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Abstract

A stochastic two-prey one-predator system with distributed delays is proposed in this
paper. Firstly, applying the linear chain technique, we transform the predator—prey
system with distributed delays to an equivalent system with no delays. Then, by use
of the comparison method and the inequality technique, we investigate the stability
in mean and extinction of species. Further, by constructing some suitable functionals,
using M-matrix theory and three important lemmas, we establish sufficient
conditions assuring the existence of distribution and the attractivity of solutions.
Finally, some numerical simulations are given to illustrate the main results.
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1 Introduction

Predator—prey system is very popular in the world. In order to reveal the dynamical re-
lationship between predator and prey, a lot of predator—prey systems have been widely
investigated and many good results have been obtained in the last decades, which has long
been one of the hot topics in ecology [1-3]. Since two-species ecological models cannot
describe the natural phenomena accurately and many vital behaviors can only be exhibited
by systems with three or more species, for example, in the natural world, the predator of-
ten feeds on some competing prey, and hence, a three- or multi-species population system
attracts more and more attention [4—7].

On the other hand, all species are inevitably affected by environmental noise. To better
describe ecological phenomena, the white noise is introduced into a predator—prey model
to reveal richer and more complex dynamics [8—15]. There are many kinds of stochastic
perturbation. Considering the stochastic influence on the intrinsic growth rates of popu-
lations, we have a; — a; + & dw(t), where w(t) is a standard Brownian motion defined on
a complete probability space (2, F, P) with a filtration {F},=¢, £ is the intensity of white
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noise. For example, Liu [6] proposed the following three-species predator—prey model:

dN\(t) = N1(t) (a1 — diN1(t) — d1aNa(t) — di3Ns(2)) dt + £ LN, (8) dw(t),
dNo(t) = Na(t)(ag — doi N1 (t) — daaNa(t) — dazN3(2)) dt + E.No () dw(t),
dN3(t) = N3(t)(az — d31N1(t) — d3oNo(t) — dszN3(t)) dt + E3N5(8) dw(t),

where N (¢) and N5 () are the population sizes of prey species, N5(¢) is the population size
of predator species, a; > 0 (i = 1,2) are the intrinsic rates of increase, a3 < 0 is the intrinsic
rate of decrease, di; > 0 and dy; > 0 are the parameters representing competitive effects
between two prey, di3 > 0 and d3 > 0 are the coefficients of decrease of prey species due
to predation, d3; < 0 and d3; < 0 are the predation rate of predator, d; >0 (i = 1,2,3) are
the rate of competition within the same species.

As we know, predator—prey interaction is a frequently observed phenomenon. Almost
all species should exhibit some delays. Considering the inevitability, more and more re-
searchers have taken delay into an ecological model and obtained some nice results [16—
19]. Recently, infinite delay has been widely introduced into the ecological model since the
works of Volterra to translate the cumulative effect of the past history of a system [20-24].
Chen [22] et al. proposed the following model with distributed delays:

dNy(t)/dt = biN(£)(1 - M) — a1, Ny (N, (8),
dNs(8)/dt = —byNo(t) + an [ K(t - s)N1(s)Na(s) s,

where the kernel K : [0, 00) — [0, 00) is a normalized L! function such that fooo K(s)ds=1.
For distributed delay, MacDonald [25] initially proposed that it was reasonable to use
gamma distribution as a kernel function, that is, f(£) = W, where o > 0,7 is a non-
negative integer. If # = 0, then the kernel f(£) = oe™" is called a weak kernel, otherwise it
is called a strong kernel.

Motivated by the above discussion, in this paper, we consider a stochastic two-prey one-
predator system with distributed delays. For convenience, we mainly consider the weak

kernel case, ie., f(¢) = oe™°". Our model is as follows:

dNi(8) = N1(O)(r1 — auNi(t) — ara [* 02672 “INy(s) ds
- a3 f_too o3¢~ 3U=IN;(s) ds) dt + £ N1 (¢) dew (2),

dN,(t) = No(t™)(ra — an f_too o1~ 1IN (s) ds — a N (t)
—ay [ 036 IN; () ds) dt + E3Na(8) deoa(8),

dN3(t) = N3(t)(-r3 + as f_too 016”1 )N (s) ds — az3 N3 (t)
+az [ 02 INy(s) ds) dt + §N;(¢) deos(0),

(1.1)

with the initial data
NL(G) = %(9) € C((—OO, O]’R+)) i= 11 2) 3,
where C((-00,0],R,) is the set of all continuous functions from (—00,0) to R, = (0, 00),

w;(t) (i = 1,2,3) is a standard and independent Brownian motion defined as above. All
parameters are positive constants and their biological meanings refer to [6].
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Define

t
y,-(t):/ 0,6 IN(s)ds, i=1,2,3.

(o ¢]

Computing the derivative of y;(¢), then dy;(t) = 0;(N;(t) —y:(¢)) dt, i = 1,2, 3. Using the linear
chain technique to (1.1) yields

dNi(t) = N1(t)(r1 — an1N1(¢) — ar2y2(t) — aizys(t)) dt + ELN: (¢) dewy (2),
AN (t) = No(t)(r2 — any1(t) — anNa(t) — azsys(t)) dt + E;Na(t) daws(t),
dN53(t) = N3(£)(=r3 + az1y1(2) + asya(t) — assN3(2)) dt + §3N3(t) dws(2),
dy:1(t) = o1(N1(2) - y1(2)) dt,

dy(t) = 02(Na(2) — ya(2)) dt,

dys(t) = 03(N3() - y3(2)) dt.

(1.2)

According to the equivalent property of (1.1) and (1.2), in what follows, we mainly consider
(1.2) to reveal the dynamical properties of (1.1). Our main aims are as follows.

Firstly, we study the stability in mean and extinction of all species of (1.2), which have
long been and will still be two important topics for the study of stochastic population
systems.

Secondly, for a stochastic population system, instead of the positive equilibrium state of
the determinate system, it is interesting and important to study the existence and unique-
ness of the distribution of (1.2).

The rest work of this paper is organized as follows. Section 2 begins with some nota-
tions, definitions, and important lemmas. Section 3 focuses on the stability in mean and
extinction of species of (1.2). Section 4 is devoted to the existence and uniqueness of dis-
tribution. Some numerical simulations are given in Sect. 5. Finally, we conclude the paper
with a brief conclusion and discussion in Sect. 6.

2 Preliminaries

For simplicity, we give the following notations.

oy = (a1, az, _ﬂ31)T, oy = (a1, an, —ﬂsz)T, o3 = (6113;0123,(133)T;
r=(r1,r9-r3)7, £=(£7/2,6/12,612),  A=det(o,,a3),

by =r —£2/2, by =1y —E}/2, b3 = —r3 —£3/2,

Aj =det(r,a,a3), Ay =det(ay,ra3), Az =det(og,a,7),

Al = det(sv a2ra3)’ AZ = det(alysrafi)v AS = det(al,az,é),

Ay =r1a3 + r3am, Ay = riaz1 +r3dqi, A3z = —rian + ra,
2 2 2 2 2 2
A _ %'2 53 A _ %_1 53 A _ 1 g:2
1= a3t d, 2= —d31t+ a1, 3=——4adxn+ _di,
2 2 2 2 2 2
* * *
AT = razz — r3azs, A; =r1d33 — 13d13, A3 =riaxn — rdr,
2 g2 2 2 2 2
2 3 * 1 3 Ak 1 2
Al = Zag3 — == ays, A = —az — —az, A3 = —ay - —ap
172 2 272 2 372 2

Page 3 of 27
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Throughout this paper, we denote the complement minor of a;; in determinant A by A;
(i,j = 1,2,3), and assume that A > 0, A; > 0, i.e., when there is no stochastic perturbation,
a positive equilibrium state exists for model (1.1). Further, for convenience, we always as-
sume that K stands for a generic positive constant whose value may be different at different
places. And for any function x(¢), t > 0, we denote

t
(x(t)) = t_I/ x(s) ds, x* = lim supx(z), Xy = litminfx(t).
0 — 00

t—00

Now we give assumptions, definitions, and some important lemmas, which are used in
our main proof.

Assumption 2.1 A;3>0, A3 <0, As3>0, A3 <0, A3, >0.
Assumption 2.2 g;; > ;3:1,1‘#:‘ aj;, i,j=1,2,3.

Remark 2.1 Assumption 2.2 means that the intra-specific competitive rates are stronger
than the interaction competitive rates or predation rates among different species.

Definition 2.1 Let P(t) = (N1(2), Na(2), N3(2), y1(£), y2(8), y3(£))T € C((—00,0], RS) be a so-
lution of system (1.2), then
(I) The population P(¢) is said to be extinct if lim;_, o, P(¢) = 0;
(II) The population P(¢) is said to be stable in mean if lim;_, o (P(¢)) = K, a.s., where K is

a constant.

Definition 2.2 Let P(¢) = (Ni(£),Na(£), N3(2),71(8),y2(2), y3(8))T € C((~00,0],R%) and
P(t) = (N1 (£), No(8), N3 (£), y1.(£), ¥2 (1), ¥3(£))T € C((=00,0], R®) be any two positive solutions
of (1.2) with the initial value P(0) > 0, P(0) > 0, then system (1.2) is said to be globally
attractive if

Jlim [Ni(6) =Ni(6)[ =0, Tim [y;(6) = 5:())| =0, i=1,2,3.

Lemma 2.1 ([26]) Suppose that Z(t) € C[2 x [0, +00),R,] and lim;_, o, F(¢)/t =0, a.s.
(a) Ifthere exist two positive constants T > 0, Lo > 0 such that, forall t > T,

t
InZ(t) < At—ko/ z(s)ds + F(t), a.s.,
0

(Z)* < M), a.s,if A >0,
limy .00 Z(t) =0, a.s.,ifA<O0.

then

(b) If there exist some constants T >0, Ly > 0, A such that, forall t > T,
t
InZ(t) > At - Aof z(s)ds + F(t), a.us.,
0
then (Z), > AlXy, as.

Lemma 2.2 System (1.2) has a unique solution P(t) = (Ni(t), Na(t), N3(t),y1(£), y2(£),
y3()T € C((~00,0], R®) for any given initial data P(t;) € C((—00,0], R®), almost surely.
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Proof The proof is standard. For the readers’ convenience, we give the proof in Ap-
pendix A.1.

As to the expectation boundedness and asymptotical properties of the solution of (1.2),
we have the following lemma. The proof is similar to that of references [20, 27, 28] and is
presented in Appendix A.2. d

Lemma 2.3 Let P(t) = (N;(t), Na(2), N3(t), y1(t), y2(t), y3(t)) T be the solution of (1.2), then
for any initial data P(t,) € C((~00,0],R®), there exists a positive constant K(p) such that

limsup E(N;(¢)”) < K(p), limsup E(y;(£)) < K(p),

t—+00 t—+00
further,
i(t In N;(¢
fim 29 0 dimsup "N o 4siz1,2,3,
t—+oo f t—+00 t

For the following integral equation
¢ ko ot
x(t) = x(t) + / a(s,x(s))ds+y / by (s, %(s)) doy(s), (2.1)
to r=1 to
there is a result as follows.
Lemma 2.4 ([29]) Suppose that the coefficients of (2.1) are independent of t and satisfy:
k

|a(s,6) - als, )| + Y _|br(s, %) - by(s,5)| < Klx - yl,

r=1

k
|u(s,x)| + Z|br(s,x)| < K(1+x),

r=1

in Uy for any R > 0, and there exists a nonnegative C? function V(x) in R such that
LV(x) < -1 (2.2)

outside some compact set, then system (2.1) has a solution, which is a stationary Markov

process.

Lemma 2.5 ([30]) Let f(t) be a nonnegative function defined on [0, +00) such that f(t) is
integrable on [0, +00) and is uniformly continuous on [0, +00), then lim,_, « f(t) = 0.

Lemma 2.6 Let P(t) = (N;(t), Nao(t), N3(2), y1(2), y2(2), y3(£))T be a solution of (1.2) with the
initial value P(0) > 0, then almost every sample path of P(t) is uniformly continuous on
t>0.

Proof For the first equation of (1.2), it is equivalent to the following stochastic integral

equation:

Ni(s) = N (0) + / NiS)(r1 = anNu(s) + a1272(6) + ar395() s + &1 / Ni(s) deos ).
0 0

Page 5 of 27
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By computation, we have

E|N1(s)(r1 — a11N1(s) + a1292(s) + ar3ys(s))|”
<EINi|%2/2 +E|r1 — anNi(s) + a1 (s) + arsys(s)| 7 12
<E|N;|?#/2 + 3%71 (rfp + auElep + auEygp + algEygp)/Z

<K.

Using the moment inequality for stochastic integrals, for any 0 < ¢; < ;, p > 2, we have

ls -1 5 _ 2
§af(p(p2 )) (tz—tl)pTz/ E|Ny(s)[" ds
t

p
—~1)\2 _
sa{’(p(pz )) (t-1)"7 K.

E

/ Ny (s) deos ()

In the same manner, we can discuss the following five equations of (1.2) and obtain similar
inequalities as above. Therefore, by Lemma 2.4 of Refs. [31], we conclude that almost every
sample path of P(¢) is uniformly continuous. The proof is completed. d

3 Stability in mean and extinction of species

Firstly, we give the following result on stability in mean and extinction of species of model
(1.2).

Theorem 3.1 If Assumptions 2.1 and 2.2 hold, then for system (1.2), we have:
(i) Ifb1 <0, by <0, then lim;—, oo Ni(t) =0,i=1,2,3;
(i) Ifb1<0,by>0, A1 < Ay, then

b
lim N, (¢) = 0, lim (Na(8)) = —, lim N3(¢) = 0;
t—00 t—00 an t—00

Ifb1 <0,by >0, Ay > Ay, then

. : AT - A} . Ay - A
Jm Ny =0, lim (Ny() = ==, lim (N3(0)) = =
(iii) Ifby >0, by <0, Ay < Ay, then
. by . .
lim (Nl(t)) =—, lim N(¢) =0, lim (Ng(t)) =0;
t—00 al t—00 t—00
Ifb;>0,b,<0, Ay > A, then
. . A5 — A} . Ay — A,
lim N,(¢) = 0, lim (N;(¢)) = —2——2, lim (N3(¢)) = ;
Jim No() fmNio) === lim{Ns@) = —
(iv) Ifby >0,by >0, A; > A; (i = 1,2,3), then
A -A Ay -A A;-A
lim (Ni(8) = ==, 1lim(No(0)) = =2, 1im (N3()) = ==

t—00 A t—00 A t—00 A
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[fbl >0, bz >0, A3 <A3, Ag > Ag,, then

, ) . _ A A
Jm(Na(@) =0, Jim(Ni) = == i Az

Proof For (1.2), integrating the forth to the sixth equations from 0 to ¢ leads to

yi(t) — :(0)

- =oi((N:(0) - (7:(0))), i=1,2,3.

Taking the limit as t — oo, combining with Lemma 2.3, we have
Jim (Ni(8)) = lim {y:()).

By utilizing It6’s formula to In N;(¢) (i = 1,2, 3) and integrating both sides of the first three
equations of (1.2) from 0 to ¢, we obtain

lan(t) - IIINI(O) = blt —ajyl fOtNl(S) ds — ai fOth(S) ds
— ar3 [y Na(s)ds + &1 (8),
InN>(t) — InN>(0) = byt — a [y Ni(s)ds — a [, Na(s)ds

. (3.1)
— a3 [y Na(s)ds + & (2),
]nNg(t) - ]nNg(O) = bgt + ds3; fOtNl(S) ds + asy fOtNQ(S) ds
—as3 foth(S) ds + E3ws(t).
Denote &;(t)w;(t) = ¥;(t), then
w by — an [N (0) - ana{No(6)) — ara(Na(®) + ﬁlt(t), (3.2)
w = by — an (N1 () - an N () — axs(Ns(8)) + ﬁzt(t), (3.3)
and
M =bs + agl(Nl(t» + 0132<N2(t)) - ﬂgg(Ng(l’)) ﬁgt(t) . (3.4)
We begin with the proof of (i).
It follows from (3.2) and (3.3) that
£ InN1(£) = In N1 (0)] < by — an (N1 (9)) + £191(0) (3.5)
and
til[lnNz(t) - IHNQ(O)] <by- 0122<N2(t)) + tilﬂg(t). (36)

Using Lemma 2.1 to (3.5) and (3.6), then

lim Nj(t) =0, i=1,2.

t—00
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Since b3 < 0, (3.4) implies lim;_, o, N3(£) = 0, and hence
lim N;(f)=0 fori=1,2,3.
t—00

Now we prove (ii).
By the proof of (i), if b; <0, then lim,_, o, N;(¢) = 0, and hence (3.3) and (3.4) imply that

£ [InNy () = InN3(0)] = by — 4N (£)) — axs(N5(2)) + £ 92(2) (3.7)
and

¢t [InN3(¢) - InN3(0)] = b3 + ass(Na(2)) — azs(N3(0)) + £195(2). (3.8)
By the elimination method, adding (3.7) applied by as3 and (3.8) applied by —a»3 gives

lf_l (433 [lnNz(t) - lnNg(O)] - ﬂzg[lnNg(t) - lnNg(O)])

(3.9)
= (baass — b3azs) — (anass + asass)(Na(t)) + ¢ (as392(2) — ansts(2)).
Applying Lemma 2.1 and Lemma 2.3 to (3.9), we get
« _ bz —b A%~ A
ot < Lrtnzbuen _Ai=5
Axndss + dzdos An
Substituting (N>(£))* into (3.8), we obtain
b -b
£ [InNs(6) — InN3(0)] < b3 + azy 22— 395 _ 4 (Ns(8)) + £ 93(0) (3.10)

aas33 + adzndi3
and

byazy + byay, Ay - A
(N3(0))" < = .
A22033 + A32423 An

If b; <0, by >0, A; < A, then (3.10) implies lim;_, o, N3(£) = 0. By use of (3.7) again, we
have

t_l[lnNz(t) — lnNz(O)] <by+e-— ﬂzz(Nz(t» + t_lﬁz(t). (3.11)
Applying Lemma 2.1 to (3.11) gives

M) < 22
az

Similarly, we have

¢! [ll’lNz(t) - IHNZ(O)] >by—¢ - 6122<N2(t)) + tilﬂz(t)
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and (N>(2)), > b22 , and hence

az

lim (N () = 22

t—0o0 ﬂ22 ’

If by <0, by >0, A; > A, then we can derive from (3.7) and (3.8) that

7 [InNo(£) - InN5(0)] = by — an(No(t)) — ass(N3(2))" + £ 92(2) (3.12)
and

7 [InN3(£) - InN3(0)] > b3 + as(No(t)) - ass(N3(2))" + £ 05(2). (3.13)

Using Lemma 2.1 to (3.12) yields

by —an(N3(0))" _ baass —bsar; _ Af - A

(NZ(t»* = a - aa33 + d3zzds3 An (3.14)
From (3.13) and (3.14), then
til[lnNg(t) - ll’lNg(O)] > b3 + dgg(Nz(t»* - ﬂgg(Ng(t)) + tilﬁg(t). (315)

Applying Lemma 2.1 to (3.15) yields

bs +az(No(t))« _ baasy +bzar, A - Ay

N»(2)), > =
( 2 >* ass Anazz + dzds An
Then we have
. . A} - A} . A — A
lim N (¢) =0, lim (Nz(t)> =— lim <N3(t)> =T 4
t—00 t—00 11 t—00 11

Therefore, case (ii) is proved. The proof of case (iii) is similar to case (ii) and we omit it
here.

Next we enter the proof of case (iv). We begin to eliminate (N;(¢)), (Ny(¢)) from (3.2)-
(3.4) by the elimination method. By analysis, there exist positive constants p = A13/As3 > 0,
q = —Ay3/Ass > 0, multiplying both sides of (3.2)-(3.4) by p, ¢, and 1, respectively, adding
the three inequalities yields

In N3(£) — In N3(0) + p(In Ny (¢) — In N1 (0)) + g(In N5 (£) — In N5 (0))
t

= b1p + bag + by — (a13p + ansq — as3)(N3(0)) + £ (1(E)p + D2(D)q + 93())  (3.16)

_As—4s i(N3(t)) +7H (01(Op + 02(8)q + D3(2)).
A33 A33

Similarly, by the elimination method, there exist constants

h= — <0, g=——<0, D=
P Ann 1 An P 2 Ag

Page 9 of 27
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such that

In N (¢) — InN71(0) + p(In Ny (£) — In N5(0)) + g(In N3(£) — Inx3(0))

N t (3.17)
_Ai-Ar i(Nl(t)) + £ (010 + 92(6)7 + V3(2))
AH All
and
In Ny () — In N5 (0) + p(In Ny (£) — In N1 (0)) + g(In N3(£) — In N5(0))
~ t (3.18)
A= Aa A ) 7 (9205 + 02007 + 92(0).
Azz A22

Using Lemma 2.3 in equality (3.16), for arbitrarily ¢ > 0, there exists T > 0, for all t > T', we
have

£ (p[InN1(2) - InN1(0)] + g[In N»(¢) — InN»(0)])
<t (pInNi(t) + gInN>(2)) + & <e. (3.19)

Substituting (3.19) into (3.16) leads to

t_l [thg(t) - lnNg(O)]

> Ai‘_ 43 —&— %(Ng(t)) +17! (ﬂl(t)}? + a(t)q + 193(t))' (3.20)
33 33

Since A3 > As, letting & > 0 be small enough such that A3 — As —¢ >0, then by Lemma 2.1,
we have
Ay —As

(N3(2), = R

Similarly, we derive from (3.2) and (3.3) that

£ [InNi () - In N1 (0)]

<A N @) ¢ 7 (910 + 920007 + 950) (3.21)
1 11

and

' [InN»(¢) — InN(0)]

<P e S N0) (0105 + 9207+ 05(0). (3:22)
22 22

Applying Lemma 2.1 to (3.21) and (3.22) again, for sufficiently large ¢, we obtain

e A
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By the definition of sup limit, we deduce from (3.4) that
7 [InN3(£) - InN3(0)] < b3 + asi(N1(2))" + aza(No(8))" — ass(N3(8)) + £ 05(2).
Therefore, Lemma 2.1 implies

stof = 228

By the same way, from (3.2) and (3.3), we obtain

t ' [InNy(¢) - In N1 (0)]

> by —an(Ni(t)) - ana(No ()" — a13(N3(®))" + 7' 01(2) (3.23)
and

¢t [InN»(¢) — InN>(0)]

> by - a21(Nl(t)>* - an(N,(t)) - 6123(N3(f))* + 11 05(2). (3.24)

Substituting (N (£))* < Alzil, (N> (8))* < A2AfA2, (N3(8))* < A3TTA3 into (3.23) and (3.24) and

using Lemma 2.1, we have

A -A Ay—A
M), 2 =7= M),z ==
Therefore,
A —-A Ay—A A;—A
Jm(Ni@)= == Jim(Na(0)) = o, Jim (Na(0) = =

which is the required assertion.
Ifb; >0, by >0, A3 < As, then the proof is similar to case (iii), and we omit it here. The

proof is completed. d

Remark 3.1 By the process of our proof, if considering the effect of Lévy jumps, one can
also establish sufficient conditions preserving the stability in mean and extinction of all
species. Here we move some restricting conditions like R > 0 and b; > b, which appeared
in [6].

4 Stability in distribution
Theorem 4.1 The solution of model (1.2) is a stationary Markov process, that is, there
exists a stationary distribution for system (1.2) if Assumption 2.2 holds.

Proof Define

. N N N an ah!
V=R—L+R—2 +R3<—3+ s + 2 ),
p p p oilp+l) o(p+1)



Zhao and Shao Advances in Difference Equations (2021) 2021:344 Page 12 of 27

where R;, Ry, R3 are positive constants defined later. By Itd’s formula, we have

LV(t) = RN, (£ (71 —anNi(t) — ay(t) — arzys(t) + 1%1512)

-1
+ RoN, ()P (Vz —anyi(t) — axnNs(t) — axys(t) + L 5 522>

-1
+ R3N3 ()Y (—i’s +az1y1(2) + asyo(t) — assNs(t) + b 7 55)

# Ry (N0 - AT 0) + R (N 0057 0)

-1
<SRN ()P + P

£l - ﬂ11N1(t)> + RoNo(t)f ("2 + p; 1522 - ﬂzzNz(L‘))

p- pN§7+1(t)+yg17+l(t)
31—

p+1

1
+ R3N3 ()Y (-Vs + £l —ﬂsst(t)) +Rza

N+ 5T as e .
+R3ﬂ32p 3 p+1yg +R3 SII(Nf Yt - 1(t))

+R3pai21 (Ng”(t) —J’gﬂ(t))

= RN (t)f (Vl + 2 £l - 6111N1(t)> + RoNo(t)f (Vz +2 €5 — 422N2(t))

_ Np+1(t)
+ R3N3(t)f (—7’3 +2 £~ ﬂgsNB(t)) + Rspig (@31 + az)
2 p+1
n R3 asi N{Hl (t) n R:-} asn Né%l(t)
p+1 p+1

- -1
= RN () (rl + p ) 1512) + RyN, ()Y <r2 + p 7 Ef)

_1 .
+ R3N; (£ (—r3 + p—&f) + <—R1t111 +Rs a1 )Nf ')
2 p+1

+ <—R2(Z22 +R3 43 >N§+l(t) + (—R3a33 + R3M>Ng+l(t).
p+1 p+1

By Assumption 2.2, there exist positive constants

_p+1+Rzas

+ 1+ R3a
Ry = >0, R2_u

(p + Dan - (p + Day
p+1

" (p+Dass — plaz: + as)

>0,

>0

R3

such that

o + + - 1
LV < — (N} () + N2 () + N7 (8)) +R1N1(t)”(r1 4P : gf)

-1 -1
+ RzNg(t)p <7’2 + ‘DTSZZ) +R3N3(t)p (—7'3 + pTri:lz)
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+1

Define V=V + Z?:l ygg , then

i

LV < - %(N{M(t) + NE () + NEY () + 92 () + 95 () + 95T (8)

-1 -1
+R1N1(t)p<r1+p2 §1Z>+R2N2(t)p<72+p2 522)

-1
+ RgNg(t)p <—r3 + pTEf)

Let

3

V() = Z(N;l(t) ~In yi(t)).

i=1

Applying Itd’s formula to V(¢) yields

_o1(N1()) —y1(2) 02 (Na(8) —y2(2)  03(N3(2) — y3(2))

=0 10 70

- (Nu(®) ™ (7‘1 —anNi(t) — any»(t) — aizys(t) - %55)
—1(Na (1) (1”2 = any1(t) — anNa () — assys(f) - %522)

- (N3(1) ™ (—Va + az31y1(t) + azya(t) — assNz(t) - %532)

+1 &2 2 -2 2 —2U
ri— 58 _ y3 + N ¥y3 + N,
Sl +a11LN11 YE) + apgt =2 L a2 1
N! 2 2

N (8) — t 2 N—Zl 2 N—2L
_01( 1(8) — 91 ( ))+ﬂ22lN21_t(t)+ﬂ21Lyl+ 2 +a23LJ’3+ 2

y1(8)
_ 02(Na(£) —9a(F)) - ulg?
y2(2) N

=01 +0y+03—1 n -1 n - "
Nl NZ N3

+ aggtNgf“(t) -

y3(2)

+ ﬂglt_)/%/z + alztyg/Z + (a3 + azg)ty§/2 +(ap + alg)LNl_z‘/Z
+ (ay + agg)LN2_2‘/2 + anLNll“(t)

o1N1(t) _ 0N, (t) B o3N3(t)
y1(2) ¥2(t) y3(t)

+ {lzthzlil(t) + a33LN317L(t) -

Define V(£) = V(£) + V(¢), then

LV =LV +LV
<o +M- %(Nf“(t) +NTO) + N ) + 0 + 5T ) + 95T )

1 1 1
n-%E n-5E T e

N; N, N;

03(N3(t) — y3(t))

Page 13 of 27
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_oNi(t)  oaNa(2)  o3N3(2)
y1(2) 2(t) y3(t)

where o = 07 + 09 + 03, and

3
M= max_ { —i ;(Nf’“u) +770) + RN (0 (n B lsf)

RN (2’ (Vz . ’%153) + RN (£’ <—r3 2 lsf)

2 2 2 -2
anWy | an; (a13 + az3)Lys . (@12 + az)INT*
2 2 2 2

s (a2 + a3) Ny

> +ay INTTH(E) + agtNy T (8) + azatNS T (2) }

Choose ¢ > 0 small enough such that

1

g2 1 1
) Wri=F@+1)\" 1 P+l o; .
0 <& <min , , ,i=1,2,3¢.
oc+M+1 4o +M+1) o+M+1

Define the following bounded closed set:

DS = {(NerZINS’ylryZ)yB) ER?.

1, 1,
e<Ni<—,e"<y;<—,i=1,234,
£ £

and for i = 1,2, 3, denote

. 1
Dlg = {(NI:N2,N3;)’1;J/2J’3) ERi Ni > g}:

Df:3 = {(N1,N2,N3,y1,y2,y3) c Ri

1
i> (>
% &

D¢ = {(N1, N3, N3, 91,92, ¥3) € R2|0 < Nj < &},

Di+9 = {(N11N21N31y1,y2)y3) € RE

1 2
e<N;j<—,0<y;<e” .
3

Denote the complement of D, by D¢, then it is easy to get DS = UIIZZIDIS For all
(N1, N, N3,91,¥2,Y3) € DEC, we discuss as follows.
(i) If (N1,N2, N3, 91,¥2,3) € DL, i =1,2,3, then

1 1
LV<o+M--N'<o+M-——<-1;
4 4er+l

(ii) If (N1, N2, N3, y1,92,y3) € Di3,i=1,2,3, then

LV<o+M 1yp< M 1 1:
<0+ _Ei_a-'— —M<—,
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(111) If (N1,N2,N3,J/1,y2,y3) € Di+6t i=1,2,3, then

&2 &2
ri—+0+1 ri—+0+1
LV<o+M-1- 7 ( )<<7+M = e+ 1) -1
N! gt

(iv) If (N1,N2,N3,y1,¥2,93) € DI, i=1,2,3, then

LV <o +M-0o;N;/yi <o +M-oe/e? < -1.

Consequently, for any (N7, N3, N3, ¥1,¥2,¥3) € Dec, we have

sup LV(NerZINfiryl:yZ!y:ﬂ) S_l
(N1,N2,N3,y1,52,93)€RS

Therefore, it follows from Lemma 2.4 that there exists a stationary distribution for system
(1.2). The proof is completed. d

Theorem 4.2 Under Assumption 2.2, solutions of model (1.2) are globally attractive.

Proof Firstly, let N(£) = N(t,N(¢)) and N(¢) = N(t,N(¢)) be any two solutions of model
(1.1) with the initial data N(¢),N(¢) € C([-7,0],R%). We only need to prove
lim; 00 E|N;(£) = N;i(£)| =0 for i = 1,2, 3.

Define

3
V()= Y Di|InNi(t) - InNi(t)

i=1

’

where D; (i = 1,2,3) is defined later in the proof. By computing the upper right derivative
of V(¢t), then

D" V(¢) < Dysign(Ny(¢) = Ni(2)) [a11 (N1 () = N1(8)) — ara(y2(£) = 72(2))
—ay3(y3(t) - y3(¢))] dt + Dysign(Na () — Na(2))
x [=an (11 (8) = 1) — an(No() - No(8)) — axs (y3(6) - 33(8) | dt (1)
+ Dasign(N3(6) = N3 () [as1 (51 (0) = 51(0)) + a2 (32(6) = 52(0))
— as3(Nys(t) - N5 (1)) ] de.

On the other hand, by (1.2), we have

d(yi —yi)

i =0(N; = N) —oi(yi - %), i=1,2,3,

that is,
t -
yi(t) - yi(t) = e (5:(0) - 7:(0)) + 0167[’”/ ™ (Ni(s) - Ni(s)) ds, i=1,2,3.
0
Therefore,

t
|yi(t)—)_’i(t)|fe_olt|yi(0)_5’i(0)|+013_U1t/ e”*|N(s) - Ni(s)| ds, i=1,2,3.
0
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Integrating two sides of the above inequality from 0 to ¢, we have

_ e—alt

f () = 50] = 225 31(0) = 54(0)| + 0, / dv / 16 |Ni(s) - Ni(s)| ds
0 0 0

O
1-e1t

= |yi(0) —5/,-(0)’ + /0 (1 - e“l(s’t))’Ni(s) —N,-(s)’ ds

o

IA

1 t -

= [(0)~510)] + / INKs) — Ri(s)| ds, i=1,2,3,
i 0

Integrating both sides of (4.1) from O to ¢ and taking expectations give

V() < V(0) + Dy (-ﬂn [ i) - R0 ds s ana [ [yato)-5206)] ds
0 0
b s /0 135(6) - 75| ds) +D; (—ﬂzz fo N (5) — N5 s
+dn /0 |y1(s) = y1(s)| ds + a3 /0 \ys(S)—&s(S)!dS>
+D3<—ﬂ33/0 |N3(S)—N3(S)|d5+ﬂ31/0 |y1(s) — y1(s)| ds
—3:()|d

+ 6132/0 |y2(5) )/2(3)| S)

< V(0) + (D2az1 + D3an —Dlﬂu)/ IN1(s) = Ni(s)| ds

0
+(D1axz + D3az; —Dzﬂzz)/ |Na(s) — Na(s)| ds
0

t
+(D1a13 + Daas —Dsﬂsa)/ |N3(s) = N3(s)| ds
0

N Dyay + D3az; Diay; + Dzaz

|y1(0) - 1(0)| + |y2(0) - 72(0) |

Diayz + Dra _
+ R 50(0) - 73(0).

o3

For the following equations,

Diayy — Daay; — Dzaz =1,
—Dhayp + Dyasy — Dsaz; =1,

—Drai3 — Dyass + Dsazsz =1,

under Assumption 2.2, the coefficient matrix of Dy, Dy, and Dj3 is a nonsingular M-matrix,
then by M-matrix theory, there exists D; > 0 (i = 1, 2, 3) satisfying the equation. Therefore,

V(t)+/0 ’Nl(s)—Nl(s)’ds+/0 ’Ng(s)—Ng(s)’ds+/O ‘Ng(S)—Ng(S)‘dS

Dsay + Dzaz;

D D
= V(0 + =25 (0) - 51(0)] + 1 ¥ i
1

|y2(0) - 72(0)|

Page 16 of 27
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Diai3 + Dya _
¢ BT 50(0) - 75(0)]

< +00,

which means |N;(¢) — N;(t)| € 1, [0, +00). Consequently, we can derive from Lemma 2.5
and Lemma 2.6 that

lim [N;(£) - Ni(8)| =0, i=1,2,3.
t—00
The proof is completed. O

Remark 4.1 Combining the existence of distribution and the global attractivity of solu-
tions of (1.2), we conclude that system (1.2) has a unique distribution, which is stable.

5 Numerical simulations

In this section, we give some numerical simulations to validate our theoretical results.
By the Milstein higher order method proposed by Higham [32], we numerically simulate
the solutions of system (1.2). Using discretization Brownian path over [0, T] and writ-
ing efficient Matlab codes, we can obtain the corresponding simulation figures one by

one.
Let
0.4 0.1 0.15
A=| 02 04 0.1]=0.0645, o1=0,=03=1,
-0.15-0.1 0.4

ry = 031, ry = 031, r3 = 0.01.

In the following, without special mention, we only change the parameter of white noise
and keep the rest of parameters unchanged so as to clearly see the dynamical effect of
white noise.

Case (i) b; <0, by < 0.

Let&; =0.8,& =0.8,&5 = 0.5292, then an easy computation yields b1 = —0.01, b, = —-0.01,
bs = —0.15. It follows from Theorem 3.1 that all species are extinct, illustrated in Fig. 1.

Case (ii) b; <0, by > 0.

Let & = 0.8, & = 0.4, & = 0.01, then b1 = —-0.01, b, = 0.23, b3 = —0.01, and A} = 0.019,
At =0.093, A1 =0.17, 21251 2 0,019/0.17 = 01118, A1 = 0.093/0.17 = 0.5471. By The-

X
-

An
orem 3.1, then

lim Ni(£)=0,  lim(Ny(s)) = 0.5471,
t—>00 t—00

lim (N5(¢)) = 0.1118,

t—>00

which is illustrated in Fig. 2(a).

If r3 = 0.1, & = 0.8, & = 0.469, & = 0.01, then b1 = -0.01, b, = 0.2, b3 = —0.1, byasz; +
bsayy = —0.02 < 0. Hence, Theorem 3.1 implies N (¢), N3(t) are both extinct, and species
N, (2) is stable in mean, and lim;_, . (N2(t)) = 0.5, see Fig. 2(b).
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0 50 100 150 200 0 50 100 150 200
t-axis t-axis
(a) (b)
Figure 1 Extinction of all species of system (1.2) with & =08, &, = 0.8, €3 = 0.5292. (a) Extinction of Ni, N3,
Ns. (b) Extinction of yq, y2, y3

4 5
N, (s)ds sl r‘J‘UNZ(s)ds |
350 N, H : N, ()
TN, (9)ds 4+ N, (1)
3r il N, ()
Nt
f:) 350 3
o5l tiN(s)ds| |
o N, g 8r
é ©
i
s 2 2z 25}
= 2
? 15 S 2
15
1
s
ILIEIN | | . || |
051 / os| N JRJERIME L VLI L BLLAC,
A (/
0 p= i o& A L L L
o 500 1000 1500 2000 o 200 400 600 800 1000
t-axis t-axis
(a) (b)

Figure 2 Dynamical behavior of (1.2). (a) is for (1.2) with & = 0.8, &, =04, &3 = 0.01, then lim;— o N1(t) =0,
[iMt— 00 (N2 (1)) = 0.5471, limi— 00 (N3 (D)) = 0.1118, (b) is for (1.2) with r; =0.1, & = 0.8, &, = 0469, & =0.01,
then Ny (t), N3(t) are both extinct, lim— oo (N2 (t)) = 0.5

Case (iii) b, > 0, b, < 0.

Let & = 0.4, & = 0.8, & = 0.01, then b1 = 0.23, b, = —0.01, b3 = —0.01. By computation,
Ay — Ay = 0.0305, A5 — A% = 0.0935, Ay = 0.1825. Hence, it follows from Theorem 3.1
that N, (¢) is extinct, and

* A

: A2 - A2
tli‘?o (N1(0)) = — = 0.1671,

22

. Ay — Ay
t1_1g10 (N3()) = — - 0.5123.

22
Figure 3(a) verifies it correctly.

Ifr3 = 0.1, & = 0.469, & = 0.8, & = 0.01, then b1 = 0.2, by = —0.01, b = 0.1, and byaz; +
bzai; —0.01. Theorem 3.1 indicates that N, (£), N3(¢) are both extinct and lim,_, o, (N7 (2)) =
0.2/0.4 = 0.5, see Fig. 3(b).

Case (iv) b1 > 0, b, > 0.

We choose & = 0.1414, & = 0.1414, & = 0.2 such that b1 = 0.3, b, = 0.3, b3 = —0.03.
By computation, then A; —;\1 =0.036, A, —Az =0.0266, A3 —Ag = 0.0153. Therefore, by

Theorem 3.1, we have

_ Ay -A
lim (N (£)) = 2A 2 - 04124,

t—00

=0.5581,

A -A _
i Jim 0 -

Page 18 of 27
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25

N (s)ds
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t-axis t-axis
(a) (b)
Figure 3 Dynamical behavior of (1.2). (a) is for system (1.2) with & =04, &, =0.8, &3 = 0.01, then N (1) is
extinct, and limy— o0 (N1 (1)) = 0.1671, lim¢— o0 (N3(t)) = 0.5123. (b) is for system (1.2) with r3 = 0.1, & = 0.469,
&) =08,& =001, then N,(t), N3(t) are both extinct and lim;— oo (N1 (£)) = 0.5
1.4
N, (9)ds
1.2 — N,
1
% 0.8
§ 06 b n | |
/ \ Iy i ‘I | I ! N || ! ‘
0.4
0.2
0 500 1000 1500 2000
t-axis
(a)
0.8 1
N, (s)ds N (s)ds
07 N,(1) 08 N,(H)
0.6
0.5
% o4l %
L 3
0.2
0.1
0 500 1000 1500 2000 0 500 1000 1500 2000
t-axis t-axis
(b) (c)
Figure 4 Stable case of (1.2) with & =0.1414, &, = 0.1414, &3 = 0.2. Theorem 3.1 shows that
liMms oo (N1 (8)) = ’“"“ =0.5581, liMes 00 (N5 () = A2‘A2 = 04124, 1My 00 (N5 (1) = 23743 A3 =0.2372
. Ay - A,
lim (N3(¢)) = ——— = 0.2372,
t—00 A

which is illustrated in Fig. 4.

By use of Theorems 4.1 and 4.2, we know that system (1.2) has a unique distribution,
which is revealed in Figs. 5 and 6. Figure 5 is the probability density function of preys N; (¢),
N, (t) and predator N5(z), respectively. Figure 6 shows the attractivity of the solutions. They

Page 19 of 27
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Figure 5 Probability density function of preys N (t), 7 ‘ ‘ ———
. % distribution le‘(l)
N, (t) and predator N3(t) of (1.2) with & = 0.1414, J o ditibuton x|
£,=01414,& =02 ; %% o distribution 0f xy(f)
st o ?
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Figure 6 Attractivity of solutions of system (1.2)

both indicate the existence and stability of stationary distribution function. The simulation
results verify that when the condition is satisfied, that is, the white noise is relatively small,
system (1.2) is stable.

If & =0.1414, & = 0.1414, & = 0.5292, then b1 = 0.3, b, = 0.3, b3 = —0.15. By computa-
tion, we have A3 — A3 = —0.0015 < 0, Az — Az = 0.06, A% — A} = 0.09, A3z = 0.14, which
guarantees that the condition of case (iv) holds, and hence Theorem 3.1 implies the two-

prey are stable in mean and the predator N3 is extinct, further,

As-A Af - A}
lim (N1 (1)) = ———=04286,  lim {No(t)) = =4 —=2 = 0.6429

t—00 33
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Figure 7 Dynamical behavior of (1.2) with & =0.1414, &, = 0.1414, &5 = 0.5292. Theorem 3.1 implies the two
2 A3 = 04286,

prey are stable in mean and the predator N is extinct, and lim;— o (N7 (t)) =

A%-A%
liMe— 00 (N2(D)) = 3\33 3 =0.6429, iMoo (N3(1)) =0

and
lim (N5(2)) =
t—>00
Figure 7 indicates the result is true.

6 Conclusion and discussion

In this paper, we consider a three-species stochastic predator—prey system with dis-
tributed delays. Theorem 3.1 gives sufficient conditions of the stability in mean and ex-
tinction of each species. Theorems 4.1 and 4.2 give the existence and uniqueness of distri-
bution of each species. Finally, by numerical simulations, we illustrate the validity of our
theoretical results.

Theorem 3.1 implies that stochastic parameter &; (i = 1,2, 3) has some important influ-
ences to the extinction, stability in mean of all species of (1.2), which is illustrated by our
simulations clearly. Simulations reveal that small intensity of white noise strengthens the
stability of (1.2), while large intensity of white noise will bring serious influence to the
dynamical behavior.

Recently, regime switching appears in a biological system frequently, and many nice re-

sults have been obtained by many researchers. How about the white noise affecting the
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dynamical behavior of a predator—prey system with regime switching? We believe it is

very interesting and leave it for our future work.

Appendix
A.1 Proof of Lemma 2.2
Let N;(t) = €59, y,(t) = eMi®, then (1.2) is transformed to the following equivalent system:

dxy(£) = (r1 — a1161Y — a1,eM20) — g13eM30) dt + & dow, (2),
dxy(£) = (ry — an eV — aye2®) — ayes0) dt + & dwy (1),
dx3(t) = (13 + az V) + az,eM2V) — az3e V) di + & dws (1),
dM, (t) = o1 (e1O-M1O) _ 1) dt,

AM(8) = 05(e20-M20 _ 1) g,

AM(t) = o3(e3O-M30 _ 1) dr.

(A1)

Clearly the coefficients of (A.1) obey the local Lipschitz condition, then it has a unique
local solution on [0, 7.), where 7, is the explosion time. According to It6’s formula, we can
see that Nj(t) = %, y,(t) = eMi® (i = 1,2,3) is the unique positive local solution of (1.2).
So we only need to prove 7, = co. To this end, we employ the method of Theorem 3.1
Mao et al. [33] and Zuo et al. [20]. The key step is to construct a nonnegative C2-function
V :R® — R, such that

hmlnf V(N11N2!N37y1;y21y3) =00
(N1,N2,N3,y1,52,93) €RS \ Uy k— 00

and
LV(NI)N27N37y11y21y3) =< Mr

where Uy = (%,k) X (%,k) X (%,k) X (%,k) X (%,k) X (%,k) and M is a positive constant.

Define
Np Np Np +1 +1 3 A+1
V=R—+R—2 +Rg(—3 + ah + o) ) + Z :
P P p op+l) o(p+1) ' 20;
3 3
—ZlnNi—Zlnyl
i=1 i=1

where p > 1, Ry, Ry, R3 are positive constants defined in Theorem 4.1.

Obviously,

liminf V(N1,N2,N3,¥1,2,¥3) = 00 as k — oo
(NllNZ»NSVyI»yZvy3)€R§»\uk'kéoo
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since

—-InN—>o00 asN—0" and kN’ —InN — oo asN — oo,wherek>0,p > 1.
On the other hand, by the proof of Theorem 4.1, we have

LV(t) < —% (N + NS @) + NS @) + 2T ) + 5T () + 957 (0))

-1 ~1
+R1N1(f)p<7’1 + pTEf) +R2N2(t)p<7"2 + PTE%)

-1
> s{“).

+ R3N3(If)P (—Vg + p

By Itd’s formula, we have
3 3
L(— Y InN;- Zlnyl)
i=1 i=1
3 2 3
= —Zn + 73+ Za, Z E— + Za”N + a1y + ai13ys

i=1 i=1

+d1)y1 + dr3y3 —adz1y1 — aszys — E y—
i=1 l

<r3+ E o;+ E -t E aiiN; + apys + azys + ayi + a;sys.

i=1
Therefore,

3

3 2
LV§r3+Za,»+Z%+A~/[,
i=1 i=1

where M = maxy; ,e(,00) {3 (V! NPE) + NPT (o) + NEVY ) + 20 @) + AT @) + AT @) +

RINy(£)7(ry + B3 E2) + RoNo ()P (ry + 251 E3) + RaN3(£) (=5 + P52ED) + 20y aiNi + annya +
2 .

ai13y3+azyi +Il23_)/3}. LetM = rs+ Z?:l o;+ Z?:l % +M, thel’lLV(Nl,Nz,Ng,yl,yz,yg) < M.

The proof is completed.

A.2 Proof of Lemma 2.3
The methods applied here are motivated by [20]. Let

Np Np ﬂglyp ngzyp 3 +1
V() = R17+R27 R3< * oot D 02(p+1)> Z

as defined in Theorem 4.1, where

p+1+Rsas; p+1+Rsas
1:7> ’ 2= T N ’
(p+ l)ﬂu (p+ 1)(122
+1
R3= p > 0.

(p + Dasz — plas1 + aszp)
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Then, by the proof of Theorem 4.1, we have
“’ 1 + + + + + +
LV() <~ (N YO+ NIV () + NET @) + 87 (0) + 95T () + 957 (8)

-1 -1
+R1N1(t)p<7’1 + %Ef) +R2N2(t)p<7’2 + 19ngz>

-1
= sf).

+ R3N3(t)p (—}"3 +

For any k > 0, we compute

LMV @©) = kM V() + LV ()

( NP + NS () + NS (1)

1 Rsas; 1 "

+< E (01([9+1) 2@)))’?

1 Rsas, 1 +1 1k "
( 2" (Jl(p+1) 202))375 * (_§+2_03>y§ ()
+RiN (t)"(rl ey —) +R2N2(t)p(72 2 Le2s g)

k

+ RgNg(t)p (—7'3 + 1%1512 + —))
4

Choosing k sufficiently small such that

1 R 1 1 R 1 1 k
G A ) S BN ) Y - LR —_ 5o,
2 oilp+1) 20 2 oip+1) 209

we have
L(eV (1) < Me,

where

1 -
M = ——Nf+1(t)+R1<r1+p

max

Ni(t)>0,i—l,2,3{ 2
1.k 1. 1k

+R (r2 ey —>N2(t)” _ NI + Ry (—r3 Ly —>N3(t)”}.
2 » 2 2 »

Applying the same method of Lemma 5.1 in [17] and integrating both sides of L(ek V(t))

and taking expectation lead to
E(V(t))<H, t=0,as,
where H is a constant. By the monotonicity of the expectation, we can derive that

E(Nf’)pr—H and E(Y'')<20:H, i=1,2,3.

i
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By the Cauchy—Schwarz inequality, there exists o(p) such that

2

E() < o@)[EO" 7T < o(p)(20,H) 7.
Denote K(p) = max{4., 0(p)(20;H)71,i = 1,2,3}, then
E(N’)<K(p) and E(¥}) <K(p).

Next computing the derivative of V(¢) reads
3
dV(e)=LV(e)dt+ Yy REN! () dwi(t), i=1,2,3.

i=1

For small 7 > 0 enough and n = 1,2,..., we integrate both sides of dV(¢) from nt to ¢ and

)

take expectation, then

/n t LV(s)ds

T

E( sup V(t)) < E(V(nr)) +E< sup

nt<t<(n+l)t nt<t<(n+l)t

nt<t<(n+l)t Jnt

3 t
+ Y REE( sup N? dwi(s)!.
i=1

Again using a similar proof of Lemma 5.1 in [17], for any positive constant € and any

finitely many #, one can derive that

sup V() < ()¢, as.

nt<t<(n+l)t
Letting € — 0 leads to

In V(¢)

<1, as,

lim sup
t—00

which implies

Iny;(t 1
lim sup yilt) <—71 i=123as.
fsoo  Int p+1

Fixing €y = 52, then there exists T > 0 such that Iny;(¢) < (1% + €9)Int forall £ > T.

2(p+1)
Therefore,
(L . _r
lim sup 0 <limsupt® 71 =0, as.
t—>oo L 00

Together with the positivity of y;(¢), we have

i yi(t)
im ¥—= =

t—oo

0.
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Similarly, we can derive that

In %Nf(t)
—_— <

lim sup , a.s.,
t—00 Int
that is, limsup,_, . l“f:fit(t) < 1%, a.s. By the same deduction, we have

. lnN,'(t) 1 . Int .
hmsupT <[ -+¢ hmsupT =0, i=1,23as.

t—o00 pr t—00

The proof is confirmed.
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