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1 Introduction and preliminaries
The notion of metric has been extended in several ways by changing the axioms of the met-
ric notion: quasi-metric, symmetric, dislocated metric, b-metric, 2-metric, D-metric, S-
metric, G-metric, partial metric, ultra-metric, etc. We shall focus on cone metric space or
more precisely, Banach-valued metric space. The idea of Banach-valued metric space was
considered by several authors in distinct periods of the last century. This notion became
popular and raised interest among researchers after the paper of Huang and X. Zhang [1]
in 2007. Since then, a number of authors got the characterization of several known fixed
point theorems in the context of Banach-valued metric space, such as, [2-20].

In this paper, we consider common fixed point theorems in the framework of the refined
cone metric space, namely, quasi-cone metric space.

In what follows, we shall recall the basic notions and notations as well as the fundamental

results.

Definition 1.1 ([21]) Suppose £ is a real Banach algebra, that is, for v,w,n € £, a € R,

(@) v(wz) = (vo)z;

(b) v(w+2) =vw+ vz, (v+w)z=vz+wz

(¢) a(vw) = (av)w = (aw)v;

@) levoll < lzllle].
If Banach algebra £ with unit element e, i.e. multiplicative identity e, is with ve = ev = v
for v € &€, then |e| = 1.
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An element v € £ is said to be invertible if there exists v~} € £ such that vo™! = v lv =e.
Moreover, if every non-zero element of £ has an inverse in &, then £ is called a divisible

Banach algebra.

Proposition 1.2 ([22]) Let & be a Banach algebra, v an element in € and p(v) the spectral
radius of v. If p(v) < 1 then (e — v) is invertible in € and

(e-o)"'=) o (1)
p=0

Remark 1.3 ([2]) p(v) <||v|l for all v in a Banach algebra &.

Let (&, ] - ||) be a real algebra and P a closed subset of £.

The set P is a cone if the following conditions hold:

(¢1) Pisnon-empty and P # {0};

(¢2) a17+ ayw € P forall v,w € P and aj,a, € (0,00);

(c3) PN(-P)=1{0}.

Moreover, for a given cone P C £ we can consider a partial ordering < such that v < w
if and only if w — v € P. We write v < o for @ — v € intP and v < w indicates that v < w
and v # w. The cone P is called normal if there exists a constant N > O such that0 < v < w
implies ||7|| < N||w||, for v,w € E and is called solid if intP # @.

Definition 1.4 ([3]) Let {v,} be a sequence in a solid cone P. We say that {v,,} is a c-
sequence, if for any ¢ € P with 0 < ¢ there exists m € N such that v,, < ¢ for all m > m,.

Lemma 1.5 ([3]) If {v,,} is a c-sequence in a solid cone P and « is arbitrary (but given) in

P, then {k v} is also a c-sequence.

Lemma 1.6 ([4]) On a real Banach algebra £ with a solid cone &, the following statements
hold:

l skwifs <v<Kow;

2 ¢=0if¢ K wforeveryw>> 0.

Let £ be a Banach algebra and P C £ be a cone. Then (e — v) is an invertible element in

P for any » € P with p(v) < 1.

Definition 1.7 ([23]) Suppose £ is a Banach algebra with unit e and P C £ is a cone. P is
called algebra cone if e € P and for v,w € P, vw € P.

In what follows we consider that £ (£;) represents a real (divisible) Banach algebra with
a unit e and 0 be its zero element, P is a solid cone in &, Pg, a normal algebra cone in &,
with a normal constant N and X is a non-empty set.

Definition 1.8 (see [24]) A mappingd:X x X — & is a cone metric on X if
(@) 0<d(v,w) forall v,w € X and d(v,w) = 0 if and only if v = w,
(b) d(v,w) =d(w, v) for all v,w € X,
() d(v,0) <d(v,n) +d(n, ),
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for all v,w,n € X. The pair (X, d) is said to be a cone metric space over Banach algebra, in
short, CMS.

Definition 1.9 (see [25]) A mapping q: X x X — & is said to be a quasi-cone metric if
(@) 0<q(v,w) forall v,w € X,
(b) q(v,w) =0=q(w,v) ifand only if v # w,
(© a(v,®) =q(z,n) + a1, w),
for all »,w,n € X. The triplet (X, g, ) is said to be a quasi-cone metric space over Banach
algebra, in short, qCMS.
A quasi-cone metric space is called A-symmetric, if there exists an invertible element
A € & such that

A™'q(v,0) < qlw, v) < Aq(v, )
forall v,w € X.

Definition 1.10 Suppose (X,q,E) isagCMS, v € X and {v,,}n>1 is a sequence in X. Then

(@) {m}m=1 (bi)-converges to v if for ¢ € £ with 6 K ¢, there is a natural number N
satisfying q(z,,, v) < ¢ and q(v, v,,) < ¢ for m > N. We denote lim,,_, o, 7, = v OF
U —> V.

(b) {wm}m=1 is a (D (left)-Cauchy ((r)(right)-Cauchy)) if for ¢ € £ with 6 <« ¢, there exists
a natural number N satisfying q(z, 7,) < ¢ (respectively, q(z,, v,,) < ¢ for
m>p>N.

(©) {vm}m=1 is a bi-Cauchy if for ¢ € £ with 6 < ¢, there exists a natural number N
satisfying q(vu, ,) < ¢ for m,p > N.

(d) (X,q,€) is (1)-complete ((r)-complete) if every (I)-Cauchy((r)-Cauchy) sequence is
(bi)-convergent and is complete if it is (I) and (r)-complete.

Definition 1.11 We say that the mapping ¥ : P¢, — Pg, is a ¥/ -operator if
(a) ¥ is an increasing;
(b) ¥ is a continuous bijection and has an inverse mapping ¥~ which is also
continuous and increasing;
(@ ¥(v+w) <Y(v)+ (o) forall v,w € Pg,;
(d) ¥ (vw) = Y (v)¥(w) forall v, € Pg,.

Remark 1.12 By Definition 1.11, the part of (c), we can obtain ¥ (v) + ¥} (w) < ¥ (v +
w) for all v, € bP¢,. In fact, note that /(v + w) < ¥ (v) + ¥ () for all ,w € P¢, and P!

is also a continuous and increasing operator, then

v+ o) =y (Y(0) + ¥ (),

which yields

v+w <Y (Y() + ¥ ().

Hence,

v (Y (@) + v (Y (@) < v (Y () + ().
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Since ¥ : Pg, — Pg¢, is a continuous bijection, thus ¥ (v) + ¥ }(w) < ¢! (v + w), for all

v,w € Pg,.

Remark 1.13 By Definition 1.11, the part of (d), we can obtain ¥} (vw) = ¥ 1 (2)y "} (w),
for v,w € Pg,.

Indeed, from v (vw) = ¥ (v)¥ (@) for v,w € Pg and ¥~ : Pg — Pg is also continuous, we
get

v (Y (ow) =y (Y ()Y (),

which yields

vw =y (Y (0)¥ ().

Then we obtain

Thanks to that v : Pe — Pg¢ is a continuous bijection, ¥ (vw) = ¥ (v)y "} (w), for all
v,w € Pg,.

Remark 1.14 For example, let E; = R be a divisible Banach algebra, P¢, = {v € £ | v > 0} be
a normal cone in &, suppose ¥ : Pg, — Pg,, defined by ¢ (v) = v5 and then Y l(v) = 2,

forall v € Pg,.

2 Main results
Lemma 2.1 Let (X,q,&;) be a A-symmetric qCMS over a divisible Banach algebra, {v,,}
a sequence in X. If there exists k € Pg,, with p(k) < 1 such that

q(Umr 7/m+1) = Kq(ym—l, ’Um)x (2)
forallm e N, then {v,,} is a (bi)-Cauchy sequence.

Proof First of all, we remark that, successively applying Eq. (2), we have

(V1 Vm) < k"q(21, ).

Let m > p > N. Thereupon,

q(””mr Up) = Q(Um; V1) + Q(Um&, Upa) + -+ q(Uerl, Up)

< (K" 4+ kP) (o w)

m—p-1

<k? Y Ka(o, w)

Jj=0

o0
<Kk? Y iq(nn, w).

j=0
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Now, since p(k) < 1, and taking into account Proposition 1.2, we see that (e — «) is an

invertible element and (e — «)™" = 3% ¥/ and the above inequality becomes

A(oms 7p) < kP (e — k) (w1, w).

For a given ¢, with 6 « ¢, we choose § > 0 such that ¢ + N;(0) C Pg,. (Here Ns(0) = {w €
Ea: lo|l} < 8}.) Letting po € N such that «Pq(v;, o) € Ns(0) for all p > py we get k?(e —
k)7tq(w1, ) K ¢, for all p > po. Therefore,

Ao ) <kP(e—k)7'q(w1, ) K¢, forallm>p.

Then by (b) in Definition 1.10 it follows that the sequence {,,} is (1)-Cauchy. On the other
hand, from Definition 1.4, we see that the sequence {q(z,, 7,)} is c-convergent and more-
over in view of Lemma 1.5 the sequence {Aq(v,,, 7,)}, where A € P¢,, is also a c-sequence,
that is,

Aq(v, Vp) <L (3)

for all m > p > py. But, since the space (X, g, &) is supposed to be A-symmetric, we have

q(”p’ Un) < AQ(v, ’Up): (4)

and taking Lemma 1.5 into account we get q(w,, v,) < ¢, for all m > p > py, which means
the sequence {v,,} is (r)-Cauchy. Obviously, in view of statement (c) in Definition 1.10, it

follows that {v,,} is a (bi)-Cauchy sequence. (I

Let (£,) be a real (divisible) Banach algebra with a unit e and 6 be its zero element and

Péd be a normal algebra cone with constant N = 1in &,.
Theorem 2.2 Let (X,q,&,) be a complete A-symmetric gCMS over E; and P'lgd. Suppose

that { : Py, — Py is a y-operator and U,V : X — X are mappings satisfying the condi-
tions

¥ (a(v,Uv)) + ¥ (a(w, Vo)) < ki (a(v, ), (5)
¥ (a(2, Vo)) + ¥ (q(w,Uw)) < k¥ (a(z,w)), (6)

for all v,w € X with q(v,w) > 6, where Y(e) < k < ¥ (2e) in st' Then U and V have a
common fixed point.

Proof Let oy € D be an arbitrary point and the sequence {v,,} defined by
Bmil =Um, Vs = Voums, formeN. )
Then, setting v = v, and w = w41, We get

W(q(vay 7)2m+1)) + w(q(”)zma-l’ U2m+2))
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= w(q(VZm»uva)) + w(Q('UZWHl» V7)2m+1))

= k‘ﬁ (q(UZWH 7}2m+1))r

and then

w(q(’”Zmr 7}2m+1)) + W(q(’”ZmH: 7}2m+2)) <ky (q(VZm» 7’2m+1))' (8)

Also if we put v = vy,,_1 and w = v,,,, then we have

1ﬁ(q('UZWI—b UZm)) + w(q(UZmr 7’2m+1))
= w(q(VZm—lx V7}2m—1)) + 1;//(q(7}2m:Z/{VZM))
= kw(q(”Zm—ly 7)Zm))

Thus,
w(q(va—l: 7}2m)) + W(Q(Wm» 7)2m+1)) =< kl// (q(y2m—lr 7}2;41)) (9)

Moreover, applying 1! in (8), (9) and keeping in mind the properties of the operator 1,
it follows

q(772m: 7)2m+1) + q(7)2m+lr 7)2m+2) =< w_l(/<)q(Wmv 7/2m+1);

q(’UZm—h 7}2m) + q(’UZm: 7/2m+1) = I//71(]<)q(7/2;4'1—1’ UZm);
or by simplifying, we obtain

q(y2m+17 7}2m+2) =< (W_l(k) - e)q(”Zm: 02m+1);

q(UZm: 7)2m+1) = (1ﬁ71(k) - e)q(Z’Zm—lr z}2;4'1)'
Denoting k = ¥ ~1(k) — e, the above inequalities pass into
Q(T/m, Uns1) < Kq(”m—lv T/m)x

for any positive integer m. Now, by hypothesis ¥ (e) < k < y(2e) it follows that 6§ <
¥~ (k) — e < e and since the cone P, is normal (with N = 1),

<l < llell =1,
and then p(k) < 1. Thereupon, by Lemma 2.1 we see that the sequence {,,} is (bi)-Cauchy.
Further, we can find z, € X such that the sequence {v,,} converges to w,. That is, for every

¢ >> 0 there exists m; € N such that q(w,,, ) < ¢ and (w1, ) K ¢, for m > m;. Thus,
replacing in (5) v by #,,, and @ by v, we have

1p(q(’UZmyZ/[”U‘Zm)) + w(Q(’U*’ VT/*)) <ky (q(WZm) 7/*))
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and from (c), Definition 1.11,

w(q(varuva) + (2, VT/*)) <ky (q<7)2my 7/*))

Moreover, by Definition 1.9 and Remark 1.13, we have

A(zs Vou) < a(vam Uta) + Ao, Vo) < 1p_l(k)q(’”bm %)
<yH(k)e

and from Lemma 1.6 we obtain q(z, Vv,) = 6. Therefore, Vv, = v,. Similarly, choosing in
(6) v = vy-1 and w = v, and taking into account the properties of iy we have

1ﬁ(q('UZWI—b Voym-1) + CI(W*,UU*)) = w(q(UZm—l, VUZm—l)) + 1/[((](7/*,(/{7}*))

< klp (Q(T/Zm—l; 7/*)))
which leads us to

q(Z/*,Z/[’U*) = q(7’2m—1’ Vva—l) + CI(W*,UZ’*) = w_l(k)q(vlm—ly 7)*)
<L Yy (K)e.

Consequently, Uz, = v, = V. O

Example2.3 LetE; = R%, Pt = {(v,0) : v, 0 > 0} and for any (v1, 1), (v, w2) € E; we define
the multiplication as (v1, w1)(, w2) = (11, w1w7). Then &, is a Banach algebra with a unit
e=(1,1). Let X={1,3,4,5} and q: X x X — & defined by

(v—w,5%) if v > w,
q(y,a)) =
Qrv-w),v-w) ifv<o,

be a 2-symmetric quasi-metric on X. Consider also the mappings ¢/, : X — X defined by
U1=1,U3=3,U4=3,U5=5and V1=1,V3=3,V4 =4, V5 =4. Then we have
a1,3)=(42), q(,4)=(63), q1,5=(@84), aB4)=(21),
q(31 5) = (47 2)1 q(4; 5) = (21 l)r q(l’ul) = (0; O): q(g)ug) = (0’ 0))

q4,U4) = (1, %), q(5,U5) = (0,0), q(1,V1) = (0,0),
q(3,V3) = (0,0), a4, vV4) = (0,0), q(5,V5) = (1, %)

Let 'l/f . Pl((/‘ — Plgx 1/[((’(}7 C())) = (\3/;’ '\3/5) and k = (g’ %)’
Therefore:
lv=1,w=3

99
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99

¥ (a(L, V1) + ¢ (a3,U3)) = (0,0) < (2 2

) kv (a(1,3))
2v=1w=4
2 7
v (a(l,U1)) + ¥ (a4, V4)) = (0,0) < (Z 3) ky (a(1,4)),
v v) svaun) - (15) < (.5 ) ~kviaa)

3v=1Lw=5

l\JI\O

0(@0,un) + #(a6.V5) - (13) = (9.7 ) =k (a01.5)

¥ (a(L, V1) + ¢ (a5,U5)) = (0,0) < (9, =

N
N | \O
N~
1]
=~
<
—_
e}
=
=
Ul
<
N—

4 v=3,w=4
¥ (aG.U) + v (a4, V4) = (0,0) < (Z

¥ (a(3,V3)) + ¥ (a4, U4)) = (1, %) < ( ,

5v=3,w=5

¥ (aB3,U3)) +¥(a(5,V5)) = (1, %

N——"
IA
NI@ —
Nl@
| \O
N——"
I
X~
<
—
2
UJ
Ul
=

¥(q(3,V3)) + ¥ (a(5,U5)) = (0,0) < (

6 v=4,w=5

V(@ UD) + Y (a(5,V5) = (1) < (3,

- 3) ~ kY (a3.5),

(a6 V) + ¥ (@6.U5) = 00 = (3.3 ) kv (a(3.5)

Consequently, the assumptions of Theorem 2.2 are verified and the mappings &/, V have

2 common fixed points, these being v =1, v = 3.

Corollary 2.4 Let (X,q,&,) be a complete A-symmetric qCMS over E; and Péd. Suppose
that ¥ : P}Sd — P<1€d is a y-operator and U : X — X is a mapping satisfying the condition

¥ (a(e,Uv)) + ¥ (ale,Uw)) < kyr(q(v, w)), (10)
forall v,w € X with q(v,w) > 0, where yr(e) < k < yr(2e) in PEL}' Then U has a fixed point.

Proof PutU =V in Theorem 2.2. O
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Theorem 2.5 Let (X,q,&,) be a complete A-symmetric gCMS over £; and Péd. Suppose
that  : Péd — P}gd is a Y-operator and U,V : X — X are mappings satisfying the condi-

tions

a1y (U2, Vo) + a9 (q(2,U0)) + a3 (a(w, Vo)) < BY (a(z, »)), (11)
a1y (@Vo,Uw) + ¥ (q(2, Vo)) + a3y (9o, Uw)) < BY(a(z, »)), (12)

forall v,w € X with q(v,w) > 0, where
0<y o), 0=y (B) <y @)+ ¥ )+ ¥ (as),

in P<19d‘ Then U and V have a common fixed point. Moreover, if ¥~*(B8) < ¥ ~1(cty) then the
common fixed point is unique.

Proof Let {v,} be the sequence in X defined by (7). Letting v = v, and w = vy,41 in (11)
we have

dﬂ/’(Q(uwm, V'U2m+1)) + Olz’ﬁ (q(y2m¢z/[7)2m)) + Olsl/f(Q(Uzmm Vy2m+l))
= ﬁw(q(va» 7’2m+1));

or

alw(q(z}Zm+1, 7}2m+2)) + Oézlﬁ(Q(vzm, Z’2m+1)) + QSI//(q(VZerl’ 7/2m+2))

= ﬁllf(Q(vzm, 7)ZWH-I))~

Taking into account the properties of 11, we have

w_l (01) (21> 2ma2) + 1»[/_1(012)(-:|(’1’2rm Tyme1) + w_l(WB)aSq(VZmH; om+2)
=< W_l [y (A(2ams 1, Poms2) + QZW(q(UZm: 7)2m+1)) + Ol?ﬂaﬁ(cl(’”ln'lﬁ-l: 7/2m+2))

< ¥ BV (a(vam vams1)) ] = ¥ (B)A(2m> trma1)
and moreover
(¥ (o) + ¥ (@3)) A0ams1, 2ams2) < (WHB) — ¥ (02)) A2y Poms)-
Therefore, since the Banach algebra is divisible, we get
A@amets 2ami2) < (Y71 (0) + ¥ @) ™ (W HB) — ¥ (@2)) A0y aa)-

If we denote k = (¥ (o) + ¥ H(az)) 1 (WL (B) — ¥ L(@n)), we can easily see that § <k < e
and

q(UZm+1: 7/2m+2) = Kq('”Zrm 7)2m+1)' (13)
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In the same way, for v = w,, 1 and w = v, (12) becomes

OllW(Q(VWmel,UUzm)) + Olzl/f(Q(Uszl, VyZm—l)) + a3l//(q(7}2m:uy2m))
< ,Bw'(q(’”Zm—li VZm));

or, equivalent

Olllﬁ(Q(UZm, 7}2m+1)) + Olzlﬁ(Q(vzmA, T/Zm)) + 0l31ﬁ(’~'1(vzm, 7}2m+1)) = ﬁlﬁ(Q(vszl, 7/2m))

Thereupon,

(1/1_1(051) + I/f_l(Ots))Cl(vzm, Bms1) < (1//_1(/3) - I,/f_l(Olz))Q(vzm_b )

which yields

q(772m: 7)2m+1) =< (W_I(Oll) + w_l(OlS))71 (w‘_l(ﬁ) - w_l(aZ))q(UZm—lr 7}2m)

:Kq(vlm—lr UZM) (14)

(here we took into account that the Banach algebra is divisible). Now, by (13) and (14) we
have

q(Umr 7/m+1) =< Kq(ym—l; 7/m);

for all m € N, where < « < e. Then, by using Lemma 2.1, we see that the sequence {v,,} is
(bi)-Cauchy and since the gCMS (X, q,&,) is complete, we can have v, € X such that {z,,}
converges to 7. Thus, there exists m, € N such that for any ¢ >> 6 we have q(w,, v.) < ¢,

q(”Zm—lx 7/*) <« cand also q('”Zm: ”Zm+l) <g¢ q(02m+17 7}2m+2) <eg for any m > m;j. Hence, by
(11), respectively, (12) we have

a3V (a(, Vo)) < aryr (AU 2am), Vo)) + o2 (Q(22m Uvaim) )
+ a3 (q(es, Vo)) < BY (a(vams v4)),

a3y (q(z, Uy)) < oy (A(Voam-1,Un)) + ¥ (A(vam-1, Vrm-1))
+ sy (q(z, Un)) < BY (A(vam-1, ),

for m > my. Moreover, applying ¥~ in the above inequalities,

Elf_l(ols)OI(U*: VU*) < W_l(ﬂ)Q(vzm: 7/*);
v (s)a(o, Un) < ¥ (B)A(vam-1),

which are equivalent (since the Banach algebra is divisible) with

Qo Vo) < (¥@2) " ¥ (B) Ao ) < (@) ¥ (e,
Ao Uv) < (¥ @) Y B)A(am1, ) < (¥ He2) ¥ (B)e,
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for all m > m, and any ¢ > 6. Therefore, by Lemma 1.6, it follows that q(z, V#,) = », and
also q(zy, Vi) = v, which means that z, is a common fixed point of the mappings V, U.

Finally, considering the additional hypothesis, we will prove the uniqueness of the com-
mon fixed point. Supposing, on the contrary, that there exists another point, let us say
w, € X different from v,, such that Vv, = v, = Uv,, we have, by (11), for example,

allﬁ(Q(Uv*,Vw*)) + Oézlﬁ(Q(v*rUv*)) + Olsl/f(Q(w*, Va)*)) = ﬁl/f(Q(W*, a)*))

Thus,

Y @) A(we 04) + ¥ (@2) A2, 2) + Y (@3)q(@4, 04)
< Y (¥ (AUo, Vo)) + i (Ao, Un,)) + st (s, Vo))
<y (BY(a(m .)))
=y (B)a(m, w.),

and we obtain

-1 -1 2

Az @) < (¥ @) Y Bz @) < [(¥ )
<[(¥ " en) 1B Az @),

w_l(ﬂ)] q(zy, wy)

for any n € N. Further, since (¢ (1)) 1% 1(B) < e, we get

[ @) v )] < (¥ @) v ®)]" -6,

as 1 — 00, which means that for any ¢ > 6 we can have ny € N such that

Qe w.) < [(¥ 1) ¥ HB)] d(en ) < .

Thereby, by Lemma 1.6 it follows that q(z,, w,) = 0, and v, is the unique fixed point of the
mappings U/ and V. O

Corollary 2.6 Let (X,q,&,) be a complete A-symmetric qCMS over E; and P(lgd. Suppose
that ¥ : P‘lgd — P‘lgd is a y-operator and U : X — X is a mapping satisfying the condition

Olllﬁ(qa/[%uw) + WZw(Q(%uv)) + WSW(CI(CU;UU))) =< ,BW(CI(”: w)): (15)
for all v,w € X with q(v,w) > 0, where
0 <y o), 0 <Y THB) <Y M) + ¥ (e2) + ¥ as),

in Péd, Then U has a fixed point. Moreover, if ¥~ 1(B) < ¥~1(o1) then the fixed point is

unique.

Proof PutU =V in Theorem 2.5. O



Fulga et al. Advances in Difference Equations (2021) 2021:306

Theorem 2.7 Let (X, q, &) be a complete A-symmetric qCMS over E; and Péd be a normal
algebra cone in &;. Suppose that  : P}gd — Plgd is a Yr-operator and U,V : X — X are
mappings satisfying the conditions

le(Q(U% Va)) + azlﬁ(Q(w;UW)) + 053¢(Q(7/: Vw)) < ﬁlﬁ(Q(% w))r (16)
all/f(Q(Vv,Uw) + Otzlﬁ(Q(w, VW)) + asw(Q(%Uw)) = ﬁw(CI(T/» w))r (17)

forall v, € X with q(v,w) >0, where & < y~1(B) + (A —e)yHoz) < ¥ H(ay) in P‘lgd. Then
U and V have a common fixed point.

Proof Let {v,,} be the sequence in X defined by (7). Letting v = w,,, and @ = w1, by (16),
we have

alw(q(u’UZm, VUZerl)) + O52¢(CI(’UZWHDZ/{'UZWI)) + 0l31/f(CI(7)2m, V7)2m+1))
= ,31//((31(7}2% Vv2m+1))~

Moreover, by applying 1!, and taking into account the properties of it,

Vo) A0 1, Bams2) + ¥ (02) Q@i 1, Pame1) + U (@3)A(@2r Pams2)

=< w_l(ﬂ)Q(Uzm: 7’2m+1)

and using the triangle inequality we get
q(UZWHl) 7/2m+2) - q(WWHl’ 'UZm) = q(7/2my Wm+2)

and then

1pil(al)q(yZWHl: 7/2m+2) + wil(a3)[q(”2m+lr Z}2m+2) - q(”2m+1: UZm)]

= ‘[f_l(ﬁ)q(”VZm: 7/2m+1):

which is equivalent with

(w_l(al) + l[’_l((XS))q(’UZerlr Toms2) < l[’_l(ﬂ)q(WZmr Bms1) + 10_1(0!3)C|(W2m+1, Pam)-

Further, since the gCMS is A-symmetric, there exists an invertible element A € £ such
that q(mm41, ) < AQ(m, ms1), for all m € N and then we have

(W_I(Oll) + w_l(afi))q(vlmﬂr 7)2m+2) =< (lﬂ_l(ﬂ) + Aw_l((XS))q(var 7)2m+1)'

Therefore,

q(y2m+1: 7/2m+2) = (wil(al) + wil(a?)))il (Wﬁl(ﬁ) + Awil(ab’))q(Wmv U2m+1)- (18)

On the other hand, with v = #,,,_; and @ = v, the inequality (17) becomes

a1y (AV vom-1,Uvam)) + 2% (225 Vrm-1)) + o3 (A(22m-1,U v2))

Page 12 of 15
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< BY (a(vam-1, 2m))-
Applying ¥~ and keeping in mind its properties we get

wil(al)q(UZm: 7/2m+1) + wil(OlZ)q(yZmy ZQm) + wil(QB)q(WZWI—l) ZQm+1)

=< W_l(ﬂ)CI(Uzm—l, 7}2m)

Therefore, since

q(VZm: 7}2m+1) - q(VZm; 7}2m—1) = q(Z)Zm—lr 7’2m+1),

we have

1pil(al)q(fam: 7/2m+1) + wil(a?))q(yZm) 7Qm+1) - ¢71 (a?:)q(WWU Z}2m—1)
= W_I(OH)Q(VM, 7)2m+1) + 1;/f_l(OlB')q(va—lf v2m+1)

< ¥ (B)A(2am-1, 22m)-
Thus,
(v an) + ¥ (@3)) A(eams vama1) < (¥ H(B) + AY ™ (e03))A(2am-1, 22m)
and
Qo> 2amet) < (¥ @) + ¥ @)™ (U7H(B) + AP (@3)) A1, 22)- (19)

Consequently, from (18) we conclude that

q(ymr 7/m+1) < Kq(ym—l; Um);

for any m € N, where « = (Y1 (ery) + ¥ 1 (a3)) (¥ 1(B) + Ay~Haz)) < e. In this case we
get p(x) < 1 and taking into account Lemma 2.1 we can conclude that the sequence {v,,}
is Cauchy and moreover convergent to an element z, € X. Therefore, for any ¢ 3> 6, there
exists m; € N such that (o, ) < ¢, q(wam-1, %) <K c. We claim that o* is a fixed point
of mappings V and U. Indeed, from (16) and (17) we have

Oll‘(//(q(z}ZWHl’ VU*)) + 012\0((1(7/*, 7}2m+1)) + an(q(VZm» V'U*))
= al‘ﬁ(Q(Uvzm, VT/*)) + azW(Q(T/*,Uvzm)) + QSw(q(WZm: V'U*)) = ﬂ‘ﬁ(Q(vzm, 7/*)):

which becomes (by applying v ')

w_l(al)q(VZmH: Vo) + W_I(O‘Z)q(y*r Tome1) + 1p_l(‘XB'))q(var Vu,)
= ‘[f_l(ﬁ)q(”VZm: %)
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But since q(zy, Vo) < q(vy, vam) + q(v2m, Vo) and also

q(v*; V'U*) < CI(U*, 7/2m+1) + CI(Uzm+1, Vﬂ*);

we get

(I/fil(al) + wil(ab‘))q(y*r VW*) - ‘071 (Oll)q(’{/*, 7/2m+1) - 1/f71(053)Q(7/*, 7}2m)
< ¥ (B)a(vm ).

Thereupon,

Qv Vo) < (¥ M) + ¥ @) " (WHB) + Ay @) + AP (as))e,

which (by taking into account Lemma 1.6) shows us that q(z,, Vv,) = 0.
Now, similarly, by (19), we have

Olﬂ/’(Q(Wzm:UW*)) + Otzlﬁ(CI(v*, va)) + aBI/f(q(WWI—lruy*))
< a1y (A(Voam-1,U2,)) + o (A(2s, Vo)) + asr (A(vam-1, U2, ))
= ,Bw(q('”Zm—l’ U*))r

which is equivalent with

W_l (051)01(7’2%“7/*) + w_l(OlZ)q(v*: va) + 1;[f_l(OlB')q(y'Zm—l;Z/{v*) = I;[/_1(:3)(1(7}2}71—11 Z’*)~

Moreover, by using the triangle inequality,

(v Han) + ¥ ez))alvn Un) — ¥ (1) a(vs, vam) — ¥~ (23)A(04, vam-1)
<y 1 B)a(eam-1, %),

then
Qo Uv) < (¥ en) + ¥ @) (W71 (B) + AP o) + Ay (@) Ao, 1)
< (@) + ¥ Ne) (VN + AY T @) + Ay (@)
Thus, q(z,Uv,) = 6 and v, is a common fixed point of the mappings V and U/. g

Corollary 2.8 Let (X, q,&,) bea complete A-symmetric gCMS over E; and P‘lgd be a normal
algebra cone in £;. Assume Y Péd — Péd is a yr-operator and U : X — X is satisfying the

condition

Olll/f(CI(U%Uw) + Olzllf(CI(erT/)) + Ol3lﬁ(CI(%Uw)) = ,BW(CI(% w))’ (20)

Sorall v, € X with q(v,w) >0, where & < y~1(B) + (A —e)yHaz) < ¥ Hay) in P‘l‘id' Then
U has a fixed point.



Fulga et al. Advances in Difference Equations (2021) 2021:306 Page 15 of 15

Acknowledgements
The authors thank their universities.

Funding
We declare that funding is not applicable for our paper.

Availability of data and materials
The data and material used to support the findings of this study are included within the article.

Competing interests
The authors declare that they have no competing interests.

Authors’ contributions
All authors contributed equally and significantly in writing this article. All authors read and approved the final manuscript.

Author details

' Department of Mathematics and Computer Sciences, Transilvania University of Brasov, Brasov, Romania. ?Department of
Mathematics, Basic Science Faculty, University of Bonab, Bonab, Iran. *Department of Mathematics, Farhangian
University, Qazvin, Iran.

Publisher’s Note

Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.
Received: 26 April 2021 Accepted: 14 June 2021 Published online: 24 June 2021

References
1. Huang, L-G, Zhang, X:: Cone metric spaces and fixed point theorems of contractive mappings. J. Math. Anal. Appl.
332(2), 1468-1476 (2007)
2. Cho, S-H.: Fixed point theorems in complete cone metric spaces over Banach algebras. J. Funct. Spaces 2018, Article
ID 9395057 (2018)
3. Huang, H.-P, Radenovi¢, S.: Some fixed point results of generalized Lipschitz mappings on cone b-metric spaces over
Banach algebras. J. Comput. Anal. Appl. 20, 566-583 (2016)
4. Jankovi¢, S, Kadelburg, Z,, Radenovi¢, S.: On cone metric spaces: a survey. Nonlinear Anal,, Theory Methods Appl. 4(7),
2591-2601 (2011)
5. Abdeljawad, T, Turkoglu, D., Abuloha, M.: Some theorems and examples of cone Banach spaces. J. Comput. Anal.
Appl. 12(4), 739-753 (2010)
6. Afshari, H., Alsulami, HH., Karapinar, E.: On the extended multivalued Geraghty type contractions. J. Nonlinear Sci.
Appl. 9, 4695-4706 (2016). https://doi.org/10.22436/jnsa.009.06.108
7. Afshari, H, Rezapour, Sh., Shahzad, N.: Absolute retractivity of the common fixed points set of two multifunctions.
Topol. Methods Nonlinear Anal. 40, 429-436 (2012)
8. Karapinar, E, Tukoglu, A.D.: Best approximations theorem for a couple in cone Banach space. Fixed Point Theory Appl.
2010, Article ID 784578 (2010)
9. Abdeljawad, T, Karapinar, E., Tas, K. Common fixed point theorems in cone Banach spaces. Hacet. J. Math. Stat. 40(2),
211-217(2011)
10. Abdeljawad, T, Karapinar, E.: A common fixed point theorem of a Gregus type on convex cone metric spaces. J.
Comput. Anal. Appl. 13(4), 609-621 (2011)
11. Karapinar, E.: Some nonunique fixed point theorems of Ciric type on cone metric spaces. Abstr. Appl. Anal. 2010,
Article ID 123094 (2010). https://doi.org/10.1155/2010/123094
12. Karapinar, K: Couple fixed point theorems for nonlinear contractions in cone metric spaces. Comput. Math. Appl.
59(12), 3656-3668 (2010). https://doi.org/10.1016/j.camwa.2010.03.062
13. Karapinar, E.: Fixed point theorems in cone Banach spaces. Fixed Point Theory Appl. 2009, Article ID 609281 (2009).
https://doi.org/10.1155/2009/609281
14. Abdeljawad, T, Karapinar, E.: Quasi-cone metric spaces and generalizations of Caristi Kirk’s theorem. Fixed Point
Theory Appl. 2009, Article ID 574387 (2009). https://doi.org/10.1155/2009/574387
15. Karapinar, E., Fulga, A: On Wong type contractions. Mathematics 8(4), 649 (2020).
https://doi.org/10.3390/math8040649
16. Marasi, H.R, Afshari, H, Daneshbastam, M., Zhai, C.B.: Fixed points of mixed monotone operators for existence and
uniqueness of nonlinear fractional differential equations. J. Contemp. Math. Anal. 52, 8C13 (2017)
17. Liy, H, Xu, S:: Cone metric spaces with Banach algebras and fixed point theorems of generalized Lipschitz mappings.
Fixed Point Theory Appl. 2013, 320 (2013)
18. Lv, X.Y, Feng, Y.Q.: Some fixed point theorems for Reich type contraction in generalized metric spaces. J. Math. Anal.
9(5), 80-88 (2018)
19. Shah, MH,, Simi¢, S., Hussain, N, Sretenovi¢, A, Radenovi¢, S.: Common fixed points for occasionally weakly
compatible pairs on cone metric type spaces. J. Comput. Anal. Appl. 14(2), 290-297 (2012)
20. Shojaat, H., Afshari, H., Asgari, M.S.: A new class of mixed monotone operators with concavity and applications to
fractional differential equations. TWMS J. Appl. Eng. Math. 11(1), 122-133 (2021)
21. Yosida, K:: Functional Analysis. Beijing World Publishing Corporation (1999)
22. Rudin, W.: Functional Analysis and Its Applications. McGraw-Hill, New York (1991)
23. Ahmed, A, Salunke, J.N.: Algebra cone generalized b-metric space over Banach algebra and fixed point theorems of
generalized Lipschitz mappings. Asian-Eur. J. Math. 11(3), 11 (2018)
24. Hussain, N., Shah, M.H.: KKM mappings in cone b-metric spaces. Comput. Math. Appl. 62(4), 1677-1684 (2011)
25. Shaddad, F, Noorani, M., Salmi, Md.: Fixed point results in quasi-cone metric spaces. Abstr. Appl. Anal. 2013, Article ID
303626 (2013)


https://doi.org/10.22436/jnsa.009.06.108
https://doi.org/10.1155/2010/123094
https://doi.org/10.1016/j.camwa.2010.03.062
https://doi.org/10.1155/2009/609281
https://doi.org/10.1155/2009/574387
https://doi.org/10.3390/math8040649

	Common ﬁxed point theorems on quasi-cone metric space over a divisible Banach algebra
	Abstract
	Keywords

	Introduction and preliminaries
	Main results
	Acknowledgements
	Funding
	Availability of data and materials
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


