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Abstract

Based on the predator—prey system with a Holling type functional response function,
a diffusive predator-prey system with digest delay and habitat complexity is
proposed. Firstly, the stability of the equilibrium of diffusion system without delay is
studied. Secondly, under the Neumann boundary conditions, taking time delay as the
bifurcation parameter, by analyzing the eigenvalues of linearized operator of the
system and using the normal form theory and center manifold method of partial
functional differential equations, the effect of time delay on the stability of the system
is studied and the conditions under which Hopf bifurcation occurs are given. In
addition, the calculation formulas of the bifurcation direction and the stability of
bifurcating periodic solutions are derived. Finally, the accuracy of theoretical analysis
results is verified by numerical simulations and the biological explanation is given for
the analysis results.
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1 Introduction

1.1 Development of the population model

In the ecosystem, the functional response function can reflect the optimal feeding behav-
ior of the predator with the maximum energy intake per unit time in order to achieve
the maximum growth capacity of the population. Holling proposed three kinds of differ-
ent functional response functions, later, a Holling IV functional response function was
proposed to describe the interaction between zooplankton and phytoplankton. In addi-
tion, scholars have also intensively studied on predator—prey models with Beddington—
DeAngelis functional response function [1], a ratio-dependent functional response func-
tion [2], the Ivelev functional response function [3] and the Crowley—Martin functional
response function [4].

At the same time, more and more biological effects are applied to the predator—prey
systems when studying the stability of the equilibrium, such as Allee effect [5], prey refuge
effect [6—11], habitat complexity effect [12—14], and harvesting effect [28]. Habitat usually
refers to the area where organisms live, in which the organism can find food, shelter and
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breed. Homogeneous habitat means that the habitat has the same resource level. However,
in fact, the living environment of natural habitats is spatial heterogeneous, and existing
studies have shown that most of habitats have complexity due to heterogeneity [15-17]. A
large number of experimental studies have shown that the complexity of habitats reduces
the meeting rate between predator and prey, thus reduces the predation rate of predators
[18-23]. Therefore, the effect of habitat complexity on the interaction between predator
and prey cannot be ignored. However, the habitat complexity effect reduces the predation
probability of prey, and the prey is not absolutely safe, while prey with refuge effect are
absolutely safe.

In the natural environment, because of the limited resources, the spatial distribution of
the population is heterogeneous, the biology will search for food everywhere in order to
survive, then migration and diffusion will occur. Therefore, considering the heterogeneity
of spatial distribution of the population, the corresponding reaction—diffusion system can
be obtained. Different boundary conditions represent different biological significance in
the study of predator—prey systems with diffusion term. For example, the homogeneous
Neumann boundary condition means that neither prey nor predator can cross the bound-
ary, the homogeneous Dirichlet boundary means that the number of both prey and preda-
tor is zero at the boundary, the homogeneous Robin boundary condition means that prey

or predator can cross the boundary.

1.2 Establishment of the model
In [24], the author introduced habitat complexity into the ordinary differential equation
system with Holling type functional response function and delay. The model is as follows:

— c(1-B)x%y
(t) rx(l - ) l+ch(l —B)x?

_ 1B (=
y(t) = Trch(1= ﬂ)x“(t =) - dy, (1.1)

x(E)=¢()>0,  yE)=v()>0, §e(-1,0],

where x(¢), y(¢), respectively, represents the density of prey population and predator pop-
ulation at time ¢, and the other parameters are all positive. The biological significance is

expressed as follows: r is the intrinsic growth rate of prey population; K is the maximum
environmental capacity of prey population; %

response function, in which, & > 1 and represents a kind of aggregation efficiency, when

represents Holling type functional

a =1, it becomes Holling II type functional response, when « = 2, it becomes Holling III
type functional response; ¢ represents the attack rate of the predator on the prey; / is the
handing time; e (0 < e < 1) is the conversion efficiency; d represents per capita death rate
of predators; 8 (0 < B < 1) represents the intensity of the habitat complexity effect.

Considering that the habitat is heterogeneous, we introduce the diffusion term in
the model (1.1), and obtain the reaction—diffusion system with homogeneous Neumann
boundary conditions, the model is as follows:

a—”:dlAu+m(1— ) - _cl-puty_

ot 1+ch(1-B)u*’
9 ec(1-B)u® (x,t—1)v( x,t 7)
dr =dyAv+ 1+ch(1-B)u® (x,t—7) dv(x, t) (1 2)

Mx(o) t) = Vx(O’ t) =0, L{x(lﬂ,’,t) = Vx(lﬂ,',t) =0, t>0,
u(x,0) = up(x) > 0, v(x,0) =vo(x) >0, xeQ=(0,In).
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Next, we will study the stability of the equilibrium point of the system, give the existence
conditions of Hopf bifurcation, and derive the properties of Hopf bifurcation using the
central manifold theory and normal form method proposed by Hassar [25], Wu [26], Faria
[27], including the direction of Hopf bifurcation and the stability of bifurcating periodic
solutions.

1.3 Existence of the constant equilibria
In order to ensure the biological significance of the model (1.2), we make the following
hypothesis:
(Ho) h<eldand o > 1.
Three equilibria of the system (1.2) can be obtained:

PO = (0’ 0)7 Pl = (I(r O); P = (I/l*, V*)r

S _eru” 1 u*
c(e dh) ( _7>’

u* can be regarded as a function of habitat complexity effect S, let u* = u(8). For conve-

where

nience, denote 8* =1 —

(Hy) B<p™

d . .
Zale—am and make the following assumption:

Theorem 1.1 If(Ho) and (Hy) hold, then the system (1.2) has a unique positive equilibrium
point P* = (u*,v*).

2 Stability analysis of diffusion system without time delay
When 7 =0, the system (1.2) becomes

=d1Au+ ru(l- %) - MM%,

ec(1-B)u“v
=dyAv + Tro(Lpa ~ dv, @.1)

ux(O, t) = v,(0,£) =0, uy(lm,t) = vy(lm,£) =0, >0,
u(x,0) = ug(x) > 0, v(x,0) =1v5(x) >0, xe€Q=(0,Ir).
Define the real-valued Sobolev space
X = {(,v)" |u,v € H*(0, 1), (ths, V) lx-0.x = (0,0)},
and let the complexification of X be
X =X @ iX = {x + ixa|x1, %2 € X}

Let

U = (u,v) € HX(0, 1), D = diag(dh, d>), FB,U) = (F1,F),
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then the system (2.1) can be written in the form of an abstract equation
U(t) = DAU(t) + F(B, U).

We use J(F) to represent the Jacobian matrix of F, then the linearization of the steady state
system corresponding to the system (2.1) at (8,0,0) is

32
L(B)= Da_x2 + J(F)|u=o-

2.1 Stability of positive equilibrium
Let the Jacobian matrix corresponding to system (2.1) at the positive equilibrium point
P* = (u*,v*) be

a) dp
’
as  dq

(1 - Bu*™ d

ﬂz__1+ch(1—ﬁ)u*°‘ T e

u*
as =ar<1— ?)(e—dh), ag =0.

We assume

2
a) — dl 7—2 a)
Ln = }12 ’
as _d21_2

)
E,=-tr(L,) = —ay + (d, + dz)l_zr

n* n?

Fy= Lyl = didy 7y 5

— axas3,
then the characteristic equation of L, is
M +EN+F,=0, (2.2)

the characteristic roots of Eq. (2.2) are

-E, + E,2 - 4F,
w0 = 5 , meNg2{0JUN.

Theorem 2.1 Suppose (Hy) and (Hy) are true, then we can obtain
() If1-Q-5501+ M)“ < B < B*, then the system (2.1) is locally asymptotically
stable at P* = (u*,v*).
(i) fp<1-(1-B8901+ m)a, then the system (2.1) is unstable at P* = (u*,v*).

Page 4 of 24
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2.2 Stability of boundary equilibria
At the equilibrium point Py = (0,0), the corresponding characteristic roots are Ay, =
r—d; ;’—22, gy =—d—d; ';—22 < 0. At the equilibrium point P; = (K, 0), the corresponding char-
acteristic roots are A}, = —r — d; 7—22 <0, A}, = % —d- dg};—zz.
Theorem 2.2 For the system (2.1), the following statements are true.

(i) Py =(0,0) is unstable.

(i) If B > B*, then Py = (K, 0) is locally asymptotically stable; if B < B*, P; = (K, 0) is

unstable.

Theorem 2.3 Suppose (Hy) and (H1) are true, for the system (2.1), if B > B*, then the
equilibrium P, = (K, 0) is globally asymptotically stable.

Proof Under hypotheses (Hp) and (H;), # > 0, v > 0. By the first equation of the system
(2.1),

ou u c(1-B)u*v u
——-diAu=rull-—|-———— <rull-—).
ot K 1+ch(1-B)u* K

Using the comparison principle, we know lim;_, oc maxye[o /=] #(%, t) < K. From the second

equation,
av ec(1 - B)uv
__ p= —~ B
ar 2 1+ch(l-B)u*

~ v( ec(1-p) d)
- 1/u* +ch(1 - B)

ec(1-p)
= V<1/1<a +ch(1-B) _d> <0

we can obtain % —dv < 0. Therefore, for any ¢ > 0, there exist T > 0, v(x,£) < € so
that

u u c(1-B)u®v

P p (1) OB

ot K 1+ch(l-B)u*

> u[r(l - %) —c(1- ﬂ)u"‘ls]
u a—1
zul:r(l—E) —¢(1-B)K 8i|.

Applying the comparison principle again, we have u(x,t) > K(1 - w)’ t>T,x €
[0, ], so limy_, oo MaXye[o i) U(, t) = K. That is, the equilibrium point P; = (K, 0) is glob-
ally asymptotically stable. O

3 Hopf bifurcation property analysis of time-delay system
When 7 # 0, we will study the time-delay effect on dynamic properties of the diffusion
system (1.2).
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3.1 Existence of Hopf bifurcation induced by time delay

Assuming that (Ho) and (H;) are true, the system (1.2) has a unique positive equilibrium
P* = (u*,v*). For convenience, we make transformations % = u — u*, ¥ = v — v* to move P*
to the origin. We still use u, v to represent , ¥, and then the system (1.2) becomes

du _ * c(1-B)(u+u*)* (v+v*)
5t =diAu+r(u+ur)(1- ) - Trch(L—B)(usu®)®

% _ dzAV+ ec(1-B)[u(x,t—1)+u*]% [v(x,t—1) +v*¥] —d(V+ V*),

1+ch(1-B)[u(xt—7)+u*]” (31)
1,(0,2) = 1,(0,¢) =0, uy(lm,t) =vy(lm,t) =0, ¢>0,
u(x,0) = up(x) >0, v(x,0) =19(x) >0, xe€Q=(0,In).
Let
uy(t) = u(-, t), uy(t) = v(-, ), U = (uy,u)7, X =C([0,Ir],R?),
in phase space C; = C([-7,0],X), (3.1) can be abstracted as
Ut) =DAU®) + L(U,) + F(U,), (3.2)
where ¢ = (¢1, qbz)T, D =diag(dy,d,).L:C, — X, F:C, — X are defined as follows:
a;  ay\ [($1(0) 0 0\ [é(-7) Fi(9)
L(g) = , F(¢p) = ,
@ ( 0 —d) (@(0)) * (cl d) (@(—r)) @) (5(@)
with
_ . $100) +u*\ (1= B)(¢1(0) + u*)* (¢2(0) +v*)
)= (oo ) (1- 2 ) - e sy
- a191(0) — a2¢2(0),
_ec(1=B)(p1(=7) + u*)* (¢a(~17) + V") .
F(¢) = T+ ch(l— B) (1) + )" —d($2(0) + v*) + d»(0)
—c1¢1(=7) — dg(-7),
( 2ru* ) ( dh) ( ru* ) d
ar=\r- +oall-—)|7r- , a)=-—,
K e K e
= ar(l - L;—;)(e —dh).
The linearized equation of (3.1) at the origin is
U(t) = DAU(t) + L(Uy), (3.3)

where

a) ar 0 0
L(Uy) =L U+ LUy, L= ,Ly = .
P 0 P
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It is well known that the eigenvalue of —¢” = ug, x € (0,Ir), ¢'(0) = ¢'(Ir) =0 is u, =
n?/12,n € Ny, the characteristic function is ¢, = cos “I, n € Ny, A is the eigenvalue of (3.3).
Substituting y = > 00 (5.

Y2n

- d n n n
ay iM iz J1 - )1 . neN,,
cie™®  —d+de*" —dypuy ) \yan Yon

the corresponding characteristic equation is

) cos “ into Ay —dAy — L(ey) = 0, we can obtain

det(A + puyD — L1 —Lre*") =0, neNy.
It is equivalent to
fiT) =22+ A0+ B, +Ce" =0, (3.4)

where

Ay =(d+dr)py — a1 +d,
B, = dydyji, — (ardy — ddy)ju, — and,

Cn = ald —asC — ddlll,n —d.

Make the assumptions:
(Ha) a1 <0,
(H3) ascq —2a1d <0,
(Hy) ascy —2a1d > 0.

We have the following lemmas.

Lemma 3.1 If (Ho)—(Hy) are true, the following conclusions can be drawn.
(i) When t =0, all the characteristic roots of Eq. (3.4) have negative real parts, and the
system (3.1) is locally asymptotically stable at the positive equilibrium point
P = (u*,v*);

(i) A =0 is not the root of Eq. (3.4).

Lemma 3.2 Assume (Ho)—(Hy) are true, we have the following conclusions.
(i) If (H3) holds, when n > Nu, Eq. (3.4) has no pure imaginary roots. When 0 < n < Nj,
Eq. (3.4) has a pair of pure imaginary roots +iw} at T =1,

(ii) If (Ha) holds, Eq. (3.4) has no pure imaginary roots.

We have

[N] represents rounding N,

Page 7 of 24
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where

N 1
N = l\/2d1d2 [(ﬂldg — 2dd1) + \/(ﬂldg — 2dd1)2 — 4d1d2(6lz€1 - 2ﬂ1d)],

1 (D, +dA,)(@})* -D,B, 2n
C +

W, D, +d*(w})? wy

, jENo.

Proof We seek the critical value of T which makes for the characteristic equation (3.4) exist
a pair of pure imaginary roots. Let A = iw (w > 0) be the root of (3.4), and for some n € Ny,
w satisfies —w? + iwA, + B, + [(a1 — d1j1, — iw)d — ayc1](coswT — isinwt) = 0. Separate the

real part and the imaginary part,

(a1d — ddi i, — asc1) cos wT — dwsinwt = w? — By,

(ar1d —ddy v, — arcy) sinwt + dwcoswt = A,w. (35
Let D, = a;d — ddyj1,, — axc1, then we have
o*+(A,* - 2B, - d*)o* + B,> - D,” = 0. (3.6)
Let z = w?, then (3.6) can be rewritten as
2 +(A,>-2B,-d*)z+B,>-D,*=0, (3.7)

where

Anz - ZB,,, - d2 = (d12 + dzz)un2 - Zﬂldlﬂnz + ﬂlz + dezﬂn > O,
Bn + Dn = d1dzl/~n2 - ﬂleMn —dasCy > 0,
B, - D, = didaji,” — (ardy — 2ddy) 1, — 2a1d + azcr,
under hypothesis (Hz), when0 < n < Ny, B,-D,, <0, B,>~D,* < 0;when#n > Ny,B,-D,, >

0, B,> - D,* > 0. If hypothesis (Hy) holds, B, — D,, >0, B,> = D> > 0 for n € Ny.
In summary, the conclusions are true. The roots of Eq. (3.7) are

Z:t

_(A”2 - ZBn - d2) :t \/(An2 - an - d2)2 - 4‘(3712 - Dnz)
= 5 .

Thus Eq. (3.7) has one positive root z;,. If all parameter values of the system (3.1) are given,
the roots of Eq. (3.6) can be easily calculated, and o} = /z}. O

Lemma 3.3 Ifhypothesis (Hy) is true, then oz’(rff) = %|r:r{f >0.
Proof Taking the derivative of Eq. (3.4) with respect to t, we can obtain

(dk)"l 20+ A, —de? 1

dr AC et A
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then

ol Re d -1
S1en —_—
& dr T=IQ+

. W+A,—de?™ 1
=signjRel ————— -~
AC,eT Ny -

20%(w* - By) + A2 w?* — d*w? }

= sign
d’w* + D, w?

202 —2B, + A, — d* }

= sign
d’w? + D,

= sign

O

J@,2 2B, - 4B, - D)
d>w? + D, } >0

Let A(t) = a(7) + iB(7) be the root of Eq. (3.4) when 7 is sufficiently close to r,’f 0<m<
N1), which satisfies a(t£'+) =0, ﬁ(tf,’+) = w}, j € Ny. According to the Rouche theorem, as
7 changes from a value less than rff to a value greater than tff, the characteristic root of
(3.4) transverses the imaginary axis. Therefore, when 7 = T£'+, the system (3.1) satisfies the
condition for a Hopf bifurcation to occur.

Obviously, 10 = minjeNo{tf,’+}, denote ¥ = ming<,<n, {1}, we have the following theo-

rem.

Theorem 3.1 Assume that (Hg)—(Hy) are true, if (H3) (0 < n < N) is also satisfied, we
have the following conclusions for the system (3.1).
(i) When t €[0,10), the equilibrium P* = (u*,v*) is locally asymptotically stable.
(i) When t > 12, the equilibrium P* = (u*,v*) is unstable.
(i) Whent = té’+,j € No, Hopf bifurcation occurs at the equilibrium P* = (u*,v*) and
the bifurcating periodic solutions are homogeneous; When
T€E {tffr : df AT, m#n0<mn<Nyji€c No}/{rg’+|k € Ny}, the system
undergoes Hopf bifurcation at P* = (u*,v*) and the bifurcating periodic solutions are

inhomogeneous.

3.2 Direction and periodic solutions of Hopf bifurcation
In this section, we shall study the direction of Hopf bifurcation and the stability of bifur-

cating periodic solutions. For fixed j € Ny and 0 < n < N;, we denote T = o w, = ;,and

let &(x, £) = u(x, tt) — u* and ¥(x, £) = v(x, t£) — v*. For convenience, we drop the tilde, then

the system (1.2) can be transformed into

du _ * c(1-B) (u+u™*)* (v+v*)
ﬁ—T[dlAM+V(u+u*)(l—%)—W], (38)

v _ ec(1-B)[u(t=1)+u*1* [v(t=1)+v*]
3 = Tl Av+ = e~ — 4+ vl

forx € (0,lm), and ¢ > 0. Let

T=T+ U, u1(t) = u(-, t), wy(®) =v(-,¢) and U= (uy,u)7.
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Then (3.8) can be rewritten in an abstract form in the phase space C; := C([-1,0], X)

d;[_;t) = TDAU(t) + Lz (Uy) + F(Uy, 1), (3.9)

in which

@161(0) + a2(0) ) (3.10)
) .

—d1(0) + c1¢1(=1) + dp (-1

E(p, i) = uDA + L, (@) +f(, 1), (3.11)

Lu(¢) =K (

with

F@) = ( + ) (Fi (@, 1), Fa(¢ )"

_$1(0) + M*> (1= B)(@1(0) + u*)*(42(0) + v*)
k 1+ ch(1 - B)(¢p1(0) + 2*)*

Fi(¢, 1) = r(1(0) + u*)<1

—a1$1(0) — a2¢,(0),

el - B)(@1(=1) + u*)*($2(-1) + )
B ) = A B D) + )

—c1¢1(-1) —dg(-1),

—d($2(0) + V") + dp2(0)

respectively, for ¢ = (¢1,$,)” € C,. Consider the linearized equation

e EIDAU®) + L (UL,). (3.12)

According to the results in Sect. 3.1, +iw, are eigenvalues of the system (3.12) and the
linearized functional differential equation is

dz(t)

2
..n
e —rDl—Zz(t) + L (z). (3.13)

By the Riesz representation theorem, there exists a 2 x 2 matrix function n"(o,7), -1 <
o <0, whose elements are bounded variation functions such that

2 0
D p(0) + Le(#) - / dn"(, 1) (o)
-1

for ¢ € C([-1,0],R?).

We select
TE, o=0,
n"(o,7) =40, o €(~1,0), (3.14)
-tF, o=-1,
in which

0 0
) i

2
' ar—di’z a L), r
0 -d-d
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Denote by A(7) the infinitesimal generators of semigroup included by the solutions of
Eq. (3.13) and let A* be the formal adjoint of A(7) under the bilinear paring

0 o
(¥, ¢) = w(O)rb(O)—/1 ) 01//(5 —-0)dn"(o,7)p(&)dE
T (3.16)

0
G (O)$(0) + 7 / e+ DPOE)

for ¢, € C([-1,0],R?). A(7) and A* both have a pair of simple purely imaginary eigen-
values +iw,T. Let P and P* be the center subspace, i.e., the generalized eigenspace of
A(T) and A* connected with A,, respectively. Then P* is the adjoint space of P, and
dimP = dimP* = 2.

We can verify that p;(9) = (1,&)Te"* (o € [-1,0]), pa(0) = p1(0) is a basis of A(7) with
A, and g, (r) = (1, n)e”™ %" (r € [0,1]), q2(r) = q1(r) is a basis of A* with A, where

. 2 . 2
zwn—al+d1’lq—2 —lw,,—a1+d1’;—2

é = ) n= iwonT
as Clelwy,r

Let ® = (®;, ®,) and ¥* = (U5, ¥;)T with

p1(0) +pa(0) cos(w,to)
cI>1(0') = = — d ﬁ ’
2 art 1[2 ~ On o ~
——L cosw,To — L sinw,To
ar ap
p1(0) = pa(o) sin(e,70)
q>2(01) = . = —a1+d. n? ’
2i Oy ~ ajtay 2 . ~
n cosw,To + sinw,To
a
cos(w,Tr)
r)+qo(r "
WE(r) = q1(r) + q2(r) . ,
2 1+ 1,2 ~ Oy o ~
— - cos w,T(r+1) - o sinw, T(r + 1)
M — ao(r —sin(w, Tr)
Wi () = q1( )2’612( ) _ ) it ) ,
! —‘;’—fcoswnt(r+1)— E sinw,T(r+1)

1

for 0 € [-1,0], and r € [0, 1]. According to (3.16), we can calculate

Di:= (¥, @),  Dj:=(V],®;),  Di:=(¥,®1), Dj:=(V;, o).

DiD;

Define (W*, ®) = (U*, d;) = (D*D*) and construct a basis ¥ of P* by
374

W= (W), Uy)T = (W5, @) 1w,

then (¥, ®) = L.

Furthermore, we define f, := (81, 82) with

gl - cos 7x ’ g2 - 0 ,
" 0 " \cosfx

Page 11 of 24
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and
_ . al 2 _ T
c-fu=ap, +cp; forc=(c,c) €C;.

Thus the center subspace of the linear equation (3.12) is given by PcyC, @ PsC, and PsC,
is the complement subspace of PcyC; in C;,

I I
1 _ 1 _
<U,V>i= — uvidx + — U Vg dx
I 0 In 0

for u = (ub uZ): V= (Vl’ VZ); u,ve X and ((pb)_ﬁ)) = ((d’rﬁ)l)’ ((brﬁ)z))T'
Let A; be the infinitesimal generator of an analytic semigroup induced by the linear
system (3.12), and Eq. (3.8) can be rewritten as

du(t
¢ =A;U; + R(Uy, ), (3.17)
dt
where
0, 0 € [-1,0),
R(U,, 1) = (3.18)
F(Ut’ //L)r 0 =0.

By the decomposition of C;, the solution above can be written as

U =o (’“) fo 4 20, 10),

X2

where

(’“) = (W, (U f)

X2
and
h(x1, %9, 1) € PsCy, h(0,0,0) =0, Dh(0,0,0) =0.

Specially, the solution of (3.9) on the center manifold is given by

U= o (D) £+ o, 10,0). (3.19)
x2(t)

Let z = x; — ix, and because p; = ®; + iP,, we have

N <xl)ﬁl = (qDIrq)Z) <I(ZT_Z)>ﬁI = l(plz"'lﬁ)f;l
X = 2

2

and

z2+2z i(z—-z
h(xl;xZ;O):h(T; ( 5 ),0).
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Therefore, Eq. (3.19) can be transformed into

U, = l(plz + p12)fy +h<z+2 —i(z—E),O)

2 27 2
X (3.20)
= E(plz + p12)fy + W(z,2),
in which
W(Z,E) = h izl l(Z_Z);O )
2 2
z satisfies
z=liw,Tz + g(z,2), (3.21)
where
g(z,2) = (‘1’1(0) - i‘Pz(O))<F(UmO),fn>. (3.22)
Let
z? z
W(Z,z) = Wzo; + WHZE + Wozg +--, (323)
z? z
g(z,2) =807 + 81122 T (3.24)
from Egs. (3.20) and (3.23), we have
1 = nax OmZ WD ores . w02
1, (0) = E(Z+Z) cos T + Wy (0)5 + Wi (0)zz + W, (0)5 +oee,
- nix O0Z + w01+ WD) Z
v:(0) = E(Sz+é‘z) cos{ ) + Woo (O)E + W7 (0)zz + W, (O)E T
L iont | = iont nx W 1 Z w1y
u(-1) = 5(ze "T +Ze'"T) cos 7 )t Woo (—1)5 + Wy (-1)zz
-
+ W(g)(—l)z— oo,
2
Lo iont , s iont nx O % @ -
ve(=1) = E(éze "T + Ez€'"T) cos 7 )+ Wao (—1)3 + Wi (-1)zz
=2
+ Wéé)(—l)z— oo,
2
and
_ 11, 1,
F1(U,0) = §F1 = 5o (0) + cra2(0)v(0) + 2%Vt ) +---, (3.25)
- 11, 1,
Fy(U;,0) = —F = - prug (-1) + Baue (1) v (=1) + = B3v; (~1)
T 2 2 (3.26)

BT (0) + 2 B 0) + -,
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with
2r  ac(l- ﬂ)u*“—z[a —1—(a+1)ch(1 - B)u**v*
NET T ’
1 k [1 + Ch(l — ,3)14*0’]3
otc(l _ ﬁ)u*a—l o
o2 == ) o3 =0,
2 [1+Ch(1_ﬂ)u*a]2 3
_aec(l - B o —1— (o + 1)ch(1 - B)u**]v*
t [1+ch(1 - B)u**]3 )
adr(l - % .
z_c(l—ﬁ)u*av*’ B3 =Pa=Ps=0.
Therefore,
— nx Z2 B 22_
F(U;,0) = 0032(7) (_X20 + 22 + _Xzo)
2 2
2_ —
* % cos % [Wﬁ)(o)(al +Eay) + W0y + W (0) L fa (397)
+ ng)(o%} P
— nx Z2 B 22_
Fy(Uy,0) = 0032(7) (—gzo +2Zcn + —§zo)
2 2
2’z nx B
toeos T [Wf})(—l)(e‘”‘””ﬁl +&p2)
(3.28)
1 .- 1_ N
1 iTwy (2)
+§e Wy DB |+,
2 Y/
<F(ut)0)yf;«1> = Z—f X20 I +2zzT A11 r+ Z—‘E 520 r
2 \s S11 2 \Sy
(3.29)
Zzz - [ K1
+ —7 +eee,
2 Ky

with
r= 1 lncos?’ ") a
“Ix ), 1)
1 _

Ky = |:(oz1 +Ear) W(0) + a0, W2(0) + S+ Eay) WD (0)

1 1 [l nx

+ Eale(g)(O):| o /0 cos? (7> dx,

—iTw 1 1 iTw, 1 1

Ky = (e "B + 5,32) Wll(_l) + Ee "B1 + 55,32 Wzo(_l)

-~ 1 . 1 I
e Ton B W2 (0) + e B W2 (0) | — f cos2(—”x> dx,
2 lT[ 0 l

Page 14 of 24
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and

1 1 _

X20 = 1(0!1 +280), X1 = Z(al +(E+ &),

— 1 = 1 —2iTw,

K20 = 1(0‘1 +2£a2), Sw= € "(B1 +2£B2), (3.30)
L+ SEBy+ By Tao = ~eXTOn(By + 26 )

=B+ —EPy+ —EBy, = _e¥ton(g) 4+ )
S11 1 1 4 2 1 2 S20 43 1 2
Denote

W1(0) = iW2(0) := (y1, y2)-

and because

1 I
l_/ coss<?>dx=0, nel,
T Jo

we can obtain

(¥1(0) - iW5(0))(F (U, 0), )

22

2
z o - _ s
= 5(7/1)(20 +12620)1'T +2Z(y1 x11 + ¥261)'T + 5(?1)(20 + 12650’ T (3.31)

2’7 .

+ 77[V1K1 + Yok + -,

then, by (3.23), (3.24) and (3.31), we get gy0 = g11 = o2 = 0, for n € N. When n =0, gy =
V1T X20 + V2T 620, 811 = V1T X11 + V2T G11, o2 = V1T X290 + V2T So9- When n € Ny, go1 = T(y1k1 +
Yaka).

Next, we shall compute Wo(6) and W11(0) (0 € [-1,0]) to get g»1. We have

W(z,E) = WgoZé + Wuéz + Wuzz + Wozﬁ +ey,

2 -
z z
AfW(Z,Z) :A{- W20? +Af W11Z2+Af WOZE +oeee,
and W(z,z) satisfies

W(z,2) = A: W + H(z,2),

where
2 —2

_ z — z
H(z,z) = Hyo— + Wiizz+ Hpp— + - -+
2 2 (3.32)

= XoF(U;,0) - CD(‘I’,(XOF(UnO),ﬁ,) fn)
Hence, we can obtain

(2iw, T — Az) Woo = Hyyp, -A; W11 = Hyy, (—2iw,T — A7) Woo = Hp, (3.33)

Page 15 of 24
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that is,
Wao = (2,7 —Az) " Hay, Wi = -AZ"Hyy, Woz = (—2iw, 7 —Az) " Hpy. (3.34)
By (3.31), we obtain, for 6 € [-1,0),

H(z,2) = —~®(0)W (0)(F(Uy, 0),f,) - £

) _(me) +p2(6) p1(6) —Pz(e)) (cbl(O)
2i

=5 [P O (@10~ ,(0)) + p2(0)(®1(0) + 00 [[FW, 005 Sy

2
- _% [(Pl(e)gzo +P2(9)§02)% + (21O +p2(0)2,,) 72

)
+ (P1(6)go2 + p2(0)250) ZE]

+ ..

According to (3.32), for 6 € [-1,0),

0, nel,
Hy(0) = . B

—5(1(0)g20 + p2(0)ggy) - foo n=0,

0; ne N,
Hy1(6) = . B

—3(P10)g11 + p2(0)g11) - fo, n=0,

0, nel,
Hy(0) = . B

—5(1(0)g02 + p2(0)go) - foo n=0,

and

H(z,2)(0) = F(Uy,0) - ®(V, (F(U,0),f,)) - fo»

where
X20 2(nx
cos“ (), neN,
Hyo(0) = (izz?))
(§20) 2(p1(0)g20 +p2(0)ggy) - fo, n=0,
(3.35)
X11 co neN
()= § ) oo )
(5‘11) 2 (O)gll +172(0 g11) ﬁ); n=0.

By the definition of A; and (3.33), for —1 <6 <0, we have

Wi = Az Who = 2iw, T Wag + = (P1(9)g20 +p2(0)g02) S
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That is,
i g . -~
Wgo(@) = — g20101(9) + gﬂpz(@) ﬁq +E162la)nt0’
2w,T 3

in which

Wa0(0), neN,
Wao(0) = 5= (¢20p1(0) + %p2(60)) - fo, =0

Also using the definition of A; and (3.33), for -1 <0 <0, we have

—<g20p1(0) + ‘%pz(o)) Jo + 2iw,TE, — A; (; (gzopl(o) + g—?(jzpz(o)) 'fO)

2w,T
i g o
—AzEr - Ls (— <g20p1(0) + @p2(0)> S+ Elez"*’"”)

2w,T 3

_: (XZO) ) %(pl(o)gzo +2(0202) - fo-

G20

According to

A:p1(0) + Lz (p1 - fo) = iwop1(0) - fo

and

Azp2(0) + Lz (p2 - fo) = —icwop2(0) - fo,

we can obtain

iw,Ey — A:Ey — L:Eye?n = 7 [ X2 cos2<@), neN,.
G20 l

That is,

E =%E X20 0052<E),
G20 l

in which

. 2 -1
E- 2iw,T +d1’l’—2—a1 —dy
= - s - 2 i = .
—cq e 2ot 2iw,T +dy "y +d —de 2iwnt

Similarly, from (3.34), we can obtain

. i
-Whn =

Yo (210)gn +p2(0)3y,) f» -1<6<0.
n
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That is,

i

Wi (0) = (P1(0)g11 —p1(0)g11) + Ea.

2w,T

Similar to the procedure of computing W5, we have

E, =7TE* X cosz(ﬁ),
S11 l

where

n* -1
E* = dl Z ay —6122 ]
—C1 dy 7;—2
Thus, the following quantities which determine the direction and the stability of bifurcat-
ing periodic solutions can be obtained:

. 2 R 0
€1(0) = 57 @ogu —2en* — $45) + Jgn, o = - AL, (3.36)
n .

Ty =~ [Im(c1(0)) + o Im(/ ()], Ba = 2Re(c1(0).

Theorem 3.2 For any critical value rff, we have
(i) If na >0 (2 <0), then Hopf bifurcation is forward (backward), that is, the
bifurcating periodic solutions exists for T > o (<t
(i) If B2 <0 (By > 0), then the bifurcating periodic solutions are orbitally asymptotically
stable (unstable).

(iii) If To > 0 (T3 < 0), then the period increases (decreases).

4 Numerical simulation
In model (2.1), if B = 0, i.e., the habitat complexity effect is 0, it means that all prey may be
caught by the predator. When § — 1, it means that only little of preys can be caught, i.e.,
most prey are protected.

1. Stability of the system without delay.

In the system (2.1), select the parameters as

r=0.9, K =300, c=0.46, e=0.58,

h =0.053, d=0.6, a=1.

At P* = (u*,v*), when 0 < B < 0.467, the system (2.1) is unstable, when 0.467 < 8 < 0.834,
the system is locally asymptotically stable. Fix g = 0.5, by calculation, P* = (u*,v*) =
(99.568,5.787) (see Figs. 1-4).

2. Stability of the system with delay.

(1) For the system (2.1), let o = 1, we choose other parameters:

di=1, dy =0.5, r=2.65, K =300, ¢=0.23,
e=0.115, h =0.054, d=1.16.
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u(x,t) v(x,t)

Figure1 8 =05,d, =1,d, =03 and the initial condition is (99.568,5.787). P* = (u*,v*) is locally
asymptotically stable

u(x.t) v(x.t)

300
250
200
150
100

50 -

0
600

Figure2 =09, d; =1,d, =03 and the initial condition is (10,40). P; = (300,0) shows global asymptotic
stability

u(x,t) v(x,t)

Figure3 B =03,d; =1,d, =03 and the initial condition is (99.568,5.787). The system produces periodic
solutions

By Theorem 2.1, we know that when 0 < 8 < 0.0895, the equilibrium P* = (u*,v*) is un-
stable; when 0.0895 < B < * = 0.6789, the equilibrium P* = (u*,v*) is locally asymptot-
ically stable. We choose B = 0.18, by direct computation, P* = (u*,v*) = (117.47,18.78),
7d A 0.2236. By the theorem, when t € (0,7]], the equilibrium P* = (u*,v*) is locally
asymptotically stable. When 7 crosses ¢, the equilibrium P* = (u*,v*) loses stability and

a Hopf bifurcation occurs (see Figs. 5-7).
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u(x) v(x.t)

Figure 4 d; =0.6888, d, =0.16, B = 0.213 and the initial condition is (62.23,4.219). The system produces
periodic solutions

u(x,t)

Figure6 7 =03> r(? and the initial condition is (117.47,18.78). The system produces periodic solutions

(2) For the system (2.1), let o = 2, we choose the other parameters:

di=1, dy =0.5, r=3.3, K =500, ¢ =0.045,

e=01, h=0.05, d =1.06.

By Theorem 2.1, we know that when 0 < 8 < 0.3743, the equilibrium P* = (u*, v*) is un-
stable; when 0.3743 < 8 < 8* = 0.998, the equilibrium P* = (&*,v*) is locally asymptot-
ically stable. We choose 8 = 0.7, by direct computation, P* = (u*,v*) = (40.87,11.68),
7 A 2.1563. By the theorem, when t € (0,7)], the equilibrium P* = (u*,v*) is locally
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Figure7 7 =0.15, B = 0.06 and the initial condition is (117.47,18.78). The system produces periodic solutions

50 S 2
0

Figure9 t=22> rg and the initial condition is (40.87,11.68). The system produces periodic solutions

asymptotically stable. When 7 crosses ¢, the equilibrium P* = (u*,v*) loses stability and
a Hopf bifurcation occurs (see Figs. 8-10).
(3) In the system (2.1), let « = 3, we choose other parameters:

di=1, dr =0.5, r=2.65, K =30, c=0.24,
e=0.07, h =0.054, d=1.16.
By Theorem 2.1, we know that when 0 < 8 < 0.6376, the equilibrium P* = (u*, v*) is unsta-

ble; when 0.6376 < 8 < B* = 0.9757, the equilibrium P* = (u*,v*) is locally asymptotically
stable. We choose 8 = 0.8, by direct computation, P* = (u*, v*) = (12.71,1.17), rg = 3.8624.
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Figure 10 7 =2, 8 =0.16 and the initial condition is (40.87,11.68). The system produces periodic solutions

200 el o 4
100 B
—
0 X

e 2

t 0 o

Figure12 7=39> Tg and the initial condition is (12.71,1.17). The system produces periodic solutions

u(x.t)

vix.t)

Figure 13 t =39, B =068 and the initial condition is (12.71,1.17). P* = (u*,v*) is locally asymptotically stable
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By the theorem, when 7 € (0, 7], the equilibrium P* = (u*, v*) is locally asymptotically sta-
ble. When 7 crosses 7¢, the equilibrium P* = (u*, v*) loses stability and a Hopf bifurcation

occurs (see Figs. 11-13).

5 Biological significance

From the biological standpoint, when the intensity of habitat complexity effect is higher,
the magnitude of the predator population will decrease with the increase of habitat com-
plexity effect. This is due to a lower predation rate causing predators to starve to death
because of lacking sufficient food. However, when the intensity of habitat complexity ef-
fect is relatively low, the population equilibrium density of the predator will increase with
the increase of habitat complexity effect, because when the habitat complexity effect is
lower, the predator still has not enough food to survive continuously.

The existence of equilibrium Py = (0,0) means the extinction of predator and prey pop-
ulations. This is so because, when the intensity of habitat complexity effect is lower, the
prey are quickly eaten by the predator, leading to a sharp reduction in the number of prey
to extinction, and finally the predators are extinct without food.

The existence of equilibrium P; = (K, 0) means the extinction of predators, which means
that when the intensity of habitat complexity effect is higher, the predators cannot get
food, the mortality rate of predators is higher than the growth rate, and the predators
eventually die. The prey are absolutely safe and the number of prey eventually stabilizes at
the maximum carrying capacity of the environment. Compared with the refuge effect, it
is not difficult to find that they have the same effect on the equilibrium density of predator
and prey populations. However, the difference is that the habitat complexity effect reduces
the predation rate by reducing the meeting rate between predator and prey, prey are not
absolutely safe. Under the refuge effect, prey are perfectly safe.

The stability of coexistence equilibrium P* = (#*,v*) means that the system may have
spatially homogeneous or inhomogeneous periodic solutions due to the existence of a dif-
fusion term and time delay. That is to say, if the intensity of habitat complexity effect is
higher, the predator’s ability is higher and there is a short digestion delay, then the preda-
tor and prey can coexist in time and space, and the population quantity will remain near
the stable value. When the digest delay is close to the Hopf bifurcation value, the system
may have stable periodic solutions. In this case, predators and preys can coexist, but the

population quantity may show stable periodic solutions.
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