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1 Introduction

Since the financial crisis in 2008, credit risk has been definitely the most important is-
sue for researchers and practitioners in the financial market. Black—Scholes model [1],
which is used widely for pricing of the financial derivatives, assumes that the counter-
party has no credit risk. However, there is credit risk of the conunterparty in the over-the-
counter (OTC) markets when trading various derivatives. Since the OTC markets have
grown tremendously, it is very important to consider the credit risk when pricing the fi-
nancial derivatives.

The options which are considered the credit risk of the counterparty have been called
vulnerable options. Vulnerable options first were considered by Johnson and Stulz [2].
They assumed that the credit risk depends on the potential liability of the option writer.
Klein [3] improved the result of Johnson and Stulz by allowing for the correlation between
the asset of the option writer and the underlying asset of the option. Klein and Inglis [4]
considered the stochastic interest rate model when the vulnerable option is priced. Addi-
tionally, Liao and Huang [5] studied the valuation of vulnerable options with early coun-
terparty risk. The analytic pricing formula of vulnerable American options was provided
under the Black-Scholes model by Chang and Hung [6]. Recently, many researchers have
studied the pricing of vulnerable options with the improvement of dynamics of underly-
ing assets to overcome the limit of the Black—Scholes model. In fact, two types models
have been studied for the improved asset dynamics: the jump—diffusion models and the
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stochastic volatility models. In [7-10], the jump—diffusion models of underlying assets
were considered for valuing of the vulnerable options. In [11-14], the stochastic volatility
models, which describe the volatility smile in the real market, were used for the improve-
ment of the vulnerable option pricing.

We study the vulnerable options with multiple assets in this paper. Specifically, we derive
a closed-form solution of foreign equity option price with credit risk based on the partial
differential equation (PDE) approach. Kwok and Wong [15] first derived the pricing for-
mulas of different foreign equity options under the Black—Scholes model. Since the study
of [15], there have been the extended results under various extensions of the Black—Scholes
model, such as the Lévy process [16], stochastic volatility [17, 18], regime switching [19]
and jump diffusion [20, 21]. However, there have been no studies on foreign equity op-
tions with credit risk. We adopt the structural model of Klein [3] for modeling of credit
risk and the PDE approach to find the pricing formula of options. Moreover, we use the
Mellin transforms to solve the PDE for the price of foreign equity options with credit risk.
The Mellin transforms have been widely used for pricing of vulnerable options by many
researchers. Yoon and Kim [22] first used the Mellin transforms to obtain vulnerable Eu-
ropean option prices. Recently, many studies showed that the Mellin transforms are useful
to solve the PDE for various types of financial derivatives with credit risk (Asian option
[23], exchange option [24], path-dependent option [25, 26], dynamic fund protection [27]
European option with early credit risk [28], lookback option [29]). This paper deals with
the valuation of foreign equity option price with credit risk based on the PDE approach
and provides a closed-form pricing formula of the options using the Mellin transforms.

The rest of this paper is organized as follows. Section 2 introduces the model used in
this paper and indicates the PDE for the foreign equity option with credit risk. Section 3
presents the pricing formula of foreign equity options with credit risk solving the PDE with
the Mellin transforms and shows the accuracy of our formula by a comparison between the
price by the derived pricing formula and Monte-Carlo simulation price. Section 4 presents
concluding remarks. Finally, in Appendices A and B, we provide the detailed components

and supplements for our theorem.

2 Model

Let §/(¢) and S%(¢) be the prices of foreign and domestic stocks, respectively. We denote
the exchange rate specified in domestic currency per unit of the foreign currency at time ¢
by Y(¢), so that the relation between S/ (¢) and S%(¢) is formulated as S%(¢) = Y(£)S/ (t). We
also assume that 7¥ and 7/ are the domestic and foreign risk-free interest rates, respectively.
The value processes for S/ (¢) and S(t) are given by

ds?(e) = (r - q)$%(¢) dt + 058 (¢) AW}, 1)
ds/(t) = (¥ - g - p13050y)SU(t) dt + o5 () AW, )
where ¢ is the dividend of the stock, os is the volatility of the foreign stock and W} is
the standard Brownian motion under risk-neutral probability measure P* In addition, we

assume that value process of the firm V; is given by

dv(t) = V() dt + oy V() dW?, (3)
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where oy is the volatility of the firm value. As mentioned in [15], under the risk-neutral

measure P¥, the dynamic of the exchange rate Y () is given by
Ay = (' - /)Y (@) dt + oy Y (1) AW, (4)

where oy is the volatility of the exchange rate, and W? and W} are standard Brow-
nian motions under risk-neutral probability measure P* satisfying d(W}!, W?) = p12d¢,
(W2 W?) = pysdt, and (W}, W2) = p13dt.

Let IT be the portfolio value in the domestic market and P be a no-arbitrage price of a

European vulnerable call option. Then the portfolio value is given by
IT :P—Ollsf —Olzv—Ol;gY,

where a1, a5, a3 are the number of units of &/, V, Y, respectively.

Applying Ito’s lemma, we obtain the following stochastic differential equation:
dll1=dP-01dS —ardV —a3dY —o (rd -+ q+ ,olgogay)Sf dt -3/ Y dt. (5)
From the equation dIT = r*TT d¢, the governing PDE for the foreign equity option price in

foreign currency with credit risk of a contingent claim C = C(t,s,v,y) = E* [e"d(T‘”u(Sj;,
Vo, Yr) | S{ =s,V; =v,Y; = y], where u is the pay off function, is obtained. The PDE is

C 1 , 20°C 1 , ,0°C 1 , ,9°C

— + =0 — + =0 — + =0 —

at 257 gy 2V vz 2 YT ay?
+ sSv + Sy o*C + 1%% °c
os0 —_— fofes —_— oyo e
P12050Vv a9V L13050y 3579y P230y 0y VoY

0C aC aC
+(rf—q—p130foy)5fw+rd\/ﬁ+(rd—rf)Ya—Y—rdC:O, (6)

with the terminal condition

(1.5, V. Y) = Y(D)((T) - K)' <1{V(T)>D} + 1{v<ﬂ@}%),

where T is the maturity, K is the strike price, « is the deadweight cost related with the

bankruptcy, and D is the value of the liabilities of the option issuer.

3 Pricing of foreign equity option in foreign currency with credit risk

In this section, we provide the exact pricing formula of foreign equity options using Mellin
transform methods to solve PDE (6). Specifically, we provide the closed-form formula of
options and present the implications with the Monte Carlo simulations to show the accu-

racy of the pricing formulas.

3.1 Pricing of foreign equity option
In this subsection, we derive the closed-form pricing formula of foreign equity options

in foreign currency with credit risk. To derive the formula, we rewrite the dynamics in-
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troduced in the previous section. The dynamics used for valuing of the options is as fol-

lows:
dst(e) = (r - q)$%(¢) dt + 0,8 () AW}, 7)
ds/(t) = (¥ - g - p130,0,)S%(8) dt + 0,5 (£) AW}, (8)
dv(t) = V() dt + o, V() dW?, 9)
dy(®) = (r* - /)Y () dt + 0, Y (£) AW} (10)

Let us define C,(¢,s,v,y) as C,(¢,s,v,y) = C(t,s,v,¥) A 1 so that the boundedness of C, is
ensured. Due to its construction, the governing PDE for C,(t,s, v, y) is analogously derived
as

LC,=0 in[0,7) x Rso x Rxg x [y, 00),

(11)
Cy=h(s,v,y) on{t=T}xRsoxRsp x Rso,

where ¥ € R and the differential operator L is given by

12282

8

9?2 1 92

o257 Loy B L, 07

ot 2757 G2 120V jyr TR0 Gye
2 aZC 2

Sy—— VY
afay T PBIsOrY Lagray T ROVOYYEaTeY

+ 012050 VSf Ve
f_ 9 iy, 9 d 9 d
+(r q- plgo'fO'y)Sf +r V—+(r —rf)Y——rI=0.
The terminal condition is expressed as

C(T.8,V,7) = Y(D)(S(T) —K)+(1W<T>>D} + 1[v<T)<D1w>

D
2 B(S(T), V(T), Y(T)),

where «, D, and K are nonnegative constants. We define a sequence of functions /,(s, v, y)
for n=1,2,... such that 4,(s,v,y) — h(s,v,y) as n — oco. That s,

Bu(s, v, y) = hy (), (W (), (12)
where

Vse[K,n), s-K,

n(s) =
Vs ¢ [K,n), O,
2 2 Yve[D,n), 1,
" Yvé [D,n), (1-a)v/D,
1) 2 Vyelyn), ¥
! vy ¢ [y,n), O.
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Let us define the triple Mellin transform for C,(¢, s, v, y) by Coult, 84, Vsy 94). Then the relation
between C,(¢,s,v,y) and C,(t, s, Vs, Yx) becomes

€3+i00 ¢ +i00 c1+ico

Cu(t,s,v,y) = on 1)3/ Ty Colt 1, Vi ¥i) dsi dvi dys (13)

3— ico c)— ico c1— ico

for ¢1,¢p,c3 €R.
Assigning (13) into (11), we have the differential equation for C:

A 1 1 1
0;C, + |:§<7s2(5* + 1)s, + EGVZ(V* +1)v" + 5%20’* + 1)y.
+ 012050185 Vy + plBGsGyS*y* + pZSGvaV*y*

- (rf -q- plgasoy)s* — iy - (rd - rf)y* - rdi| C,=0. (14)

2
O 2
X

Pl
o2 o2 o?
—(rs_7s>s*_<rv_7v>v*_(ry_%>y*_r"‘ (15)

Here,r, £ ¢ — q— 13050y, Ty £ 44 and ry £ 44 _4f Since Eq. (14) is the ordinary differential

CD(S*; V*»y*) = + 01205085 Vs + P13Us0ys*y* + pZBUvaV*y*

equation (ODE) in a time variable, C,, satisfies
én(t) _ Ifln(T)e<1>(S*,V*,y*)(T*t).
By the inverse triple Mellin transform, én becomes

Cn(t: Sr V»J’)
€3+i00 €9 +i00 c1+ico

T (T)e®CsverdT=0g=sey ey s dv, dy,.  (16)

(27[ l) c3—ico  Jeg—ico  Jep—ico
To compute Eq. (16), we define C(t,s,v,y) as

€3+i00 €9 +i00 c1+ic0
A

C(t,s,v,9) ST =" )" " dg* dv* dy* (17)

(27Tl) c3— ico c)— {00 c1— ico

which is the inverse triple Mellin transform of exp[® (s, Vi, ¥:)(T — £)]. Now, we introduce
the lemmas for computing of the inverse triple Mellin transform.

Lemma 1 Given zg,z, € C such that Re(zy) > 0,

1 c+i00 )
: ezo(w+zl) xdw =
278 Josioo 27z

x°1 exp [—%Zo(lnx)ﬂ. (18)

Proof Refer to Yoon and Kim [22]. O
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Lemma 2 The pricing kernel C(t,s,v,y) in Eq. (17) is given by

2 2 2
C(z,s,v,y) = exp _l(ln_s) - l(ln—v) - 1(111_)/) +05(t,8,v)
2\ov/t/) 2\oW/Rpt) 2\o,W/Rt "

sfo YO1(T9) 3% (z:s,v)

X , (19)
03/ 2T 0y/2TR12T 0/ 27 RT

where the parameters used for simplicity are

Px1,%2,%3) = Rozat + Ryzxs + Rioxs — 2(Prax1%2 + Praxixs + Prsxaxs),

Ry3£1-p3s, Riz=£1-pfs, Riy 21~ piy,

A~ A A A (20)

P12 = P12 — P13P23; P13 = P13 — P12023,

1-a)v
D

,523 £ P23 — P12013,

(1>

p

Proof From Lemma 1, we define

1 c1+ico

A

Cl(T,S, V*,y*) £ / e@(s*,v*,y*)r dS*.
2mi J,

1—i00

Then Cy(t,s, V4, yx) becomes

1 €1+i00 1
Cu(T,5, Vs 9) = 1) <2m' / eXP[E 21 (s, +f1)2]S‘S* ds*)
c

1—ic0

= exp[1(T, s J4) + Ly (InS)v, + p5(Ins)y, |

st [ 1 < Ins ﬂ
X ———exp| = —— ) |,
o2 T P 2\ os/T
where ky £ 2r,/62, f,(Vi, ¥i) 2 0o Vi + P}3Y + 6o, and

2 1-— 2
¢1(T:V*,)’* éwvi

plZGst(kl - 1) ‘/2
Ny vy )t 0,0y(023 — P12013)Ys V4T

o2(1 - pg)
n %yif

{ P13050y (k1 — 1) ( oy ) } ( o (ki — 1)2>
- )=+ —— 7,
2 2 8

1
a 2 2
£ —o,Rppv,t + (H1 + 0y

R 1
5 Oy 023Y+)Vi T + 50'},2R13yif + Hyy, T + art.

In this way,

1 ¢ +ic0

C ey
2(T,S,V,y*)— .

2mi cp—ico

s% [ 1( Ins )2} .
=——exp|—=| ——= e
o2 T P 2\ o54/T

Ci(T,8, Vi ¥4) dvs
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1
x .
2mi

S90 V91

/‘62+i00
cy—i00

(2021) 2021:332

1
exp|:§av2R12t(v* +f2(r,s,y*))2] dv*)

(es) pAZBGy

- O/ 2T Oy 27T R1T

1/ Ins \* 1
xexp|l——=| ——= ) - =
P73 0s/T 2

where

H, £ —p12050, (k1 — 1) —

1
2 v

4
» HiT + p1ylns

exp |:¢2('5, 8, 9x) + (In V)y*}

OviK12

Inv

(=) ]

1
5°3)’

O1(t,s) =
() £ =50
Hit +p},Ins  pao
folr,s,y) & P8 P50,
O'VRlz‘E UVRIZ
and
1 o,p oyp H,T + p},Ins)?
D2(7,5,94) £ —othyi + (— ypBle +HyT + yP13 lns>y* - % +ar,
27 Oyi<1) (TSR12 20",2[\)127,'
ca 2l
Iz
Finally,
R 1 ¢3+i00
Cg(f,s, V,y) = CZ(T;S; V,_y*) dy*
2mi c3—ioo
s y(es) [ 1( Ins )2 1( Inv )2} o
= exp| ——[ ——= ) - =| ———— e
OV 27 T Oy/2T R 2T P72 05T 2\ 6,/Ri27T
x (L / BT RO (es)? dy*)
2mi c3-ic0
) 500 V01 (t,8) y(92 (T,8,v)
05+/27T 0y/2TR12T 0y8/27 RT
[ l(lns )2 1( Inv )2 1( Iny )2 " )}
xexp|l-—={—) —=|——) - = +05(1,s,v) |,
2 O‘Sﬁ 2\ o,a/Ri2T 2 O’y«/Rl'
where
1 oyp oyp o,p 2 (Hyt + pl,1ns)?
032 — 3 {— yp23le+Hzr+ yplglns+ y,Ozsan} —(12#+ar
20Rt | oyRiz 05Ky oK1 20/R2tT
é93(.[7511/)7
O O 023 H H.
fi(t,s,v) 2 P13 Ins + P23 _ P —2é92(r,s,v).
os0y|Z|T 0,0, 2|t 0,0,| 2| ayzR

Page 7 of 17



Kim et al. Advances in Difference Equations (2021) 2021:332 Page 8 of 17

Therefore,

Ins \*> 1 Inv 1 Iny >
ctnn=oo5(55%) ~3(avm) 3o o)

590 v91 (t,8) yéz (1,5,v)
X . (21)
02T 0y3/2TR15T 0y8/27 RT O

Lemma3 Letf,g: Ri — C. If F(w1, wq, w3) and G(w1, wa, ws) are the triple Mellin trans-
forms of f(x,y,z) and g(x,y, z), respectively. Then the triple Mellin convolution of f and g is
given by

fx,9,2) % g(x%,9,2) & M1, [Fwi, wa, w3) Gwi, wa, w3); %, 9, 2]
o0 du; duy d
/ // (ﬁM)g(,,,,,)ﬂﬂﬁ (22)
0 0 0 u v Uy Uz us

With the above lemmas and parameters, the price of foreign equity options in foreign

currency with credit risk at time ¢ is given by the following theorem.
Theorem 1 The price of foreign equity options with credit risk is given by

C(t,s,v,y) =sy51N3 [/(1 (t,s), Kz(t V), K3(t y)]
—yl(égNg[ 2(t,s), K2(t V), K?(t y)]
+ psé3Nj3 [Kf’(t, s), Kg’(t, V), K;(t, y)]

_p1(84N3[Kf(trs)r K;(t» V)r K;’L(t’y)]ﬁ (23)
where N3 is the 3-dimensional standard normal cumulative function (CDF)! defined by
xl’ X2, x3)
N3((l b C) (2 )3/2|E|1/2 / / / [ 2|E| i|dx1 dx2 dxg. (24)
Here,

Kts),  kytv),  k3(ty),  kHts), k2 Lv), k(L)
K(ts), kY, Ky, k@S, kG, k6Y)

o1, 82, 33, 4

are given in Appendix A.

1For more details, see Appendix B.
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Proof By the triple Mellin convolution property in Lemma 2, Eq. (16) yields

n n n d d d
Cn(t;S;Vyy)zf / / hn(ul,uz,ug)c<‘[,i,l,l)ﬂﬂﬂ
o Jo Jo Uy Uy uz/) Uy Uz Uz

nopenopen du; duy du
=%’ / / / e‘ﬂl(f;ul)’ﬂ)(ul — K)uz ¥ (ur, us, 143)_1_2—3
3 JD JK

uy Uy Uz

1—a)e*? n pD pK
+ 4( D) / f f e‘/’l(r’”l"”)(ul — K)uouz
5 Jo Jo

du1 dM2 stg
X Yo(ur, g, Uz) — ———,
U, Uy Uz

where ¥, (T, u1, 1) 2 05(t, s/u1,v/uy) and

N s 0o v 01(z,s/uy) y 6o (t,s/uy,viug)
Un(t,ur, g, uz) = [ — — =
u U Uus

e—%uz(r,s/ul) e—%bz(r,v/uz) e—%cz(r,y/ug)

X

027 T .GV\/271R121 . oy«/ZnRr'

If n — o0, then we have

C(t,s,v,9)

= lim C,(t,s,v,y)

00 oo poo du; du, du
= e‘”/ / f 1) gy — K)usry ey, hz, th3) —— — —
5 Jp Jk

Uy Uy Uus
2CL(t,sv)
1-a)e*® > (P K duy dusy dus
+—_— eV 1) (4 K upus oy (un, o, ) — — —
D y Jo Jo Uy Up Uus
2C2(ts5v,)

Now, we use the following change of variables:

= In(s/uy) = In(v/us) and e In(y/us)
1_Gsﬁ’ Z—OVﬁ» S_Gyﬁ'

This transformation replaces (i1, u, u3) with (x1, 2, x3). To solve the C'(t,s, v, y), we apply

(26) to (25). If we define C'°(¢,s,v,7) as

In(y/y) In(v/D; In(s/K)

)
S o oy ]
Clo(t,s,v,y)éiy/ yﬁ/ ﬁ/ v eMEx1%2%3) doe dxy dvs,
27)322] ) - —o0

00

In(y/y) In(v/D) In(s/K)
Ky

C®(t,s,v y) PO A osve eM2Tx1%2%3) Qx oo, dov
19 Vs (27T)3/2|E| - . - 1 2 3

Page9of 17
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then Ci(t,s,v,9) = C1°(t,s,v,9) + C1L(t,s,v,y) where

1
A1(T,%1,%9,%3) 2 ] —— (Ros} + Ryzxy + Riow3)
O12H O13H.
(aseof oT - T T )x1
oy|X| oy|Z|
Ry3H Pa3H,
VT - VT %2
<O'V|E| y|2|
H
( Ji-be 1f—ayﬁ>x3
oyR oy X
/3 013 P23 Hjt Hit
—X1X2 + —X1X3 + —XoX3 — - +aT,
B! Bl Bl 202R  202Ry;
1
Ao(T,x1,%0,%3) = — 3] (stxl + Ry3x; +R12x3)
H H.
(0390«/_ P12 1J—_P13 2«/?)961
oy X oy X
RyzHy PasHo
VT - VT Jx2
<0v|2| oy X
,0231‘11
JT-o ﬁ)xg
( oy X g
013 023 H3t Hit
$ P2yt P+ P — +art.
DRGSR TRE 202R  202R1

Here, A; has the form of

1
81— —{Ras(ox1 + a1)* + Ruz(x2 + a2)* + Ruz (3 + a3)” }

2| %]
1
|2| {Plz(xl +ay) (X + az) + P13(x1 + a1)(x3 + az) + Paz(x2 + a)(x3 + 613)}
where
P Roy3a? + Ri3a3 + Ri2a3 — 2(praaian + P13anas + przazas) o d
1= )

2|12
of 152
& + 50,
ﬂlziq 2 Sﬁ,
o5

P12050y + 0230,0y + (rd - l012)

a = ZV\/?’

Oy

2

p13050y+rd—r + 30y
asz = T,
Oy
H?t H?t 0y 023
=— 32 - 21 +at, and Hs=H,—- 2"=—H,.

2GyR ZGVRlz GVR12

These constants can be determined by the method of undetermined coefficients. In other
words, to determine these constants, we have to solve the following three-variable system
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of linear equations:

23 P12 P13
a + ==day + as =X
An[ T ez T p 4 T
P12 Ri3 p23
a oo t+ a3 =x
=41 2|2\ 2Ty T2
£13 Ri3
a X
D] \2\ Top[#3 T3

81 = constant

term in A;
term in A;

term in A;

term in A;.

Page 11 of 17

27)

Similarly, A, has the form of

1
8 - 2] ——{Ros(w1 + b1)* + Riz(wz + b2)* + Rua(xs + b3)*}
1
I —{ Dol + b1) (2 + b2) + Pra(er + b1)(xs + b3) + pas(xa + ba)(x3 + b3)},
where
5 = Rosb} + Ry3b3 + Riob3 — 2(p12b1by + p13bibs + pasbabs) id
2 2|2| ’
b
05
oy + (1 — 152
by = 02300y ( Zav)ﬁ,

Oy

1.2
p130'50'y+l"d & +20

by = rJT.

Oy

Letus define & = x1 +ay, & =Xy +ay, E3 = x3 +as, E4 = x1 + b1, E5 = X9 + by, and &g = x3 + b3,

then Ci(¢,s,v,y) becomes

Cl (t: S, V;y) = SySINS[Kll(t,x)’ Kzl(tr V)’ K;(tiy)]

—yKSQNg[KIZ(t,x),KZZ(t, V),Kg(t,y)]. (28)

In this way, if we define Cy(t,s,v,y) and Cy; (¢, s,v,y) as

n(v/.
(1-a)sv ”vf
Cg()(t S, V;y) (27‘[)3/2D| E| /;nu/yo) /

In(v/

Cotsy) = A=K o
21 ,S;Vry (2 )3/2D|2| ln(y/yo) -

9

B

-0
(21,%2,%3) dx; dx, dus,
In(s/K)

oV 29)

S

“

-0
eNa(Tx10,%3) doe; doxy dxs,

In(s/K)

osJ/T
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respectively, then Cy(t,s,v,y) = Cyo(t, s, v, ) + Ca1(t, s, v,¥) where

1
As(T,x1,%0,%3) 2 ] (Rzax% + Ryzxs + Ruxg)
p12H1 p13H>
(GSHO\/_ Us\/_ \/_ \/_)xl
oyl x| oy| X

RysH H.
( 13 1\/—_1023 2\/?—01/\/_>x2

oy|X| y|2|

N

V| X

Hit  Hit
20y2R 202Ry2

12 P13 P23
+ —X1X2 + —X1X3 + —XoX3 —

+aT,
| %] 1% 1]

1
Ag(T,%1,%0,%3) = B (stxl + Ryzxs + R12x3)

H H.
0390«/_ D12 1J—_p13 2«/? "
oy X oy |

H H.
<R13 1\/_ 1023 2\/?—0'1,\/?>.X‘2

oy X| oy X|

(e o

oy X

&xx +Qxx +@xx H?%T Hz
=R TR T 202R T 202R0

+aT.

A3 has the form of

33 - Rys(x1 + ¢1)” + Ruz(x + €2)” + Rup(x3 + ¢3)*}

a5l
2|Z|

1
I —{Pralwr + c1) (w2 + c2) + Pr3(x1 + €1) (w3 + €3) + Pas(Xa + €2) (X3 + ¢3) ).

By the method of undetermined coefficients we have the system of linear equations,

2 2 2 ~ ~ A
Rozcy + Rizcy + Rigcs — 2(P12¢162 + P13€1€3 + P23C2C3)
85 = +d,
2|1

012050, + - q+ 152)

€= 25\/?;

O

1
P12050y + p230,0y + (r* + 30.2)

C = ZV\/?r

Oy

1
P13050y + p230,0y + (r — v + )

C3 = \/?

Oy
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And, A4 has the form of

1
3q — 2% {Ros(x1 + d1)® + Rus(xy + da)* + Ruo (s + d3)*}

1. . A
+ E{Pu(xl +d1)(x2 + da) + Pr3(x1 + d1) (w3 + d3) + Pa3(a + da) (x5 + ds)},

where

P Rosd? + Risds + Riad — 2(prad1dy + pr3dads + pazdads) N

d,
* 23|

_ p1osoy + (7 —q—307)

dl— 25\/?:

Os

_ P230,0y + (r + %01,2)

dZ \/?’
oy
d_f . 1 2
0230,0y + (r* —¥ + 07)
dy="""" Eae Ay

Ty

Therefore, by & = x; + ¢1, & = %2 + ¢, 9 = X3 + €3, E10 = %1 + d1, E11 = Xy + dy, and &1 =
x3 +ds, Ca(t,s,v,y) becomes
(1-a)sv
T83N3 [Kf(trx), K;(t: V)r K;(l‘;)’)]
(1-a)Kv
D

Cy(t,s,v,y) =
84N3 [Kf(t, x), K24(t, V), /cgl(t,y)]. (30)

Finally, the price of the foreign equity options with credit risk is obtained by combining
(28) and (30). O

3.2 Implications
In this subsection, we investigate the accuracy of the closed-form solution of the foreign
equity options with credit risk obtained in Theorem 1 using a Monte-Carlo simulation.
For the numerical experiments, the model parameters chosen are $%(0) = §/(0) = s = 40,
K =40, V(0)=v=100, Y(0) =y=0.44,D=85a =025 T-t=1,y=10"%r% = ¥ = 0.05,
q =0.011, o5 = oy = oy = 0.2 and p1p = p13 = po3 = 0.25. These parameters are based on
the work of Klein [3] and Dai et al. [30].

In Table 1, we present the Monte-Carlo value (Cyc) according to the number of simula-
tions, the closed-form pricing formula (C) in Theorem 1, and the price difference between
them. We also provide Fig. 1 to verify visually the accuracy of our formula. As shown in

Table 1 Comparison between Monte-Carlo simulation result and the closed-form formula. Note that
Cpic implies the Monte-Carlo results based on the stochastic dynamics presented in (7)-(10)

Number of simulations  Cyc C |Cvc = C|
5000 1.6934 1.6721 0.0213
10,000 1.6764 16721 0.0043
15,000 16725 1.6721 0.0004
20,000 16718 1.6721 0.0003
25,000 16725 1.6721 0.0004

30,000 1.6720  1.6721  0.0001
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Figure 1 Price convergence of Monte-Carlo simulation for foreign equity option with credit risk

Table 1 and Fig. 1, one can observe that the number of the simulations increases, the price
difference |Cyc — C| goes to zero. It implies that the numerical value from the Monte-
Carlo simulation, which is regarded as the best approximation of a real-world solution,
gets closer to our closed solution. In other words, we conclude that our closed-form pric-

ing formula for the foreign equity options with credit risk is accurately derived.

4 Concluding remarks

Foreign equity options belong to the popular exotic options in the over-the-counter mar-
kets, and credit risk is an indeed important issue in the OTC market. In this sense, we study
the pricing of the foreign equity options with credit risk. To the best of our knowledge, we
are first to consider the credit risk when the foreign equity option is priced. Among sev-
eral foreign equity options, we deal with the foreign equity option in a foreign currency. In
this study, we use the PDE approach to obtain a closed-form pricing formula of the foreign
equity option with credit risk based on the structural model of Klein [3]. In particular, to
solve the PDE problems, the properties of triple Mellin transform are used as an important
tool, and they enable us to provide the explicit closed-form pricing formula of the option
price with 3-dimensional normal cumulative distribution functions. Finally, we show that
our formula is accurate by comparing it to the numerical price by the Monte-Carlo simu-

lation.

Appendix A: Black-Scholes components
The Black—Scholes components presented in Theorem 1 are as follows:

1 s 1
Yt,5) 2 ———|In[ = S g+ =2 (T-1)|,
k1 (t,s) o T_tl:n(K)+(r q+2as ( )

1 v 4 1 5
ﬁ In o + | p12050y + p230,,0y + _Ea" (T-1)|,

Kzl(t, V)&
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LI

1
) + (,olgasay +rh -+ 503)(T— t):|,

/clz(t,s) e m[ln(% + (rf -q- %osz)(T—t)}

[ (é) (pggavay w7 - %0 )(T t)]
2 N 1 ) 1
ks (t,y) = 7[ln(§) + <p13UsO'y w7+ 20 )(T—t)i|,

1 v 1
3 I\ d 2
K5k v) = —m |:ln(—*> + (,ouasav + 02300y + 1 + EU">(T_ t)],
4
y

D
K3t y)A;I:ln( ) (plgao + pysoyoy + 10—+ 102>(T—t)]
3\L - sYy v¥y ’
oy VT -t 27

L ° o —qg-ta2)(T-p),
_— — 050, - =0
v RV AR G

1 1
K;(t,v) £ —ﬁ[ln(%) + (,02301,0'), + rd + EGVZ)(T_t)],

4, ya L y s 1
Ks(t,y)_ay\/T——t[ln(J_/) <,0230Vcry+rd 7 +2cr >(T t)]

5 8 [ Roza? + Rizas + Rizal — 2(praaran + praaids + prsanas)
1 =exp +d|,
L 2|1Z|
a [ Ro3b? + Ri3b3 + Risb} — 2(p12b1by + p13b1bs + pasbabs)
8y = exp +d|,
L 2|1Z|
A [ Rosct + Risch + Riacg — 2(pracica + Pr3cics + Pr3caC3)
33 = exp +d|,
L 2|1Z|
” [ Rosd? + Rizd3 + Riod? — 2(pradidy + pradids + pazdads)
dq = exp ] +d|.

Here, a1, ay, as, by, by, bs, ¢1, ¢3, c3, d1, da, ds, and d are given in the proof of Theorem 1.

Appendix B: n-Dimensional normal cumulative distribution
For n =1,2,..., a random variable X = [X; ---X,,]7 is said to have a n-dimensional nor-
mal distribution with expectation E[X] = u € R” and covariance matrix X in the space of

symmetric positive definite # x n matrices if its probability density function is given by

flx) = mexp(—%(x—uﬁi‘l(x—m) (31)

If n = 3, the standard normal distribution is

1 px1,%2,%3)
) ) = ) 32
Jen 2 3) = s Qe eXp( det o+ ) (32)
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where

A 2 2 2 ~ ~ ~
P(x1,%2,%3) = —Rozx] — Ri3xy — Rigxs + 2(012%1%2 + P13%1%3 + P23%2%3),

det ©* £ 1 - pf, — i3 — P33 + 2p12P13P23,

and Ry, Ri3, Rya, P12, P13, P23 are presented in Theorem 1.
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