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Our numerical method comprises three steps. In the first step we transform the given
equation to an equivalent time independent equation. Secondly the reduced
equation is solved via a local meshless method. Finally, the solution of the original
equation is obtained via the inverse Laplace transform by representing it as a contour
integral in the complex left half plane. The contour integral is then approximated
using the trapezoidal rule. The stability and convergence of the method are
discussed. The efficiency, efficacy, and accuracy of the proposed method are assessed
using four different problems. Numerical approximations of these problems are
obtained and validated against exact solutions. The obtained results show that the
proposed method can solve such types of problems efficiently.
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1 Introduction

The integer order derivatives are local in nature, i.e., using these derivatives changes in
a neighborhood of a point can be described, but using the arbitrary order derivatives we
can describe changes in an interval. Namely, fractional derivatives are nonlocal in nature.
That is why arbitrary order derivatives are suitable to model more physical phenomena
such as electrodynamics, earthquake vibrations, diffusion process, polymers, fluid flow,
elasticity, hydrology, and signal and image processing [1-7]. Fractional order derivative of
a function is in fact its definite integral. A geometrically fractional derivative accumulates
the function. The corresponding accumulation includes the integer order derivative as a
special case. In the literature a large number of arbitrary order derivatives are available
such as the Marchaud, Griinwald-Letnikov, Riemann-Liouville, and Caputo derivatives
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[8-15]. However, these derivatives have certain disadvantages, these derivatives contain
kernels with singularities. It is reported in the literature that these derivatives face prob-
lems when someone tries to model nonlocal phenomenon [1, 16]. Therefore, to model the
non-local phenomenon accurately, recently a new fractional derivative has been defined,
called the Caputo—Fabrizio (CF) derivative [17].

The research community took great interest in the CF derivative due to its non-singular
kernel. The CF derivative has a large number of applications, and researchers have applied
it successfully to many phenomena like signal processing [18], ground water pollution [19],
groundwater flow in a confined aquifer [1, 20], the mass—spring damper system [21], non-
Darcian flow and solute transport [22].

In many real world problems as regards their modeling, we need to obtain their exact so-
lution which is some times quite difficult specially for nonlinear problems. Therefore, we
need some sophisticated tools to deal with such problems. The researchers increasingly
have used numerical and analytical techniques to handle the problems for corresponding
numerical and analytical solutions. For example a homotopy analysis method based on
the Laplace transform is proposed for solving linear problems including the CF derivative
in [2, 23]. In [1] the authors solved the model of groundwater flow with the CF deriva-
tive using the Sumudu transform. In [24] a fractional order Fisher diffusion equation with
the CF derivative is solved via some iterative method. The Crank—Nicholson scheme in
[25] is applied for approximating the solution of the Allen Cahn model with CF derivative.
A numerical approximation of the solution of groundwater pollution model with space—
time fractional CF derivative in [19] is obtained via the Crank—Nicholson scheme. The
Laplace and Fourier transforms are utilized in [26] for obtaining the fundamental solu-
tion of advection—diffusion equation with the CF derivative. In [27] the authors applied
the CF derivative to the analysis of a rock fracture process. Many other numerical and
analytical techniques for the solutions of different fractional order models can be found
in [28-39] and the references therein. In this work our aim is to approximate linear PDEs
with the CF derivative via the Laplace transform (LT) and local meshless method. The
Laplace transform is coupled with a local meshless method for avoiding the time stepping
procedure. The Laplace transform will help us in obtaining the solution in less computa-
tion time and without time instability. The paper is organized as follows: In Sect. 2 some
basic definitions are given; In Sect. 3 the Laplace transform and contour integration meth-
ods are discussed; Sect. 3.1 shows how to construct the differentiation matrices via a local
meshless method; Sect. 4 discusses the convergence of the method; Sect. 5 discusses the
stability of the method; Sect. 6 contains the numerical tests, where theory and experiment

are compared.

2 Preliminaries
Definition 2.1 The LT of a piecewise continuous function f(¢), ¢ > 0 is defined as

ZIf0)] =76 = /0 ()L, 1)

Definition 2.2 The CF derivative of fractional order « is defined as [17]

§EDIf(E) = —(22[1“_)5;” ) i exp(_‘““-S))d"f(s)

ds, ac(n-1,n), (2)
ds"

l-«

where B(«) denotes the normalization function, satisfying B(0) = B(1) = 1.
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Definition 2.3 If 7 € N, and 0 < o < 1 then the LT of the CF fractional derivative is de-
fined as [2, 24]

() = "£(0) = " 1f/(0) = - - = f(0)

ZSEDrf@)](s) = srall=y) 3)
using 7 = 0 we get

2[5l - 220, @
and for n = 1 we have

sz[gFD(;Hlf(t)] (S) _ Szf(s) —Sf(O) _f,(o) ) (5)

s+a(l—s)

3 Numerical scheme
In order to validate our method let us consider a linear one dimensional partial differential
equation with the CF derivative forg—1<a +n<g:

gFD‘;‘u(x, t) + Lu(x,t) = h(x,t), x€Q,and0<t<T, (6)
the boundary and initial conditions are

3u(x,0)=wx), 1=0,1,2,...,q-1,
and

Bu(x,t) = g(x,t), x€0%Q, (7)

where L is the linear differential operator and B is the boundary operator. Applying the
LT to Eq. (6) and Eq. (7), we have

X[SFD;’””u(x, t) + Lu(x, t)] = .,?[h(x, t)] (8)
and
Bii(x,s) = g(x, ). )

From Eq. (8), we have

s i(x, s) — s"u(x, 0) — " 1u/ (x,0) — - - - — u”*(x, 0)

s+a(l-s) + Lu(x,s) = g(x, ), (10)

on simplification we get

Sn+1 n
|:<7>I+£:|it(x,s) =G(x,s), (11)

s(l-a)+a
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Bii(x,s) = g(x, s), (12)

where é(x,s) is

n n-1,./ n
C;(x,s)z s"u(x,0) + 8" u/(x,0) + - - - + u"(x,0) +2005).

s(l-a)+a

We obtain the solution u(x, t) of (6)—(7) by representing it as an integral along a smooth

curve as

0 +L00 1
u(x, t) = —/ et (x, s)ds = 7 / ei(x,s)ds, o > oy, (13)
o—100 Tl Jr

where oy € R is the convergence abscissa, it is large enough and the contour I' is a suitably
selected line I'y perpendicular to x axis connecting o — 100 and ¢ + t0o. Then in Eq. (13),
u(x,t) is the inverse Laplace of #(x,s), with the condition that the Ty lie to the right of
all the singularities of the transform #(x,s). For our purposes, however, we assume that
u(x,s) may be continued analytically in an appropriate way. We shall want to take for Iy
a deformed contour T in the set E(‘; ={0} U {s #0: |args| < ¢}. The deformed contour
will show asymptotic behavior like the couple of lines in the left half complex plane with
Ims — +o00 and Res — —o0, forcing the factor e to decay in the direction of both ends
of the contour I'. In this work we select I" with the parametric representation of the form

[40]

s(u)=8+&-&sin(0 —pn)), peR, (14)
where

0<9<¢—%, £50, and §>0. (15)

Letting s = x + ty, we notice that Eq. (14) serves as the left part of the hyperbola defined by

x—8—$ 2 y 2_
( £sinf > _(Ecose> =1 (16)

where for Eq. (16) the asymptotes are y = £(x — § — &) cotd, and its x-intercept is s = § +

&(1-sin®). Equation (15) ensures that the contour I lies in Eg =8+ X4 C Xy, and extends
towards the left half complex plane. Using Eq. (14) in Eq. (13) we have

s )= 5 | W ilas()s (0 dn. (17)

The approximation of Eq. (17) can be obtained by employing the trapezoidal rule as

M
o > el s)s,  my=jk s =sw),s; =5 (). (18)
j=—M

ur(x, t) =

The solution u(x, £), can be obtained by solving the system of equations in (11)—(12) in
parallel for the nodes s;. In order to do this we employ the meshless method in local setting
for discretization of the operators £ and 5.
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3.1 Local meshless scheme
For data points {x;}YY, in R?, d > 1 the local meshless approximation of #i(x) is given by

i) = Y Mep(||xi ]

XEQ;

), (19)

where the vector A’ = {)L; }L1 represents the expansion coefficients, ¢(r) is kernel function
and r = ||%; — x;| is the distance between x; and x;. 2; and 2 are local and global domains,
respectively. The local domain €2; includes the center x; and its # neighboring centers

around it. Hence we have N n x n linear systems as

(x}) o(llci —xi 1) dUllxd —xbl) -+ ol =)\ (A
i) | [ eUxs=21l) ¢(Uixh =) oo dlllxy =l | | 4
iu(xl) ol =i 1) pllal = b)) -+ Ulal, =i 1)) \AL
i=1,2,...,N, (20)

which can be written as
i'=d\, 1<i<N, (21)
where @' is called the system matrix having entries of the form & ;= Bl — x]‘ 1), where

x};,xl’j € Q;. Solving the N systems in Eq. (21) we obtain the unknowns A’ = {k; 7, The

differential operator £ can be approximated as

Lix) =Y ML (||xi -+,

ijQ,'

), (22)

Equation (22) can be written as
Li(x;) = A0 v, (23)

where the vectors v and A’ have orders 1 x nand n x 1, respectively. The entries of v are

of the form

i = Lqﬁ(”xi —x;

), X € (24)
solving Eq. (21) and Eq. (23) for A/, we have

Lir(x;) = v"(<l>i)710i -w'll, (25)
where

wi= vi(CI>i)_1, (26)
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hence at each center x; the operator £ can be approximated via a local meshless method
as

Lt =Du, (27)

where Dy is a sparse system matrix obtained via meshless method in local setting ap-

proximating £. We can approximate the operator B in a similar way.

4 Accuracy and convergence

The process of approximating the solution of the problem defined in Eq. (1)-Eq. (3) in-
volves the transformation of the given equation by employing the Laplace transform, no
error occurs in this process. Then we employ the meshless method in a local setting for
solving the transformed problem. The error estimate is O(y ] ), 0 <y <1 (where A is thefill
distance and € is the shape parameter) for the meshless method in the local setting. Finally,
we obtain the solution of the problem via the inverse Laplace transform by representing it
as a Bromwhich integral (17). The integral is then approximated to high accuracy via the
trapezoidal rule. While approximating the integral (17) the convergence rate is dependent
on I'. Also in this process the convergence orders are dependent on the step k and on the
chosen temporal domain (£, T]. For optimal results and best convergence we choose an

optimal temporal domain. A proof of the error is given in the next theorem.

Theorem 1 ([40], Theorem 2.1) Let (6) have solution u(x,t) with iu(x,s) analytic in Eg.
Let ' C @, C 23), and define for b > 0, cosh(b) = (T sin(0))!, where 0 < 19 < T, T = 2

T
O0<n<1.0andlet& = %. Then with k = A%,S @,for}:iq. (18),we have |u(x, £) —ur(x, £)| <
CQe" luoll + 1 Hllgs)prM)e™™, for p= "G50, p = PG, F =217, 7 >0, 70 <t < T,

I(x) = max(1, log(%)), and C = Cy,.4. Hence we have
errorey = |uk(x, t) — u(x, t)| = O(e'“M )
5 Stability of the method
For the stability of the system defined in Eq. (11)-Eq. (12), we write the system in matrix
form given as

Qi =R, (28)

where Qyxy is obtained via a local meshless method. The constant of stability for the

system Eq. (28) is defined as

lall
Se =sup ———, (29)
© o QA
for any discrete norm || - || defined on RN the constant S, is finite. From Eq. (29) we may
write
u
jat < ML g (30)

A — Yo
lQu]|
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Figure 1 (a) The plot of the stability constant S¢ for Example 2, with N=35,n=9, M=70,and & = 0.3321 at
t=1.We see that 1.3008 < S, < 1.3504. It is observed that the upper and lower bounds for the stability
constant are very small numbers, which guarantees that the proposed localized meshless scheme is stable.
(b) The contour of integration

also for the pseudoinverse Q' of Q, we have

Q"B
o'l - e 1281 31
Q7] = ur =g Y
Thus, we have
- N
”QT“Z sup loQuj =su lul =S, (32)

sobo QU Gy QU

From Eq. (30) and Eq. (32) we observe that the constant S, is bounded. Calculation of the
pseudoinverse for the system (28) may be computationally expensive, but it confirms the
stability. For square matrices we can use the MATLAB’s function condest for estimating

Q7| o0, hence we have

_ condest(Q)

T (33)

For our sparse matrix Q this works well in a very short time of computation (Fig.1).

6 Numerical experiments

Here we employ our proposed numerical scheme for the approximations different one di-
mensional linear PDEs. For optimization of the shape parameter we have utilized the un-
certainty principle due to [41]. In our numerical experiments for generating the quadra-
ture nodes the command p = —M : k : M is used, also the multiquadrics (MQ) kernel is
used in all experiments. Other optimal parameters involved for the contour of integration
are 6 = 0.15410, r = 0.13870, n = 0.10, T = ?, 8 =2.0,t€ [t, T] =[0.5,5]. The accuracy of
the method is measured via the L, error given by

Loo = [, ) = 0], = mav (Ju ) = s 0.

Here u(x, t); and u(x, £) are the numerical and exact solutions respectively.
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Table 1 The results are obtained for @ =0.22111,x € [0,1],and t =1

N n M Loo eITOrest e K Ctime(s)
40 5 30 7.55 x 1072 537 x 107 19 1.14 x 10110 0.229707
40 110 x 1073 1.83x 107! 19 1.14 x 10%10 0.327267
50 430 x 1073 6.25 x 1072 19 1.14 x 10710 0488246
60 363 x 107 212 x 1072 19 1.14 x 10%10 0711818
70 2.15%x 107 720 % 1073 19 1.14 x 10110 1416137
80 494 x 107 240 x 107 19 1.14 x 10%10 3252525
20 136 x 107 818 x 107 19 1.14 x 10710 5.078051
60 5 90 484 x 107 818 x 107 29 1.06 x 10%10 9.992066
10 873 x 107 818 x 107 74 1.18 x 10710 7.996995
15 599 x 107 818 x 107 89 1.02 x 10%10 10601678
10 8 20 781 x 107 818 x 107 09 226 x 10710 0.577473
20 297 x 107 818 x 107 20 1.18 x 10%10 1.026700
30 530 x 107 818 x 107 30 147 x 10710 2842371
35 895 x 107 818 x 107 36 1.10 x 10%10 4340015

o
Exact solution
- o

Nummerical Solution

o
o

(a) (b)

Figure 2 (a) Approximate solution for o = 0.22211. (b) Exact solution for & = 0.22211

Example 1 Here we consider a 1-D linear differential equation with the CF derivative [2]

SFD‘t’“lu(x, ) — %xszxu(x, )=0, «x,tac(0,1)whereD,, = 8_; (34)
the initial conditions are
u(x,0) = x, D,u(x,0) = 22 (35)
The boundary conditions are extracted from the exact solution
u(x, £) =x+x2<@>. (36)
l+o

The results obtained for different centers # in local domain €2; and N in global domain €
are given in Table 1 for fractional order o = 0.22211 and various quadrature points. The
condition number «, L, errors, shape parameter ¢, and the error estimates are also given
in Table 1. From Table 1 it is clear that the proposed method gives an acceptable accuracy.
The approximate and exact solutions are plotted in Fig. 2(a) and Fig. 2(b), respectively,
which clearly shows good agreement between them. The contour plot of absolute error is
shown in Fig. 3(a), which shows a high accuracy. The plot of actual error vs error estimate
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Figure 3 (a) The contour plot of absolute error. (b) The actual error vs error estimate

Table 2 The results are obtained for @ =0.3321,x € [0, 1],and t = 1

N n M Loo eITOrest e K Ctime(s)
45 5 30 1.10 x 107 537 x 107! 2.1 134 % 10%10 0.133238
50 530 x 1073 6.25 x 1072 2.1 134 x 10*10 0.296257

70 227 x 107 720 % 1073 2.1 134 % 10%10 0.620503

90 822 %107 818 x 107 2.1 134 x 10*10 3.566523

40 5 20 478 x 107 818 x 107 1.08 1.01 x 10712 2.989985
8 831 x 107 818 x 107 29 1.04 x 10712 3.039480

10 793 x 107 818 x 107 365 1.0 x 10*12 2.642598

35 9 90 110 x 107 818 x 107 288 1.03 x 10712 2187149
40 20 554 x 107 818 x 107 331 1.0 x 10*12 2.800518
50 90 9.07 x 107 818 x 107 416 1.0 x 10*12 4435288

is shown in Fig. 3(b), which shows good agreement between them. From the results we
conclude that the proposed method is effective.

Example 2 Here we consider a non-homogeneous linear differential equation with the CF
derivative [2]:

gFD‘txu(x, t) + xDyu(x, t) + Dyyu(x, t) = 2(t2 +x2 + 1), x,t,a € (0,1). (37)
the initial condition being
u(x,0) = x%, (38)

the boundary conditions can be obtained from the exact solution

o t) = 52 4 20 F (- )a) (39)
l+o

The results obtained for different centers z in local domain €2; and N in global domain
Q are shown in Table 2 with fractional order o = 0.22211 and various quadrature nodes.
From the observations on this table also we conclude that the results obtained using the
proposed numerical scheme are acceptable. The plots of exact and approximate solutions
are given in Fig. 4(a), and Fig. 4(b), respectively. The error functions for different values of
« are shown in Fig. 5(a), we observe that the error decreases as we increase «. In Fig. 5(b)
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Numerical Solution
Exact Soluticn

Figure 4 (a) Numerical solution for o = 0.3321. (b) Exact solution for o = 0.3321
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Figure 5 In (a) absolute errors for different &, the error decreases as we increase «. In (b) the actual error and
error estimate are shown and good agreement is observed

the actual error and error estimates are shown, which shows good agreement between

them.

Example 3 Next the 1-D non-homogeneous diffusion equation with the CF derivative is

considered:
gFD?u(x, t) + Dyyu(x, t) = h(x,t), -1<x<1,0<t<10<a <1. (40)

with the forcing term

3> 6t 6
h(x,t) = sin(27rx)<T —p + B(l - e—Pt))
-«
+ 4n2(t3 + 1) sin(2rrx), where P = 1L. (41)
-«

The problem has the following exact solution:

u(x, t) = sin(2x) (t3 + 1). (42)
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Table 3 The results are obtained fora = 0.3, x € [-1,1],and t = 1

N n M Loo eITOrest e K Ctime(s)
60 10 30 0.1103 0.5373 27 142 x 10112 0.118417
50 630 x 1073 6.25 x 1072 2.7 142 x 10+12 0.325090
70 342 x 107 720 % 1073 27 142 x 10112 1494413
90 867 x 107 818 x 107 2.7 142 x 10+12 5319907
100 853 x 107 276 x 107 2.7 142 x 10712 8300325
10 10 0 0.1088 818 x 107 04 2.26 x 1012 0318351
30 484 % 107 818 x 107 13 1.97 x 10712 0.993061
50 1.64 x 107 818 x 107 22 193 x 10+12 4045085
60 867 x 107 818 x 107 2.7 142 x 10712 5.298335
80 10 100 1.92 x 107 276 x 107 36 152 x 10+12 11975305
15 124 x 107 276 x 107 46 1.14 x 10112 12.048443
20 490 x 10 276 x 107 5.0 1.13 x 10+12 12.145290

Table 4 The results are obtained fora =0.7, x € [-1,1],and t =1

N n M Loo IO g5t & K Ctime(s)
60 10 30 0.1103 537 x 107" 27 142 x 10+12 0.137554
40 210 x 1073 183 x 107 2.7 142 x 10112 0.194359

60 501 x 107 212 %1072 27 142 x 10+12 0.557261

70 103 x 107 240 x 1073 2.7 142 x 10712 3.174273

90 849 x 107 818 x 107 2.7 142 x 10712 5439579

20 15 90 30x% 1073 818 x 107 1.1 128 x 10712 0.522960
40 337 x10™ 818 x 107 22 2.14 x 1012 2770111
60 175 x 107 818 x 107 14 340 x 1012 5318668
70 876 x 107 818 x 107 4 124 x 10712 6.681699
60 5 90 195 x 1074 818 x 107 08 1.20 x 10%12 5343147
9.18 x 107 818 x 107 22 1.00 x 10%12 5416387

10 849 x 107 818 x 107 2.7 142 x 10112 5488575

Exact Solution

Il

Numerical Solution

T,
Wi

Figure 6 (a) Numerical solution. (b) Exact solution

The initial and boundary conditions are extracted from the exact solution. The results
obtained for different nodes n € Q;, N € Q and different quadrature nodes with « = 0.3,
a = 0.7 are shown Table 3 and Table 4. A clear improvement is observed in the accuracy as
we increase the spatial and quadrature nodes. The plots of exact and numerical solutions
are given in Fig. 6(a) and in Fig. 6(b). In Fig. 7(a) the contour plot of the absolute error
is given, which shows a high accuracy of the proposed numerical scheme. In Fig. 7(b) the
plot of the actual error and error estimate is shown, which shows good agreement between

them. The results ensure the convergence, stability, and efficiency of our method.

Page 11 of 15
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Figure 7 (a) The contour plot of absolute error. (b) The actual error vs error estimate

Example 4 The next test problem is the 1-D non-homogeneous diffusion equation with
the CF derivative:

gFD‘t”u(x, t) + Dyyu(x, t) = h(x, t), x,t,0€(0,1). (43)
The initial condition is
u(x,0) = x*(1 - x%), (44)

with the forcing term

1, ,(3* 6t 6 p
h(x,t): l_ax (l—x) (T— E + ’;(l—e t)
- (£ +1)(12¢° - 125 +2), whereP= ——. (45)
Y
The exact solution is
ux,t) = (£ + 1)a*(1 - x)% (46)

The initial and boundary conditions are extracted from the exact solution. The results
obtained for different nodes n € Q;, N € Q and different quadrature nodes with o = 0.7
are given Table 5. The plots of exact and numerical solutions are given in Fig. 8(a) and in
Fig. 8(b). In Fig. 9(a) the contour plot of absolute error is shown, and in Fig. 9(b) the plot
of actual error vs error estimate is shown, which shows good agreement between them.

For this problem also the method produced accurate and stable results.

7 Conclusion

In this work, we have coupled the Laplace transform and a meshless method in a local
setting successfully for the approximation of linear one dimensional partial differential
equations with the CF derivative. The Laplace transform reduced the problem to a time

independent problem and in this way the classical time stepping procedure and hence the
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Table 5 The results are obtained fora =0.7,x € [0,1],and t = 1

N n M Loo IOl est e K Ctime(s)
70 15 30 6.70 x 1073 537 x 107 80 124 x 10712 0.264581
50 382 x 107 6.25 x 1072 80 124 x 10712 0603418
70 1.90 x 107 720 %1073 80 124 x 10712 1.098719
90 538 x 107° 818 x 107 8.0 1.24 x 10712 2220157
30 10 80 206 x 107 240 x 1073 27 1.08 x 10712 0.800305
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Figure 9 (a) The contour plot of absolute error. (b) The actual error vs error estimate

time instability issues were avoided. The local meshless method produced sparse differ-
entiation matrices and the issues of ill conditioning and shape parameter sensitivity were
resolved. We discussed the convergence and stability of the method. Some numerical ex-
periments were performed on one dimensional problems with a CF derivative for different
fractional orders. Numerical results confirmed the stability and high accuracy of the pro-
posed method. The obtained results ensured the efficiency and applicability of the method
for such problems.
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