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Abstract

In this paper, we study classes of linear and nonlinear multi-term fractional differential
equations involving a fractional derivative with generalized Mittag-Leffler kernel.
Estimates of fractional derivatives at extreme points are first obtained and then
implemented to derive new comparison principles for related linear equations. These
comparison principles are used to analyze the solutions of the linear multi-term
equations, where norm estimates of solutions, uniqueness and several comparison
results are established. For the nonlinear problem, we apply the Banach fixed point
theorem to establish the existence of a unique solution.
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1 Introduction

Several types of fractional derivatives have been introduced using different approaches.
Recently, new types of fractional derivatives with nonsingular kernel have been developed
and implemented in several applications; see [13, 14, 16, 29]. Abdeljawad and Baleanu [2]
have developed a new type of fractional derivative with generalized Mittag-Leffler ker-
nel that admits singular and nonsingular kernels based on some parameters. Fernandez
et al. [17, 18] related the derivative to Prabhakar operators and expressed it in a series
of Riemann-Liouville operators. The derivative has been implemented in mathematical
modeling and there are few analytical and numerical studies [1, 17, 18] devoted to this
aspect. On the other hand, very recent work about the application of fixed point theory
to integral equations, produced under the presence of different fractional operators, has
been published [4-6, 12, 20]. This will be a motivation to a part of our recent work de-
voted to the nonlinear fractional case. For recent analysis techniques in ordinary, partial
and fractional differential equations where Mittag-Leffler functions and their particular
version the exponential functions we refer to [11, 15, 19, 21-24, 27]. For a generalized
type of weighted fractional differences where the discrete Mittag-Leffler function plays an
important role we refer to [3].
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Definition 1.1 The left Caputo fractional derivative with generalized Mittag-Leffler ker-
nel is defined by

ABC B
("o o=, |

(t -5 Eop [—sa(t—s)"‘lf’(s) ds, (1.1)
where B(«) > 0 is a normalization function satisfying B(0) = B(1) = 1, &4 = 1,0 <a < 1,
and E, g is the Mittag-Leffler function of two parameters defined by

Ea,ﬂ(x) = ; m

For § > 1, the kernel k(¢) = tﬂ‘lEa,f;(—aa t¥) is nonsingular, and for 8 = 1, we have the
Atangana—Baleanu derivative. Here we are interested in the case of singular kernel, that
is, 0 < B < 1. For more details about the derivatives we refer the reader to [1, 2, 17, 18]. In
this paper we consider the multi-term linear and nonlinear equations of the form

d

ai d_:; +ayBCoD"Py + q(t)v = h(t), t>0, (1.2)
dv | L ABC pap,

a, ’7 +ay*"~oD*Pv=h(t,v), t>0, (1.3)

where 0 < &, 8 < 1,a1,a; > O,a% + a% > 0. For a; = 0, and 4; > 0, the above two equa-
tions reduce to first order linear and nonlinear differential equations and the theory of
such equations is well-developed. So, we are interested here in a; > 0. Recently, several
maximum-minimum principles were derived and implemented to study fractional differ-
ential equations [7-10, 25]. In this paper we extend the maximum principles techniques
to analyze the solutions of problems (1.2)—(1.3).

We organize this paper as follows: In Sect. 2, we derive new estimates of the fractional
derivative of a function at its extreme points. In Sect. 3, we develop new comparison prin-
ciples and analyze the solutions of the linear multi-term equation. In Sect. 4, we establish
existence and uniqueness results to the nonlinear multi-term equation via the Banach
fixed point theorem. We close with some conclusions in Sect. 5.

2 Estimates of the fractional derivatives at the extreme points
The following results concerning the Mittag-Leffler function are essential to proceed.

Lemma 2.1 [26, 28, 30] The following hold true:
1. Eyo(—x) = —« %Ea(—x),a > 0.
2. For B >a >0, we have

1 ! 1\ B-a-1
E,p(—x) = —/ 1-t« Ey o (—tx) dt. (2.1)
’ al'(B-a) Jo ( )
3. Eqp(—x),x > 0 is completely monotone for o, f > 0, if and only if, 0 <« < 1, and
B >a. That is
d}’l
(-1)"— (Eop(=x)) =0, x>0. (2.2)

dx"
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Proposition 2.1 For 0 <« < f8 < 1, the kernel
k(x) = x° "Eq,p(~£ax"),
is monotone non-increasing for x > 0.

Proof We have k(x) = n1(x)n2(x), where 11 (x) = = > 0, is monotone non-increasing, and
n2(x) = Eq g(—84%%). From Eq. (2.2) 2(x) is monotone non-increasing. Since E, (x) is com-
pletely monotone, then E ,(—x) > 0, and from Eq. (2.1) we have n,(x) = E; g(—&qx) > 0.
Now 1, and 7, are both nonnegative and monotone non-increasing, so their product is

monotone non-increasing. Indeed, k’(x) = 1, (x)n1 (x) + n2(x)n; (x) < 0. O
—_———
<0 <0

Lemma 2.2 Assume f € H (0, 1) is a function attaining its maximum at a point ty € (0,1]
and0<a < B <1. Then

(45D ) 1) = %tﬁ‘lﬁa,ﬁ[—eatg](f(m —f(0) = 0. 23)

Proof We shall make use of the auxiliary function g(¢) = f(¢ty) — f(£), ¢ € [0, 1]. Then it fol-
lows that g(£) > 0, on [0, 1], g(ty) = 0 and (B¢, D*Pg)(t) = —(ABC,D¥Pf)(t). We have

(oD ) 1) = 2 fo (to = P B p[=ealto - 9]¢ () ds.

Let

) e () (it — 5)%k
ko(s) = (to = 8)P "Eq p[~ealto = 8)*] = (to —8)/ 1 Y ————
; ['(ak + B)

B IO

’

— I'(ak + B)
then
o0 k
@ kXO: I = 55 ke B Dltg =572

B-2 8‘1) _Qak
=9) Zr(ak+,3 o =)

~(to = 8)"Eq,p-1[~8a(to — 5)°]

is well defined for s < £;. Since k(x) = x#~'E, 8(—e4x%) is monotone non-increasing, and
x =ty — s, we have dko > 0. By integration by parts with

u=(tg—s)’'E [ eq(to —8)* ] and dv=g(s)ds,

we have

B W [ dk
(50D g) )= 1 (1= Eugl-eulta =9 - [ Get0)as)
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B _ t gk
= (_0‘0)[ <_tg g ,ﬁ[—satg]g(O) —/(; d—sog(s) ds), (2.4)
B _
= —%tg "Eap[—at§]2(0).

Note that since g(¢y) = 0, by LHospital’s rule we have

lintl (to —s)P1g(s) = lintl(l -8B G)to-5) =0, 0<B<1.
s—to s—>to

Thus,
(150D 1) () = (oD 1) b) < b ] B[t O
or
(D) 1) 2 T B g6t (100 —£0),
which completes the proof. 0

If we process instead —f, then we have

Lemma 2.3 Assume f € H'(0,1) is a function attaining its minimum at a point t, € (0,1]
and0<a < B <1. Then

(ABCoD™Pf) (to) < ﬂtﬂ "Eq 5[ -£at2](f (t0) - £(0)) <. (2.5)

Lemma 2.4 Let a function f € H'(0, T) attain its maximum at a point ty € (0,1] and 0 <
a < B < 1. Iff(t) is not identically constant function on [0, t,], then

(D)) > Do 5 6] )~/ ©) 2 0. 26)

Proof Since f(t) is not constant, g(¢) = f(ty) — f(£) > 0, and it is not identically zero on
[0, £]. Thus

/ g(s) ds >0,
and the result follows from Eq. (2.4). O

3 Comparison principles

In this section, we make use of the results derived in Sect. 2 to obtain new comparison
principles for linear multi-term fractional equations including fractional derivatives with
generalized Mittag-Leffler kernels. Then we use these principles to establish a unique-
ness result and pre-norm estimate of solutions to related fractional initial value prob-

lems.
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Lemma 3.1 Assume a function v € H'(0,1) N C[0, 1] satisfies the fractional inequality

dv
Pyp(v) =ay 7 + az(ABCOD“"sv)(t) +q(t)v(t) <0, t>0,0<a<pB<l, (3.1)
where q(t) > 0 is continuous on [0,1]. If v(0) <O, then v(t) <0,¢ € [0,1].
Proof Assume the result is untrue, since v is continuous on [0, 1], v attains an absolute

maximum at £ > 0 with v(¢y) > 0. Since v(0) < 0, we have ¢y, # 0. If v(¢) is identically con-
stant on [0, fy], then

2 )= ("D ) ) =0, gt >0,
and thus

P, 5(v)(t) = q(to)v(to) > 0,
which contradicts (3.1).

If v(¢) is not identically constant on [0, £], then, by virtue of the result in Lemma 2.4, we
have

dv

E(to) = O; (ABCODa‘ﬂV) (tO) > O)

and thus
Py 5(v)(t) = q(to)v(to) > 0,
which contradicts (3.1). O

Corollary 3.1 Let vy,v, € H(0,1) N C[0, 1] be possible solutions to the fractional initial
value problems

a1—— +ay(*PCoDPvi) () + g1 () = (8), £>0,0<a<B<1,

a—= +a (“BCoD*Py) () + q(t)va(t) = ha(t), t>0,0<a<f <1,

v1(0) =71, v2(0) =1y,

where q(t) > 0, h1(¢), hy(¢) are continuous on [0,1]. If hy(¢t) < hy(¢) and ry < ry, then
n(t) <wn(t), tel[o,1].

Proof Letz=vy — vy,

d
Popl@) = d—j + @y (MBCD™P2)(8) + q(Oz(t) = Iy (£) - () <0,

t>0,0<a<B<1, (3.2)
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and z(0) = r; —r, < 0. Applying the result in Lemma 3.1 we have z(¢) < 0, which completes
the proof. O

Lemma 3.2 Assume v e H'(0,1) is a possible solution to

d
ald—; +dy (ABCOD""ﬁv)(t) +qEv()=h(t), t>00<a<B<l,

where q(t) > 0 is continuous on [0, 1]. Then

h(t)
[Vllfo1) = max |[v(t)| <M = max { |—=
te(0,1]

tef0,1] | | g(2) V)

’

L

provided that the maximum M exists.

Proof We have M > |%|, or Mq(t) > |h(t)],t € [0,1]. Let vi = v — M, then

dv
Pup(n) =y d—; + a3 (BCDYP ) (8) + (O (2)

= al% +ay (ABCOD"‘”SV)(t) +q()(v-M)

= h(£) - q(OM < |h(8)| - q()M < 0.
Since v1(0) = v(0) — M < 0, by virtue of Lemma 3.1 we have v; =v-M <0, or
v < M. (3.3)
Analogously, let vy = —M — v, then
Py p(va) = 611% +a (*PCoD"P ) (£) + q(£)va(t)

d
- d—; — ay (ABEoD* V) (£) - q(£)(-M — v)

=-h(t)—q(t)M <0,
which together with v5(0) = -M — v(0) < 0, implies v, =—v—-M <0, or
v>-M. (3.4)
If we use both of (3.3) and (3.4), then we have |v(£)| < M, t € [0, 1] and hence the result. (]

Lemma 3.3 The multi-term fractional initial value problem

0+ @ (D)) + gD = KO, £>0,0 <a<p<l, (35)
O o (3.6)

where q(t) > 0 is continuous on [0, 1], possesses at most one solution v(t) € H'(0,1).
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Proof Let vy and v, be possible solutions to (3.5)—(3.6). Define z(¢) = vi(¢) — v,(£), then

al% +ay(PoD™2)(1) + q()2(t) = 0, 2(0) = 0.

Applying the result in Lemma 3.2, we have

Izl <M =0,

which implies z(¢) = 0, on [0, 1] and completes the proof. d

4 The nonlinear equation
We consider the nonlinear multi-term initial value problem

d
ay d_lt/ +dy (ABCOD""ﬁv)(t) =h(t,v), t>0, (4.1)

v(0) = vq. (4.2)

We apply Banach fixed point theorem to show the existence of a unique solution to the
problem (4.1)—(4.2). Since

B(x)

(ABCODa,ﬂV) (t) — (ABRODa,ﬁV)(t) _ -

VOEa,ﬂ (_801 ta);

see [2], Eq. (4.1) is equivalent to

d B
6l1d—1; + aZ(ABRODOl,ﬂV)(t) =a, . (o) VoEa,ﬁ (—Sata) +htv), t>0,

—-a
or
dv B(o) d (! o1
— _ _ E _ Y4
aldt +a21—adt/o (t—5s) a,ﬂ( eq(t—9) )V(s)ds
B
=dy ol VoEap(—€41%) + h(t,v).

l-«
Applying the integral operator to the above equations yields

B t
av(t) = aivg + a, (@) vo/ Eup (—8as“) ds
l-«o 0

—ay

P [ Bt )+ [ s @3)

Theorem 4.1 For O<a < B <1, and h:[0,T] x R — R be a continuous function that
satisfy the Lipschitz condition

|h(t, u) - h(t, V)| <K(u-v),K>0, forallu,ve C(R).

If azlf%)%Tﬁ + KT < 1, then the fractional initial value problem (4.1)-(4.2) has a
unique solution on H*(0, T).

Page 7 of 10
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Proof On H(0, T) define the norm

Il =

te[0,T]

and consider the linear operator T : H'(0, T) — H'(0, T) defined by

t
L(ayv(t)) = ayvo + azvo f(a) / Eop(—£48%)ds
0

B(_a; /Ot(t—S)ﬁlEa,ﬁ (—ealt —5)")v(s)ds

—ay
h(s,v)ds. .
+/(; (s,v)ds (4.4)

Let vi,vy € H(0,T), t € (0, T) then

|L(a1v1) - L(a1vs)|
B(x)

_az

/ (6= )P "B g (=ealt = 9)7) (v1(5) = v2(s)) ds

+ /Ot(h(s, v1) — g(s,v2)) ds

t t
<0 B g (—eat =5 (-9 dsekivi-w [ as
l-« 0

= (a f(a) | Ee(~ga(t - s) )”—+Kt>||v1—1/2||

Since E, g(—x) is decreasing for x > 0, we have E, g(—¢&4(t — 5)%) < Eqp(0) = % 0<s<
t < T, and thus

B
|L(av1) - L(avy)| < ( Bie) (1,8) 1/; >||V1 -l

B(a) 1 5
= ———— TP + KT |||lvi = v2|l.
I aTB+1)
Since a, ]13( 2) F(ﬂ+1 TP + KT < 1, then L is a contraction and by the contraction fixed point
principle on Banach spaces, L has a unique fixed point. d

5 Concluding remarks

We have considered linear and nonlinear multi-term fractional differential equations with
fractional derivative of Caputo type involving the kernel k(¢) = t#~'E, 4(£),0 < o, B < 1. We
have established several comparison principles for related fractional linear equations and
inequalities and used them to analyze the solutions of the multi-term linear fractional
differential equations. These results are obtained under the condition 0 < « < 8 < 1, which
quarantines the monotonicity property of the kernel k(£), ¢ > 0. Whether the results are
extendable for arbitrary 0 < «, 8 < 1 is left for a future work. For the nonlinear equation

we have established existence and uniqueness results via the Banach fixed point theorem.
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