=

ρα∗ (φT – φ0)μρ(1–α∗)
1

2Tρ�(2 – α∗)

–
ρ1–(α–α∗)μ

ρ(1–α∗)
1

Tρ�(α)�(2 – α∗)

∫ T

0

ηρ–1g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
(Tρ – ηρ)1–α

dη

+
ρ1–(α–α∗)

�(α – α∗)

∫ μ1

0

ηρ–1g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
(μρ

1 – ηρ)1–(α–α∗) dη (9)

and

ρ
∗Dα∗

μ,T
(
T̃φ(μ)

)
=

ρα∗ (φ0 – φT )(Tρ – μ
ρ
1 )1–α∗

2Tρ�(2 – α∗)

–
ρ1–(α–α∗)(Tρ – μ

ρ
1 )1–α∗

Tρ�(α)�(2 – α∗)

∫ T

0

g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
η1–αρ

dη

+
ρ1–(α–α∗)

�(α – α∗)

∫ T

μ1

ηρ–1g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
(ηρ – μ

ρ
1 )1–(α–α∗) dη. (10)

From Definition 3.3 and equations (9) and (10), we have

RC
0 Dα∗ ,ρ

T
(
T̃φ(μ1)

)

=
1
2
(
ρ
∗Dα∗

0,μ1

(
T̃φ(μ1)

)
– ρ

∗Dα∗
μ1,T

(
T̃φ(μ1)

))

=
1
2

[
ρα∗ (φT – φ0)μρ(1–α∗)

1
2Tρ�(2 – α∗)

–
ρ1–(α–α∗)μ

ρ(1–α∗)
1

Tρ�(α)�(2 – α∗)

∫ T

0

ηρ–1g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
(Tρ – ηρ)1–α

dη

+
ρ1–(α–α∗)

�(α – α∗)

∫ μ1

0

ηρ–1g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
(μρ

1 – ηρ)1–(α–α∗) dη +
ρα∗ (φT – φ0)(Tρ – μ

ρ
1 )1–α∗

2Tρ�(2 – α∗)
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+
ρ1–(α–α∗)(Tρ – μ

ρ
1 )1–α∗

Tρ�(α)�(2 – α∗)

∫ T

0

g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
η1–αρ

dη

–
ρ1–(α–α∗)

�(α – α∗)

∫ T

μ1

ηρ–1g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
(ηρ – μ

ρ
1 )1–(α–α∗) dη

]

.

Therefore, by using the above equation, we establish that

∣
∣RC
0 Dα∗ ,ρ

T
(
T̃φ(μ1)

)
– RC

0 Dα∗ ,ρ
T

(
T̃φ(μ2)

)∣
∣

≤
∣
∣
∣
∣
ρα∗ (φT – φ0)(μρ(1–α∗)

1 – μ
ρ(1–α∗)
1 )

4Tρ�(2 – α∗)

∣
∣
∣
∣

+
∣
∣
∣
∣
ρ1–(α–α∗)(μρ(1–α∗)

2 – μ
ρ(1–α∗)
1 )

2Tρ�(α)�(2 – α∗)

∫ T

0

ηρ–1g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
(Tρ – ηρ)1–α

dη

∣
∣
∣
∣

+
∣
∣
∣
∣

ρ1–(α–α∗)

2�(α – α∗)

∫ μ1

0

{
ηρ–1

(μρ
1 – ηρ)1–(α–α∗) –

ηρ–1

(μρ
2 – ηρ)1–(α–α∗)

}

× g
(
η,φ(η),RC

0 Dα∗ ,ρ
T φ(η)

)
dη

∣
∣
∣
∣

+
∣
∣
∣
∣

ρ1–(α–α∗)

2�(α – α∗)

∫ μ2

μ1

ηρ–1g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
(μρ

2 – ηρ)1–(α–α∗) dη

∣
∣
∣
∣

+
∣
∣
∣
∣
ρα∗ (φT – φ0){(Tρ – μ

ρ
1 )1–α∗

– (Tρ – μ
ρ
2 )1–α∗}

4Tρ�(2 – α∗)

∣
∣
∣
∣

+
∣
∣
∣
∣
ρ1–(α–α∗){(Tρ – μ

ρ
1 )1–α∗

– (Tρ – μ
ρ
2 )1–α∗}

2Tρ�(α)�(2 – α∗)

∫ T

0

g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
η1–αρ

dη

∣
∣
∣
∣

+
∣
∣
∣
∣

ρ1–(α–α∗)

2�(α – α∗)

∫ μ2

μ1

ηρ–1g(η,φ(η),RC
0 Dα∗ ,ρ

T φ(η))
(ηρ – μ

ρ
1 )1–(α–α∗) dη

∣
∣
∣
∣

+
∣
∣
∣
∣

ρ1–(α–α∗)

2�(α – α∗)

{∫ T

μ2

ηρ–1

(ηρ – μ
ρ
2 )1–(α–α∗) –

∫ T

μ2

ηρ–1

(ηρ – μ
ρ
1 )1–(α–α∗)

}

× g
(
η,φ(η),RC

0 Dα∗ ,ρ
T φ(η)

)
dη

∣
∣
∣
∣.

Using condition (H∗
1),

∣
∣RC
0 Dα∗ ,ρ

T
(
T̃φ(μ1)

)
– RC

0 Dα∗ ,ρ
T

(
T̃φ(μ2)

)∣
∣

≤ ρα∗ |φT – φ0|(μρ(1–α∗)
1 – μ

ρ(1–α∗)
2 )

4Tρ�(2 – α∗)

+
ρ1+α∗a3K(μρ(1–α∗)

1 – μ
ρ(1–α∗)
2 )

Tρ�(α)�(2 – α∗)

∫ T

0
ηρ–1(Tρ – ηρ

)α–1 dη

+
bρ1+α∗ (μρ(1–α∗)

1 – μ
ρ(1–α∗)
2

2T2ρ�(α)

∫ T

0
ηρ–1(Tρ – ηρ

)α–1U(η) dη

+
ρ1+α∗a3K
�(α – α∗)

∫ μ1

0

{(
μ

ρ
1 – ηρ

)(α–α∗)–1
ηρ–1 – ηρ–1(μ

ρ
2 – ηρ

)(α–α∗)–1}dη
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+
bρ1+α∗

2Tρ�(α – α∗)

∫ μ1

0

{(
μ

ρ
1 – ηρ

)(α–α∗)–1
ηρ–1 – ηρ–1(μ

ρ
2 – ηρ

)(α–α∗)–1}U(η) dη

+
ρ1+α∗a3K
�(α – α∗)

∫ μ2

μ1

ηρ–1(μ
ρ
2 – ηρ

)(α–α∗)–1 dη

+
bρ1+α∗

2Tρ�(α – α∗)

∫ μ2

μ1

ηρ–1(μ
ρ
2 – ηρ

)(α–α∗)–1U(η) dη

+
ρα∗ |φT – φ0|{(Tρ – μ

ρ
1 )1–α∗

– (Tρ – μ
ρ
2 )1–α∗}

4Tρ�(2 – α∗)

+
a3Kρα∗{(Tρ – μ

ρ
1 )1–α∗

– (Tρ – μ
ρ
2 )1–α∗}

�(α)(α – α∗)�(2 – α∗)Tρ(1–α+α∗)

+
bρ1+α∗{(Tρ – μ

ρ
1 )1–α∗

– (Tρ – μ
ρ
2 )1–α∗}

2�(α)�(2 – α∗)T2ρ

∫ T

0
ηρ(α–α∗)–1U(η) dη

+
a3Kρα∗{(Tρ – μ

ρ
1 )(α–α∗) – (Tρ – μ

ρ
2 )(α–α∗)}

�(α)(α – α∗)�(2 – α∗)

+
bρ1+α∗

2Tρ�(α)�(2 – α∗)

∫ T

μ2

{
ηρ–1(ηρ – μ

ρ
1
)(α–α∗)–1

– ηρ–1(ηρ – μ
ρ
2
)(α–α∗)–1}U(η) dη

+
bρ1+α∗

2Tρ�(α)�(2 – α∗)

∫ μ2

μ1

ηρ–1(ηρ – μ
ρ
1
)(α–α∗)–1U(η) dη.

Since U(μ) ∈ L1[J ,R+] and the functions

ηρ–1(μ
ρ
2 – ηρ

)(α–α∗)–1,

(ηρ(α–α∗)–1U(η), and

((
μ

ρ
1 – ηρ

)(α–α∗)–1
ηρ–1 – ηρ–1(μ

ρ
2 – ηρ

)(α–α∗)–1U(η)
)

are Lebesgue integrable on [0, T], so the right-hand side of the above inequality tends
to zero as μ1 → μ2. Hence the set of operators T̃Ar is equicontinuous. Also T̃Ar ⊆ Ar

implies that T̃Ar is uniformly bounded. Henceforth, T̃ is completely continuous and thus
Schauder’s fixed point theorem assures the existence of at least one fixed point of operator
(6). Hence, by taking into account Lemma 4.2, the proof is finalized. �

Theorem 4.4 Assume that conditions (H∗
1) and (H∗

2) hold. Then equation (3) comports as
a unique solution of Problem (1).

Proof To prove this theorem, we use the Banach fixed point theorem. For this, we first
necessitate to confirm that (6) is a self-mapped operator, and afterwards we show that
T̃ satisfies the contraction mapping principle. Since we have shown in Theorem 4.3 that
T̃φ(μ), RC

0 Dα∗ ,ρ
T (T̃φ(μ)) ∈ Ar , so the operator T̃ satisfies the self-mappedness property un-

der these conditions. Hence, the only stipulation that we need to verify here is contraction.
For this, consider

∣
∣T̃φ1(μ) – T̃φ2(μ)

∣
∣



Aleem et al. Advances in Difference Equations        (2021) 2021:303 Page 22 of 28

≤ ∣
∣g

(
η,φ1(η), RC

0 Dα∗ ,ρ
T φ1(η)

)
– g

(
η,φ2(η), RC

0 Dα∗ ,ρ
T φ2(η)

)∣
∣

×
(

μρρ1–α

�(α)Tρ

∫ T

0

ηρ–1

(Tρ – ηρ)1–α
dη +

ρ1–α

�(α)

∫ μ

0

ηρ–1

(μρ – ηρ)1–α
dη

+
(Tρ – μρ)ρ1–α

�(α)Tρ

∫ T

0

1
η1–αρ

dη +
ρ1–α

�(α)

∫ T

μ

ηρ–1

(ηρ – μρ)1–α
dη

)

≤ λ1(|φ1(μ) – φ2(μ)| + |RC
0 Dα∗ ,ρ

T φ1(η)) – RC
0 Dα∗ ,ρ

T φ2(η))|)
ρα�(α + 1)

× (
Tαρ + μαρ +

(
Tρ – μρ

)α)

≤ λ1

K1

∥
∥φ1(μ) – φ2(μ)

∥
∥,

where K1 = ρα�(α+1)
L1

. Moreover,

∣
∣RC
0 Dα∗ ,ρ

T
(
T̃φ1(μ)

)
– RC

0 Dα∗ ,ρ
T

(
T̃φ2(μ)

)∣
∣

≤ ρ1–(α–α∗)μρ(1–α∗)

2Tρ�(α)�(2 – α∗)

×
∫ T

0

ηρ–1|g(η,φ1(η), RC
0 Dα∗ ,ρ

T φ1(η)) – g(η,φ2(η), RC
0 Dα∗ ,ρ

T φ2(η))|
(Tρ – ηρ)1–α

dη

+
ρ1–(α–α∗)

2�(α – α∗)

×
∫ μ

0

ηρ–1|g(η,φ1(η), RC
0 Dα∗ ,ρ

T φ1(η)) – g(η,φ2(η), RC
0 Dα∗ ,ρ

T φ2(η))|
(μρ – ηρ)1–(α–α∗) dη

+
ρ1–(α–α∗)(Tρ – μρ)1–α∗

2Tρ�(α)�(2 – α∗)

×
∫ T

0

|g(η,φ1(η), RC
0 Dα∗ ,ρ

T φ1(η)) – g(η,φ2(η), RC
0 Dα∗ ,ρ

T φ2(η))|
η1–αρ

dη

+
ρ1–(α–α∗)

2�(α – α∗)

×
∫ T

μ

ηρ–1|g(η,φ1(η), RC
0 Dα∗ ,ρ

T φ1(η)) – g(η,φ2(η), RC
0 Dα∗ ,ρ

T φ2(η))|
(ηρ – μρ)1–(α–α∗) dη

≤ λ1
ρ(α∗–α)Tρ(α–1)μρ(1–α∗)

2�(α + 1)�(2 – α∗)

× (∣
∣φ1(μ) – φ2(μ)

∣
∣ +

∣
∣RC
0 Dα∗ ,ρ

T φ1(η)
)

– RC
0 Dα∗ ,ρ

T φ2(η))
∣
∣)

+ λ1
ρ(α∗–α)μ(α–α∗)

2�(2 – α∗ + 1)

× (∣
∣φ1(μ) – φ2(μ)

∣
∣ +

∣
∣RC
0 Dα∗ ,ρ

T φ1(η)
)

– RC
0 Dα∗ ,ρ

T φ2(η))
∣
∣)

+ λ1
ρ(α∗–α)Tρ(α–1)(Tρ – μρ)1–α∗

2�(α + 1)�(2 – α∗)

× (∣
∣φ1(μ) – φ2(μ)

∣
∣ +

∣
∣RC
0 Dα∗ ,ρ

T φ1(η)
)

– RC
0 Dα∗ ,ρ

T φ2(η))
∣
∣)
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+ λ1
ρ(α∗–α)(Tρ – μρ)α–α∗

2�(α – α∗ + 1)

× (∣
∣φ1(μ) – φ2(μ)

∣
∣ +

∣
∣RC
0 Dα∗ ,ρ

T φ1(η)
)

– RC
0 Dα∗ ,ρ

T φ2(η))
∣
∣)

=
λ1

K2

∥
∥φ1(μ) – φ2(μ)

∥
∥,

where K2 = 2ρ(α–α∗)

L2
. Therefore

∣
∣T̃φ1(μ) – T̃φ2(μ)

∣
∣ ≤ 2λ1

M
∥
∥φ1(μ) – φ2(μ)

∥
∥

where M = max(K1, K2). Thus the Banach fixed point theorem assures the existence of a
unique fixed point of operator (6). So, in consequence of Lemma 4.2, we concluded that
(3) is the unique solution of boundary value problem (1). �

Lemma 4.5 Assume that 1 < α < 2, 0 < β∗ < 1 and g : [0, 1] ×R×R → R is a continuous
function. Furthermore, g satisfies

∣
∣g

(
μ,φ(μ), RC

0 Dα∗ ,ρ
T φ(μ)

)∣
∣ ≤ a3 + a4 max

∣
∣φ(μ)

∣
∣ + b2 max

∣
∣RC
0 Dα∗ ,ρ

T φ2(μ)
∣
∣

for all a3, a4, b2 ∈R+. Then the solution φ(μ) of (1) exists in Ar .

Proof The result follows from Theorem 4.3. �

Lemma 4.6 Assume that 1 < α < 2, 0 < β∗ < 1 and g : [0, 1] ×R×R → R is a continuous
function. Furthermore, g satisfies the following condition:

∣
∣g

(
μ,φ(μ), RC

0 Dα∗ ,ρ
T φ(μ)

)∣
∣ ≤ ρα

Tρ

∣
∣φ(μ)

∣
∣.

Then problem (1) has at least one solution in Ar .

Proof Let a1 = a2 = 0 and U(μ) = |φ|. Then, taking into account Theorem 4.3, the result
holds. �

Example 4.7 Consider the following fractional differential equation:

⎧
⎨

⎩

RC
0 D

7
4 ,2
π u(μ) = |u|

(μ+4)2(1+|u|) , μ ∈ [0,π ],

u(0) = 0, u(π ) = 1,

where g(μ, u) = |u|
(μ+4)2(1+|u|) , α = 7

4 , and T = π . Also, since ‖g(μ, u) – g(μ, v)‖ ≤ λ1‖u – v‖
with λ1 = 1

16 , therefore Theorem 4.4 assures that the boundary value problem has a unique
solution on [0,π ].

4.1 Dependence of solutions on the parameters
The stability analysis of fractional differential equations has been carried out by many
mathematicians. For details, one can see [36, 39–42] and the references therein. The so-
lutions satisfy various types of stability, and continuous dependence on the initial data is
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one of them. This section demonstrates that the solution of problem (1) depends on the
parameters α, φ0, φT , and g provided that the function g satisfies conditions (H∗

2) and (H∗
2).

Continuous dependence of solutions on the parameters indicates the stability of solutions.

Theorem 4.8 Assume that φ1(η) is the solution of BVP (1) and φ2(η) is the solution of the
following problem:

⎧
⎨

⎩

RC
0 Dα–ε,ρ

T φ(μ) = g(μ,φ(μ),RC
0 Dα∗ ,ρ

T φ(μ)), μ ∈ [0, T],

φ(0) = φ0, φ(T) = φT ,

where 1 < α – ε < α ≤ 2, 0 < α∗ ≤ 1, and g is continuous. Then ‖φ1 – φ2‖ = O(ε).

Proof Using equation (3), we have

∣
∣φ1(μ) – φ2(μ)

∣
∣

≤ ∣
∣g

(
η,φ1(η),RC

0 Dα∗ ,ρ
T φ1(η)

)
– g

(
η,φ2(η),RC

0 Dα∗ ,ρ
T φ2(η)

)∣
∣

×
{

(Tαρ + μαρ + (Tρ – μρ)α)
ρα�(α + 1)

+
(Tρ(α–ε) + μρ(α–ε) + (Tρ – μρ)α–ε)

ρα–ε�(α – ε + 1)

}

≤ λ1

{
(Tαρ + μαρ + (Tρ – μρ)α)

ρα�(α + 1)
+

(Tρ(α–ε) + μρ(α–ε) + (Tρ – μρ)α–ε)
ρα–ε�(α – ε + 1)

}

× ‖φ1 – φ2‖ = O(ε).

Also

∣
∣RC
0 Dα∗ ,ρ

T
(
φ1(μ)

)
–RC

0 Dα∗ ,ρ
T

(
φ2(μ)

)∣
∣ ≤ λ1‖φ1 – φ2‖

(
H(μ) + H(μ, ε)

)

= O(ε),

where

H(μ) =
ρ(α∗–α)Tρ(α–1)μρ(1–α∗)

2�(α + 1)�(2 – α∗)
+

ρ(α∗–α)μ(α–α∗)

2�(2 – α∗ + 1)

+
ρ(α∗–α)Tρ(α–1)(Tρ – μρ)1–α∗

2�(α + 1)�(2 – α∗)
+

ρ(α∗–α)(Tρ – μρ)α–α∗

2�(α – α∗ + 1)

and

H(μ, ε) =
ρ(α∗–α–ε)Tρ(α–ε–1)μρ(1–α∗)

2�(α – ε + 1)�(2 – α∗)
+

ρ(α∗–α–ε)μ(α–ε–α∗)

2�(2 – α∗ + 1)

+
ρ(α∗–α–ε)Tρ(α–ε–1)(Tρ – μρ)1–α∗

2�(α – ε + 1)�(2 – α∗)
+

ρ(α∗–α–ε)(Tρ – μρ)α–ε–α∗

2�(α – α∗ + 1)
.

This completes the proof. �
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Theorem 4.9 Assume that the conditions of Theorem 4.4 hold and if φ1(η) is the solution
of BVP (1) and φ2(η) is the solution of the following problem:

⎧
⎨

⎩

RC
0 Dα,ρ

T φ(μ) = g(μ,φ(μ),RC
0 Dα∗ ,ρ

T φ(μ)), μ ∈ [0, T]

φ(0) = φ0 + ε1, φ(T) = φT + ε2,

then ‖φ1 – φ2‖ = O(max{ε1, ε2}).

Proof We have

∣
∣φ1(μ) – φ2(μ)

∣
∣

≤ (ε1 + ε2)μρ

2
+

(ε1 + ε2)
2Tρ

+
|g(η,φ1(η),RC

0 Dα∗ ,ρ
T φ1(η)) – g(η,φ2(η),RC

0 Dα∗ ,ρ
T φ2(η))|(Tαρ + μαρ + (Tρ – μρ)α)

ρα�(α + 1)

≤ (ε1 + ε2)μρ

2
+

(ε1 + ε2)
2Tρ

+
λ1(Tαρ + μαρ + (Tρ – μρ)α)

ρα�(α + 1)
∥
∥φ1(μ) – φ2(μ)

∥
∥

= O
({ε1, ε2}

)
.

This gives the desired result. �

Theorem 4.10 Assume that φ1(η) is the solution of BVP (1) and φ2(η) is the solution of the
following problem:

⎧
⎨

⎩

RC
0 Dα,ρ

T φ(μ) = g(μ,φ(μ),RC
0 Dα∗ ,ρ

T φ(μ)) + ε, μ ∈ [0, T]

φ(0) = φ0, φ(T) = φT ,

where 1 < α – ε < α ≤ 2 and 0 < α∗ ≤ 1 and g is continuous. Then ‖φ1 – φ2‖ = O(ε).

Proof From Lemma 4.2, we have

∣
∣φ1(μ) – φ2(μ)

∣
∣

≤ ∣
∣g

(
η,φ1(η),RC

0 Dα∗ ,ρ
T φ1(η)

)
– g

(
η,φ2(η),RC

0 Dα∗ ,ρ
T φ2(η)

)∣
∣

×
(

(Tαρ + μαρ + (Tρ – μρ)α)
ρα�(α + 1)

)

+
ε(Tαρ + μαρ + (Tρ – μρ)α)

ρα�(α + 1)

≤ {
λ1

(∣
∣φ1(μ) – φ2(μ)

∣
∣ +

∣
∣RC
0 Dα∗ ,ρ

T φ1(η)
)

– RC
0 Dα∗ ,ρ

T φ2(η))
∣
∣ + ε)

}

× (Tαρ + μαρ + (Tρ – μρ)α)
ρα�(α + 1)

≤ (Tαρ + μαρ + (Tρ – μρ)α)
ρα�(α + 1)

{
λ1‖φ1 – φ2‖ + ε

}
= O(ε).

Moreover,

∣
∣RC
0 Dα∗ ,ρ

T
(
T̃φ1(μ)

)
– RC

0 Dα∗ ,ρ
T

(
T̃φ2(μ)

)∣
∣ ≤ H(μ)

{
λ1‖φ1 – φ2‖ + ε

}
= O(ε),
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where

H(μ) =
ρ(α∗–α)Tρ(α–1)μρ(1–α∗)

2�(α + 1)�(2 – α∗)
+

ρ(α∗–α)μ(α–α∗)

2�(2 – α∗ + 1)

+
ρ(α∗–α)Tρ(α–1)(Tρ – μρ)1–α∗

2�(α + 1)�(2 – α∗)
+

ρ(α∗–α)(Tρ – μρ)α–α∗

2�(α – α∗ + 1)
.

This completes the proof. �

5 Concluding remarks
We presented a generalization of the Riesz fractional operator in this work. We provided
some results and inequalities for the new generalized Riesz fractional operators. Further-
more, we proved some equivalence results for the nonlinear fractional differential equa-
tion involving the generalized Riesz derivative operator. By using suitable fixed point the-
orems, we provided the uniqueness of solution of the problem and some several mathe-
matical techniques. Also, we discussed the stability of solutions and showed continuous
dependence onto given parameters. An instructive comparison with literature shows that
these results present the generalization of various old theorems in the related areas.
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