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integro-differential equations (VTFWSPIDEs). A pseudo-operational matrix (POM)
approach is developed for the numerical solution of the problem under study. The
suggested method changes solving the VTFWSPIDE into the solution of a system of
linear algebraic equations. Error bounds of the approximate solutions are obtained,
and the application of the proposed scheme is examined on five problems. The
results confirm the applicability and high accuracy of the method for the numerical

solution of fractional singular partial integro-differential equations.
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1 Introduction

Partial integro-differential equations (PIDEs) with weakly singular kernels emerge in some
physical and chemical phenomena, such as the radiation of heat from semi-infinite solids,
stereology, hydrodynamics, heat conduction, and theory of elasticity [1, 2]. Due to pos-
sessing singular kernels, this category of functional equations is complicated, and directly
obtaining exact solutions of singular PIDEs is usually extremely hard. Therefore, the study
of numerical solutions of these equations is severely significant. Numerous numerical
schemes have been established to numerically solve the singular PIDEs, such as the Sinc
methods [3-6], the optimum g-homotopic analysis method [7], the finite difference meth-
ods [8-10], wavelets collocation schemes [11], and many other methods (readers can refer
to [12-15]). Fractional derivative and integral operators can better describe physical phe-
nomena of the real world, and hence researchers handle solving diverse fractional func-
tional equations. For example, the exact solutions of the time-fractional extended (2 + 1)-
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dimensional Zakharov—Kuznetsov equation and a high-dimensional time-fractional KdV-
type equation were obtained by means of the symmetry analysis method in [16, 17]. Sing
et al. suggested g-Elzakri transform method for solving multi-dimensional diffusion equa-
tions [18]. In [19], the Sumudu transform method was employed successfully for a frac-
tional blood alcohol model. Authors in [20] presented a method based on Chebyshev poly-
nomials to solve the fractional Bratu’s equation. Alderremy et al. used the finite-difference
method for the fractional two-cell cubic autocatalysis reaction model [21]. Fractional func-
tional equations with variable order (where orders are functions of the time or space or
both of them) were introduced in 1993 [22]. Due to having the memory properties, this
class of equations is a powerful tool to describe mechanics of an oscillating mass sub-
jected to a variable viscoelasticity damper and a linear spring, the motion of spherical
particle sedimentation in a quiescent viscous liquid, analysis of elastoplastic indentation
problems, and interpolating the behavior of systems with multiple fractional terms [22—
25]. Since limited works have been done on VTFPIDEs, in the present work a numerical
approach based on the bivariate Chebyshev polynomials of the fifth kind is presented to
obtain approximate solutions of the PIDEs as follows:

2

ot 3”’th) FV(o,m))
Dy V(x,t)+ZZ Vi Py // o p—— )ﬁdwdw

i=0 j=0

(1)
=f(x,t), m-1l<oxt)<m,(xt)e],

with the initial and boundary conditions

aV(x,0)
dat

V(x,0) = ¢o (%), =p1(x),  V(O,0)=vo®), V(1,8 =910, 2)
where vy, p are real constants, 6,9 € [0,1), m € Z*, and ] = [0,1] x [0,1]. The functions
bh(2), Po(x), P1(x), Yo(t), ¥1(¢) are known continuous ones. The functions V(x, £) and f(x, t)
are assumed to be sufficiently smooth, which guarantees the existence and uniqueness of
the solution of Eq. (1). F is an identity or a differential operator and ng(x’t) designates
the variable-order time-fractional derivative operator of the Caputo type. Equations of
the form (1) arise in problems dealing with heat conduction in materials with memory,
population dynamics, viscoelasticity, and theory of nuclear reactors (see [26, 27]).

The Chebyshev polynomials of the fifth kind have been utilized for fractional ordinary
differential equations with constant orders [28]. Modeling diverse phenomena in the dif-
ferent fields of science is performed by Eq. (1), [26, 27]. The integral part of Eq. (1) pos-
sesses a singular kernel and one of its limits is a function, which makes it hard to find
the exact solution of problem (1)—(2). The Chebyshev polynomials of the first to fourth
kinds have been widely used to solve diverse functional equations, but the orthogonal
Chebyshev polynomials of the fifth kind were taken into account less. These reasons and
the importance of the equation under study motivate the authors of the current paper
to present a new approach for solving the equation in (1). By generalizing the fifth-kind
Chebyshev polynomials to the two-dimensional case, their efficiency as basis functions is
demonstrated. Accordingly, pseudo-operational matrices of the integration and a pseudo-
operational matrix for the approximation of the integral part with the singular kernel are
derived. Besides, the relation between the one-variable basis vector X(£) and its shifted
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form, X(h(2)), is exhibited as a matrix. Using the collocation method along with the re-
sultant matrices converts the solution of the main problem to the solution of a system of
algebraic equations, and solving this algebraic system leads to an approximate solution.

Authors in [31] utilized two different basis functions (Legendre and Laguerre polyno-
mials) to construct the two-variable basis, and all computations are done for both bases,
while the proposed method in the current paper constructs the two-variable basis utiliz-
ing the fifth-kind Chebyshev polynomials. It is expected that the obtained results enjoy
less computational cost and more accuracy.

The rest of the paper is structured as follows: definitions of the fractional derivative
and integral operators, one- and two-variable Chebyshev polynomials of the fifth kind
are introduced in Sect. 2. Pseudo-operational matrices of the integration with integer and
fractional orders are derived in Sect. 3, and then with the aim of them, operational matrices
for the two-dimensional basis are constructed. The operational matrix of the product is
constructed, the integral part in (1) is approximated, and the shifted basis vector X(h(%))
is approximated in terms of the basis vector X(¢). Section 4 is dedicated to describing the
suggested method, and error bounds for approximate solutions are computed in Sect. 5.
The applicability and efficiency of the proposed scheme are illustrated through several
experimental examples in Sect. 6. The paper concludes with a conclusion and discussion
in Sect. 7.

2 Fractional operators and SCPFK

2.1 Fractional operators

Definition 2.1 The variable-order time-fractional derivative operator of the Caputo type
is defined as follows [22]:

0"V (x,
-1 V(x w) d

@, (xt)e€],
dew™

1 t
CDG(x't)V f) = / t— m—o (x,t
PV = Sy T

where m — 1 <o (x,t) <m, m € Z* and V(x,t) € C"(]).

Definition 2.2 The variable-order fractional integral operator in the Riemann—Liouville
sense gLIf ® is defined as follows [22]:

1 t
S IT V() = ———— / (t - o)V, ) e,
o Flowo) Jo

where m — 1 <o (x,t) <m, m e Z* and V(x,¢t) € C(J).
Some properties of these operators are as follows:

1 (I)RLI;H(JCJ) (gLI;TZ(x,t) o (x, t)) _ OLIfz(xvt) (gLI;n(x,t) g (x, t))
_ gLIfl (t)+o2(%:t) g(x, 1),

2 BIr@(CDI"g(x, 1)) = glx, 1) —g(x,0), O<o(xt) <1,

3 CIDG(xyt)ty _ 0, LO'(?C, t)J >V
0Tt - C(y+1) —o(x,t) .
L(y-o(xt)+1) 7o, otherwise,
4 RLI“(x’t)tV — F(V + 1) tv+o*(x,t), v>—1.

0 T TWw+o(xt)+1)
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2.2 SCPFK
The bivariate Chebyshev polynomials of the fifth kind (BCPFK) are obtained from the
one-variable SCPFK. The SCPFKs are defined over the interval J = [0, 1] as follows [28]:

j
X(t) = Z prit's (3)
r=0
where
, i 1515 atr 1) )
92 ZZHﬂJ @ Jjeven,
Prj= G0 )
(NCYOTH I T aae I I T dd
PV @Ir+1)i ] 044
and
1
5 :0;
s1=12
1, [>0,

and pop; = 1/2 for j=0,1,2,.... These polynomials are orthogonal with the weight func-
tion w(t) = (2t — 1)*/+/t — £2, that is,

1
| xox@wtede=nsy,
0
where §; is the Kronecker delta function and

- ,
521 L even,

hi = i(;z) . ®)
i odd.

j22i+1 7

The SCPFKs satisfy the following recurrence relation:

X () = 2t - DA() — €1 X1 (2), j=1,te],

(6)

Xo(t) =1, Xi(t) =2t -1,

where
(-2 +j+ (12—
€yl = v
4j(j - 1)
A function Y € L2(J) can be expanded in terms of the SCPFKs as follows:
[o¢]
V(e)=) VX, te], (7)

j=0

where coefficients Y}, j > 0, are computed as

1 1
V- | yox@mo .
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The first few terms in (7) are practically required for approximating the function ), i.e.,

N
V&)~ In® =) 0 =X"OY =Y'X(), ®)

Jj=0

where Y and X(£) are vectors as
T T
Y= v .ow], X0=[%0 X0 .. 0] 9)

Now, BCPEKSs are constructed using the one-variable SCPFKs on the domain J = [0, 1] x
[0,1] as follows:

Zix, 1) = Xi(x)X(8), i,j=0,1,...,(x,8) €]. (10)

These two-variable polynomials are orthogonal with respect to the weight function
W (x,t) = w(x)w(t) on J, that is,

1 1
f / Zij(x, 1) Za (%, ) W(x,t)dxdt = hihid1,
0o Jo

where 7;, I are defined in (5). The two-variable function Y € L%,()) can be approximated

as follows:
N M
Y0~ Tne)=Y Y YiZixt)=Y @), (11)
i=0 j=0
where
Y=[Tw Yo . You Yo Yu ... Yix
_ _ _ T
YNO YNl YNM] 5
(12)
o) = [ 20wt Zuln) . Zw@®0) Zn Zuwd .. Zwlsd
T
Zvolt) En@t) . Znubsd)]

It must be mentioned that the vector ®(x, ¢) is written as ®(x, t) = X(x) ® X(¢), where ®

denotes the Kronecker product.

3 Pseudo-operational matrices

In this section, the pseudo-operational matrices of the integration (with integer and frac-
tional orders) and the operational matrix of the product are derived. The shifted vector
X(h(t)) is approximated in the vector X(¢), and then a pseudo-operational matrix is com-

puted to approximate the integral part in (1).
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3.1 The integral pseudo-operational matrices
Lemma 3.1 For m € R*, one has

[ e xomoai- Zpr,f 5

AT (m+r+3) 4I‘(m+r+%) T(m+r+3)
+
C(m+r+3) Fm+r+2) T(m+r+1)

Proof Using series (3) and the weight function w(¢), one has

1
/ " X (E)w(t) dt = Zp”/ 4t’””*2 4gms 4 tm”")(l -1 bt
0

r=0

d 51 31
:Zp,,,» 4B\m+r+ -, = | -4B\m+r+ -, =
22 22
m=0
11
+Blm+r+—=,=]),
(+r33))
where B(r, s) is the well-known beta function. O

Theorem 3.2 [fX(t) is the basis vector in (9) and € € 7", then one gets
t
/ n°X(n)dn ~ P X(t), tel, (13)
0

where P, is the (N + 1)-order pseudo-operational matrix of the integration of integer order,
and its entries are computed as follows:

) f’ " AT(r+1+32) 4L(r+i+32) T@r+i+13)
P.[j, - m -
Ujpm] = §r+s+lzpl I'(r+1+3) I'(r+l+2) +F(r+l+1)
jm=0,1,...,N.

Proof According to the definition of X(¢), the left-hand side of relation (13) is calculated
as follows:

¢ 0 ¢ 1 t N t r
/nEX(n)dn= Zpr,()/ 77r+8d77:210r,1/ n’*gdn,...,Zpr,N/ 0" dn
0 r=0 0 r=0 0 r=0 0

tr+s+1 1 tr+s+1

tr+s+1 T
(14)
2:'Oror+8+1 Z,Or, rre+1’ ;prNrJr +1

r=0

T
_t£+1 .
Zpr0r+8+1 X:'Or’lr+e+1 ZprNr+e+1

r=0 r=0

Now, t" is approximated in the polynomials X, (t),m =0,1,...,N,

N
"~ ZafﬂXm(t), r=0,1,...,N,
m=0

Page 6 of 26
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such that

——/ £ X, () w(t) dt

AL +1+3) AT(r+1+3) Tr+l+3)
:%:pz,m\/—< C(r+1+3) L(r+l+2) F(r+l+1))

Substituting the last equality in the last row of (14) leads to the desired result. O

Remark 3.3 If ®(x, ) is the bivariate vector in (12), then the pseudo-operational matrices
of integer order regarding the variables ¢ and x are as follows:

/ s%(s,t)ds=< / sfx<s>ds)®xu>
0 0

~ (1P X)) ® X(0)
= %P, @ I)(X(x) ® X(1))

= P B, ),

/ n° ®(x,n)dn = X(x) ® (/ nEX(n)dn>
0 0

~ X(x) ® (£ P X(2))
=11 @ P,)(X(x) @ X(2))

= 1P, B(x, 0),

where P(,, and P{, are the pseudo-operational matrices in the two-dimensional case re-
garding x and ¢, respectively.

Theorem 3.4 Assume that X(t) is the basis vector in (9) and §LI;7 © js the variable-order
fractional integral operator in the Riemann—Liouville sense as follows:

1 t
RLIa(t) ) = / £ o(t)-1 dn,
o L "g(®) e )y E-n)"""gn)dn
where o (t), g(t) are continuous functions. Then one has
gLIf(t) (tEX(t)) ~ to(t)”P(f)X(t),

where P©) is the (N + 1)-order pseudo-operational matrix of the integration of variable
order, and its entries are computed as follows:

,i] =

J_Zp,, (r+e+1) ZPZ (4F(r+l+%) 4F(r+l+%)

T(r+o+e+1) T(r+l+3) T(r+i+2)

F(r+l+§) i_o01 N
+F(r+l+1) S B

Proof The proof is similar to what was done for Theorem 3.2. O
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Remark 3.5 If ®(x,¢) is the bivariate basis function and X7} ®1 s the variable-order
Riemann-Liouville integral operator and ¢ € Z*, then a pseudo-operational matrix of the
integration with the variable order o (x, ¢) is found as follows:

SLT7 0 (£ B, 1)) = X(w) @ §HI7 0 (£ X (1)
~ X(x) ® (£ IPIX(1))

= 194760 (1 @ P)) (X (%) ® X(2))
= (o EOPOD P (i, ),

where P”*) is the integral pseudo-operational matrix of variable order for the two-variable
basis regarding the time variable.

3.2 The operational matrix of product
Lemma 3.6 The integration of three polynomials X;(t), X;(t), and Xi(t) is calculated as

1
Gk = /O XXX (Ow(e) de

jtk i

. AT(r+1+2) 4AT(r+l+32) T@r+i+1)
- ZZVr("k)Pu«/;< 2= 2} 2 );
=0 10 F(r+l+3) T(r+l+2) T(r+l+1)

i,j,k=0,1,...,N.
Proof First, the products of Xj(¢) and X(¢) are written as follows:
j k j+k
Qi (t) = Xy(£)Xi(2) = (Z pm,,t’”> (Z pn,kt”) = (Z y,““t’>,
m=0 n=0 r=0

where the coefficients y,(j’k),j, k=0,1,...,N,r=0,1,...,j+k, can be calculated from Algo-
rithms 1 and 2.

Now, the quantity g;; is calculated as follows:

1 ]+k 1
ijk = / XXX yw@)de =)y f £ X () w(e) dt
0 pan 0
j+k d ik 1 1 3 1 1 1 1 1
= ZZ vy )pl,,-/ (472 4t 4 ) (1 - 1) 2 dt
r=0 1=0 0
By definition of the beta function, the desired result is achieved. O

Algorithm 1 The computation of the coefficient y,(j’k) ifj>k
r=0,1,...,j+k
if r > j then

j,k) k
yIP = D lrj PrLjPLk
else

r1 = min{r, k}

k)
yr(] = Z;io Pr-1jPLk
end if

Page 8 of 26
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Algorithm 2 The computation of the coefficient yr(j’k) ifj<k

r=0,1,...,j+k
if r <j then
ry = min{r,}
ik
Vr(] = erio Pr-1PLk
else
ry = min{r, k}
ik
Vr(l ) = Z;ir—j pr—l,jpl,k
end if

Theorem 3.7 Suppose that X(t) is the basis vector in (9) and U is an (N + 1)-order arbi-

trary vector. Then one has
XX (U ~ UX(2), (15)

where U is the (N + 1)-order product matrix, and its entries are computed as follows:

N Ugs
Ulijl=Y" %:k’ i,j=0,1,...,N,
k=0

and q;. is given by Lemma 3.6.

Proof See Theorem 4 in [29]. O

3.3 The approximation of the integral part

Theorem 3.8 [fX(t) is the one-variable basis vector, then one has

t 8X
/ n'X(m) dn ~PBPX(r), Be(0,1),e e,
o Et-n)P

where B#) is the (N + 1)-order pseudo-operational matrix for the integral with the weakly

singular kernel, and its entries are as follows:

Bquh:j:pMJEFU+S+DFG—ﬁ)§:’M<4F0+m+§)

KL(r+e—-p+2) I'(r+m+3)

r=0 m=0

4F(r+m+%) F(r+m+%)
+
F'r+m+2) T(@r+m+1)

), Lj=0,1,...,N.

Proof According to the definition of X(¢) and noting that

‘o Te+DTA=P) e
/O(t_n)ﬂdn— T f12) t , r=0,1,...,

Page 9 of 26
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one gets

I‘(r+s+1) (1-8) 1
Zr 000 e e B+

F(HHU (- ﬂ)tHs B+1

1
/t T]SX(V)) d Zr 0Pr1 C(r+e-B+2)
n= .
0 .

(t-n) :
N I(r+e+1)I'(1-B) 1
Zr:O pr,NWtHE B+
0 I(r+e+1)I'(1-B)
ZV*O r T (r+e—B+2) t
Zi—o Or1 T(r+e+1)I'(1—, ﬁ)tr

_ t87ﬁ+1 = I'(r+e—p+2)
C(r+e+1)I'(1-B) .

N
Zr 0 Pr.N [ (r+e-B+2) t

Using Lemma 3.1, ¢, 0 < r < N, is written as

N
¢ = Zu}’)X,(t)
j=0

N 4r r+m+5) AT(r+m+ 3)
Pm, \/_< - <

/mo ['(r+m+3) C(r+m+2)

C(r+m+3) ¥
m) A

So, each component of the vector in (16) is approximated as follows:

! F(r+£+1)1*(1—,B)tHE_ﬁ+1
Zpr’N F'r+e-pg+2)

— te—ﬂ+1

oriNTD(r+ e+ 1)I'(1 - B) ' 4F(r+m+g)
XZ(Z BT (r+e—p+2) me’l(—

— C(r+m+3)

4I‘(r+m+%) I’(r+m+%)
B C(r+m+2) +F(r+m+1)) ()

N
=P bULNXD, 1=0,1,..,N,
j=0

Thus, one gets the following matrix representation:

b(0,0) b(0,1) --- b(O,N) Xo(2)

7 X(n) | RO BAD BN || 2

[ = Lr :
b(N,0) b(N,1) --- bWN,N) || v

= £ PIBAX(3).

(16)

Page 10 of 26
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3.4 The approximation of the shifted basis X(h(t))
Theorem 3.9 If h(t) € C(J), then the shifted basis vector X(h(t)) is approximated in X(t)
as

X(b(8)) ~ ApX (D),
where Ay is an (N + 1)-order matrix and is found later.

Proof Noting the definition of Xj(¢) in (3), each Xj(h(¢)) is written as

j
X(h®) =Y pxb*®), j=0,1,...,N, (17)
k=0

where coefficients pjx, j,k = 0,1,...,N, are given by (4). Thus, the vector X(h(¢)) is written
as

X(6(0) = [ (h(®), X (b)), ... X (6(8)]"

£0,0 0 0 . 0 0 1
£1,0 P1,1 0 - 0 0 h(t)
02,0 02,1 02,2 . 0 0 b2(0)
PN-10 PN-11 PN-12 0 PN-1N-1 O hN-1(¢)
L PN,O PN,1 onz o PNt e LD N(g) |
= AH(t).

Now, the functions h*, k = 1,2,...,N, must be approximated. First, h(t) is approximated
as follows:

N
h(e) ~ Y @) = T7X(2), (18)
k=0

where w; = hi fol h(£) X (£)w(t) dt. With the aid of (18), one achieves
7
k =7 — ~ien T :

b () =~ T1;” X(t), ;= ("), i=12,..,N,
where IT is the (N + 1)-order operational matrix of the product, and its entries are calcu-
lated in terms of the components of the vector IT. Hence, the vector H(¢) is approximated
as follows:

H(®) ~ [0, Ty, T, ..., TIn]TX () = TIX(0),

where e; = [1,0,...,0]7. So, one attains

X(h(0) ~ AH(£) ~ ATIX(®) = ApX(2), st Ay =ATL 0



Sadri et al. Advances in Difference Equations (2021) 2021:348 Page 12 of 26

Corollary 3.10 The following approximations are achieved by Theorems 3.2, 3.8, and 3.9:

h(t)
/0 0 X(n)dn ~ (5(0)  PX(6() ~ (5(0) P AL X (1),

h(e) e

n°X(n) - )

/ 1 60) PIBOX(5(0) ~ (5(0) T BY ALX(@).
o _

4 Methodology

To find an approximate solution for problem (1)—(2), first consider the following approx-

imation:

3*V(x, 1)

~ 77T
a0, (19)

By twice integrating (19) regarding «, the following approximations are obtained:

3V(x, t) T 3%V(0,t)
— 2 axUTPY B (x,8) + ————, 20
awaz U B @t = 20)
V(xt) 5 or o 83V(0, 1) .

~x U P(x)]P’(X)(I)(x, t) + Wx + wO (t) (21)

o2
Now, setting x = 1 in (21) leads to determining the approximate value of 33V(0, £)/dx3¢:

9%1(0,¢)

ez SV O-v5(0) - UTP,PL ®(1,1) = Gy(¢t).

Twice integrating (21) regarding ¢ leads to the following approximations:

oV (x,t)

t
e XU TP PP ®(x, 1) +x /0 Gi(n) dn + Wi(t) — ¥5(0) + ¢1 (%), (22)

t pt
Vi, 8) ~ " U B P P Pl @ ) + f f G1(n) dn e’ + o (2)
0 JO

(23)
= ¥0(0) — Yo (0)t + £h1 (%) + o ().
Again twice integrating (19) with respect to ¢ yields the following approximations:
3V (x, ) B Y
oar tU" Py @(x, 1) + ¢y (%), (24)
BZV(x, t) /
YR PUTPY Pl ®(x, 1) + 1 (x) + ¢ (%). (25)
Integrating (25) regarding x gives the following approximation to 9V (x, t)/dx:
8V(x, t) /
o x> U P, Pl Ph, @ (x, £) + (¢ (x) — $7(0))
* (26)
, aV(0,t)
+ (%) — ¢(0) + p

Deriving (23) regarding x and setting x = 0 lead to an approximation for dV(0, t)/dx:

0V(0,¢) -
ox -

/ / G(n)dndt’ + t6}(0) + $)(0) = Ga(0).
0 0
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Integrating (20) regarding ¢ leads to the following approximation:

82V(x, t)

t
~owdt L[TIP’O IPOt)tb(x,t)+/ Gi(n) dn + ¢1(x). (27)

To approximate § Dy 7®DY)(x, £), consider the definition of the Riemann—-Liouville integral
operator and the approximation in (21). Using Remark 3.5, one can write

SOV, 1) = BT (D2V (x, 1))
~ R0 00 (U TPY, B @(x, 8) + 2Gy (£) + g (1)) o8
28
A x t2 o (x,t) UT]P)O )]P) ;’): (p(x’ t) +x§LIf_” x,t) Gl(t)

§D7 vy (2),

where D? = 3?/3¢2. Suppose that F(V(x, t)) in the integral part in Eq. (1) is approximated
as follows:

F(V(x, t)) ~x1t2 VI ®(x, ).

Now, the double integral in Eq. (1) is approximated as

@))
// (x— w)et w)l’dwa’w
w2 VI®(w, w)
/f c— o) — )’ dw dw
o [T e X(w) ) w2 X(w)
=V /0 o) dw®/0 7(t—w)0 do (29)

X101 (h(0) 2 VT (BOX (x) @ (BDX(b(2)))
h(0)> VT (B © (BYAp)) (X(x) ® X))

= 2170 (1(0) " VIBOY @ (x, 1),

KE1™ —-0+1

(
(

where B®?) = B @ (B?Ay) is an (N + 1)>-order matrix. Substituting approxima-
tions (19)—(29) into Eq. (1) gives a residual function, and collocating it at tensor points
{(x:, L‘,-)}%=0 leads to an algebraic system including (N + 1)? equations. x;, t; are the roots
of Xy,1(x) and X,1(8), respectively. By solving the resultant system, the unknown coeffi-
cient vector U is determined, and an approximate solution is achieved from (23).

5 Error bounds
In this section, by computing error bounds of obtained approximations, an error bound
for the proposed method is presented.

Set Py = Span{Z;(t),i,j = 0,1,...,N} and suppose that uy(x, £) € Py is the best approxi-
mation to u(x, t) € L? (]) in other words,

lu—uxnll = inf [lu—3l,
3€PN

N N
where un(x,£) =), o ijo u; Z;j(x, t).

Page 13 of 26
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Theorem 5.1 Suppose that T‘y (x,8) and Vn(x,t) € Py are the Taylor expansion and the
best approximation to V(x,t) € L%, ()), respectively. An approximation error can be com-
puted as follows:

NEZSH

V=Wl gp<Co—r—m———
Lw D =" /aONT2(N +2)
, .y _ 92V (k1)
where Cy is a positive constant and ©¢ = max, , | STy T |-

Proof The error of the Taylor expansion for function V is

xN+ltN+l 82N+2v(%-x’§-t)
[2(N +2) 9xN+1ggN+1 "’

V(x,8) = T (x,8) = (Ewme) €. (30)

Taking the L2-norm of Eq. (30) and using the definition of the beta function lead to the
following inequality:

IV =Vl g = V- Tmﬁ“”iz )

@2 2N +2 2N+2
/ / F4(N 2) ———— Wix,t)dtdx (31)

G 4T2N +3) 4T(2N +2) F(2N+g) 2
_F4(N+1)(F(2N+5) F(2N+4) (2N+3))

Utilizing the Stirling formula in [30] for sufficiently large N leads to the following inequal-
ities:
TN +3) 1 I'(2N + 7) 1 (2N +2)
— o <al2N)72, 2 < (2N) 2 2 < 3(2N) 2
T(2N +5) TN +4) = TN +3) ~
where ¢;, i = 1,2, 3, are positive constants. Using the above inequalities for (31) results in
the desired result. O

Theorem 5.2 Suppose that Vy(x,t) and 'TN (x,t) are the best approximation and Taylor
expansion of V(x,t) € L2 (]) Error bounds for derivatives of V(x,t) can be approximated

as follows:
LAV LAY Q;; 1
— X <G OuvT (2N - 2)(2N - 2))) %,
oxioY  OxioY 2,0 F'N-i+2)[(N—-j+2)

where C; is a positive constant and

82N—i_j+2V(x, t)
Oij = max | 2 TNt

(x0)€]

., 5j=0,1,2.

Proof According to the Taylor expansion of the function V, one has

3V (x,t) VTN (xt) AN N NIV ()
Axidy dxiot  T(N-i+2)D(N—j+2) 0aN-i+1gN-+1 ° (32)

(gxi’ nti) € i, l’] = 0; 1’ 2.
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By taking the L?-norm of (32), one gets

PIZAY) 3”’7;9’ 2

axidt  oxiov

£2,0)

1 1 xZN—2i+2t2N—2j+2
- / / 02— W, ) dt dx
o Jo T
eix

N-i+2)[2(N-j+2)

(33)

TTXN-i+2T2(N—j+2)
AT(2N -2i+3) 4T(QN-2i+1) T@N-2i+32)
X —
F2N-2i+5) T(N-2i+4)  T(@N-2i+3)
AT2N -2j+3) 42N -2j+1) T(QN-2j+32)
TN -2j+5) T(2N-2j+4) ¥ 2N -2j+3) )

By the Stirling formula for the sufficiently large N, one has

2N -2r+2) 1 (2N -2r+2) _1
20 < (2N -2r)72, — 2 <N -2r)2,
2N -2r+5) — 2N -2r+4) —
TN -2r+2) 1
<ci(2N-2r)72, r=4ij4,j=0,1,2,
(2N -2r +3)

where ¢}, , m = 1,2, 3, are positive constants. Combining the last inequalities with (33) leads
to the desired result. O

Theorem 5.3 Assume that o (x,t) is a known continuous function and V(x,t) € L%V(i). An
error bound for the variable-order fractional derivative of the approximation of V(x,t) is

as follows:

W

1
_<C o %)\ 1d
p =2 (N +2)[[(N-0*+2) (2N(2N -20 )) ’

5D ~§ D1Vl

where C, is a positive constant, O is the same in Theorem 5.1, and o* = max, »j{o (x,£)}.
Proof By applying the operator $D?* to (30), one gains

AN N )
T(N+2T(N-o(x,8)+2) 0N+ TaNd 7 (g4

DYV, 1) - §D7 T (1) =

(&xsme) € j

Taking the L2-norm of (34) leads to the following inequality:

[§D7*V =5 D7V 12 4,

1 pl ®0x2N+2t2N—2U*+2
< / / W(x, t) dt dx (35)
s Jo TN +2)T2(N -0 +2)

Page 15 of 26
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(OF s 4T(2N +3) 4I'(2N +1 ) F'(2N +2)
- IM'2(N +2)['2(N-o0*+2)\ T(2N +5) - (2N +4) l"(2N+ 3)

4T (2N -20* +3) 41"(2N—2a*+7) F2N -20*+32)
F2N-20"+5) T(N-20"+4) ' T(2N-20"+3)

Using the Stirling formula for large values of N results in the following inequalities:

r(2N+§)< (2N} (2N+7) N}, F(2N+§)< 2N}
FeN+5) — © T@N+4) FeN+3) =@ ’
(2N -20* + 2 1 (2N -20* + L 1

PON=20"+)) _yon—2eryd,  TONZ2040) N a0yt

F'(2N -20*+5) — T(2N - 20* +4) —

(2N - 20* + 2 1

PON=20"+5) _ 4N -20%) 1,

(2N -20*+3) —

where ¢;, d;, i = 1,2,3, are positive constants. Combining the resultant inequalities with
(35) leads to the desired results. O

Theorem 5.4 Suppose that V(x,t) € L? (]) and Vy (x, t) is its approximation obtained from
the proposed method, F : R x R — R is a continuous differential operator, h(t) € C(I),

ho = maxye;{h(t)}, and the real number o > 0 exists such that
|7V 0) - F(Wn@0) |2 g < eVt - W@ a2

The bound of the approximation error related to the integral part in Eq. (1) can be approx-

imated as follows:

FV(w,)) //“(‘ F(Vn(w, @)
T o de dw do

(x—w)(t-—w)" (x-w)(t-w)”

< C()Q@()Aoﬁ
~ V2NT2(N +2)

L3,0)

where Cy is a positive constant, ©y is introduced by Theorem 5.1, 0,9 € (0,1) and

—20)T(L - 20)(46% - 20 + 1)(d9% - 20 + 1)\ ?
I'(3-20)I'(3-279) ) '

N
Ao=\/[)07T( (2

Proof According to the hypotheses of the theorem and using Theorem 5.1, one has

FV(w, @) // F(Vn(w, @)
do dw do dw

(x-0)(t-w)” x—w)(t—)"

2

£2,0)
x pb)
— — 2
§Q2/ / |(x =)t - o) 19”L%V(DHV—VNHi%V(DdLwa

0*C20%r N
§2NF4(N+2 / / |(x 0) 't -w) ||L2 dw dw
0*C3O%rhy [ T(3-20)I(3 - 29)(40% - 20 + 1)(402 - 20 + 1)
= 2NT4(N +2) I'(3-20)I'(3-20) ‘

Page 16 of 26
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Theorem 5.5 Suppose that V(x,t) and Vi(x,t) are the exact and approximate solutions
of Eq. (1) and R(x,t) is the residual function/perturbation term. Then R(x,t) — 0 when
N — oo.

Proof Vi (x,t)is the approximate solution of Eq. (1), thus it satisfies the following equation:

2

8l IVN X, L VN a),w))
C xt
$DY VN(x,t)+ZZ Vi e / / Py Tr—) dw do

i=0 j=0

(36)
—f(x, ) + R(x,t) = 0,

where R(x, t) is the residual function/perturbation term. Subtracting Eq. (36) from Eq. (1)
leads to the following equation:
2

2 i+j _
Rl £) = SDI (Vi 1)~ V(1) + 33wy V) = s 1)

dxiot
i=0 j=0 (37)
V(w, @) - F(Wn(o, @)
+,0/ / PR r— dw dow.

By taking the L2-norm of Eq. (37) and using Theorems 5.1-5.4, a bound for R(x, £) can be
obtained as follows:

—

Oo/T 1

IRz, < Ca TN+ 2N 0 72) (2N(2N -20%))7*
2 2
Oijv/m ‘ !
+ ;j:zo ie TN—i+2T(N—j+2) ((2N— 20)(2N — 2])) (38)

+ 1p1 G220V A0
O 2NT2(N +2)°

As seen, the right-hand side of (38) approaches zero if N is sufficiently large. O

6 Numerical examples

To illustrate the efficiency and applicability of the proposed scheme, five cases of Eq. (1)
are considered. Maximum absolute errors and CPU times are computed, and numerical
results are compared to those reported in [31]. Computations and simulations are done
by Maple 16 software.

Example 6.1 Consider the following variable-order time-fractional singular partial
integro-differential equation:

B(2) 82V wzzr
DIV, 1) — Vi, t / / dw dw=f(xt), O<o(xt)<1, (39
X —

(x — w)

where (x,¢) € J. The initial conditions and the exact solution are as follows:

0V (x,0)

=0, Vix, t) = x°t,
o (x,8) =x

V(x,0) =
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and

I'(3)

L S E

8 3
X2 O®D _ pp? gxf h(t).

Based on what was stated in Sect. 4, the following approximations are needed to calculate

the residual function R(x, £).

% ~uTowy, D oy Py (. 0),

V(x, 1) ~ U P Pl @, 1),

EDIEIY (i, 1) = RLT} o0 8V;t ) ~ 2SO TR PLPL TV @, ),
b() 92 V(ww

/ / - dwdw~x2h(t)UT]Bd>(x,t) B =B ® (PyAy).

Substituting the above approximations into Eq. (39) leads to the following residual func-

tion:

—o(x, (1-0,1)
R(x,1) = £ COUTEY Pl Py @, 1) - UG Py (6, 1) (40)
— X2 UTBO(x, 1) — (%, £).

The L?*-norm of (40) is 1.2672 x 107 and the CPU time is 5.04 s for h(¢) = cos(t),
o(x,t) = 1, and N = 4, while the L>-norm of the residual function reported by [31] is
2.5549 x 1076, The maximum absolute errors (MAE) and the CPU time are computed
for N = 4 and various choices of functions h(¢) and o (x,£). The reported CPU times in
Table 1 show that the proposed method has a reasonable computational time. Compar-
ing results to those reported by [31] emphasizes higher accuracy and coincidence of the
proposed method. The 3D plots of the exact and approximate solutions and the absolute
error function are depicted in Fig. 1 for N =4, o (x,£) = 1 — e™, h(¢) = cos(t). Absolute er-
rors of approximate solutions at equally spaced points are listed in Table 2 and calculated
for N = 4, o;(x,t) = 1,0.875,0.8 + 0.005 cos(xt), i = 1,2,3, and h(¢) = ¢, ¢’ Data of this table

show that the numerical results are in agreement with the exact ones.

Table 1 Maximum absolute errors and CPU time for N = 4 for Example 6.1

h(t) Present method
oxt) MAE CPU Errorin [31]

t 1 17449 x 10718 303s 54665 x 1071
05 16707 x 10719 343s 23149 x 10712
1—eX 84642 x 1071? 1401 s 22154 x 10712

cos() 1 47096 x 10719 3095 59807 x 10714
05 26267 x 10719 3795 3.1643 x 1072

T—eX 18577 x 10718 1870's 37712 x 10712
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Vix, t)
VN(x, t)

Figure 1 (a) 3D plot of exact solution, (b) 3D plot of approximate solution, (c) 3D plot of absolute error
function for Example 6.1 for N=4, o' (x, ) = 1 - 0.5¢™, and h(t) = cos(t)

Table 2 Absolute errors for N = 4 at equally spaced points (x;, t;) for Example 6.1

0, 17) o1 t)=1 oy (x, 1) =0.875 o3(x, 1)
b =t b(o) =e’ b =t b(o) = e’ b =t b1 =’

(00,000 000 0.00 0.00 0.00 0.00

(0.1,0.1) 2.90 x 10722 170 x 10722 1.90 x 1072 3.00 x 10722 1.90 x 1072 424 x 1071
0.2,0.2) 9.00 x 10722 3.30x1021 941O><1021 3.50 x 1072 7.80 x 1072 1.16 x 10720
(03,0.3) 5.00 x 1072 1.80 x 1072 1.90 x 1072 130 % 1072 130 % 1072 1.00 x 1072
(0.4,04) 9.00 x 1072 3.80x1020 842O><1020 2.10 x 10720 170 x 10720 2.00 x 10720
(0.5,0.5) 2.00 x 10720 5.00 x 10720 120 % 1071° 3.00 x 10720 1.00 x 10720 3.00 x 10720
(0.6,0.6) 3.00 x 10720 400 x 10720 400 x 10720 1.00 x 10720 2.00 x 10720 1.00 x 10720
(0.7,0.7) 3.00 x 10720 1.00 x 1072 2.90 x 10719 0.00 8.00 x 10720 1.00 x 10719
(0.8,0.8) 3.00 x 10720 0.00 151 x 10718 1.00 x 10720 260 x 10719 2.00 x 10719
0.9,0.9) 2.00 x 10720 5.00 x 10720 568 x 10718 1.00 x 10720 9.70 x 10719 140 x 10719
(1.0,1.0) 0.00 2.00 x 10719 171 x 107" 2.00 x 10720 3.90 x 10718 400 x 10719

Example 6.2 Consider the following variable-order time-fractional singular partial

integro-differential equation:

33 V(w,w)

9 ; h(?)
§D7 V() = Vi 1) - V’”) / / 0 oy do = (1),

(x—w)i
where 1 < o (x,£) <2, (x,t) €. The initial and boundary conditions are as follows:

aV(x,0
V(x,0) = —x, % =V(0,¢) =0, V(1,8 =t>-1.

The exact solution is V(x, £) = x(¢> — 1) and

6x t3—a (x,2) 2

T LR GRR RS}

f(x! t) =

(41)

Page 19 of 26
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Table 3 Maximum absolute errors for N = 5 and different choices of h(t) and o (x, t) for Example 6.2

hit)=t ox,t)=125 o, t) =150 o, t)=175 o(x,)=2-02e"
MAE 1.4000 x 10718 54920 x 107" 1.9500 x 10718 1.8800 x 107'8
h(t) = 241 oxt) =125 o(x,t)=1.50 ot =175 oxt)=2-02e*
MAE 3.1600 x 10718 43200 x 10718 1.0168 x 10718 1.9856 x 10718
h(t) = cos(t) ot =125 olx,t)=1.50 oxt)=175 oxt)=2-02e
MAE 9.9203 x 107 3.0399 x 107° 29478 x 1079 3.8210 x 107°
h(t) = sin(t) oxt) =125 o(x,t)=1.50 ot =175 oxt)=2-02e*
MAE 3.9225 x 107 59571 x 107° 24618 x 1078 53379 x 107°

2.x 1078

1.5 % 1078

3. % 10°

2.x 109

1.x10°

08 o6 0496
004 2 0.2 V"
N 02

Figure 2 3D plots of absolute error functions for (a) h(t) =t,
o(x,0)=2-02¢e, and N =5 for Example 6.2

Substituting appropriate approximations into Eq. (41) leads to the following residual func-
tion:
—o(x, 2—0,0
Rx,t) = x> EOUTEY POV D (x, 8) - (52U P PO, Pl @ (x,£) — x)

) (42)

— (PU'PY Pl ®(x, ) - 1) —x H(O)UTBD(x, £) — (. 1),

where B = B(d) ® (PoA ). Maximum absolute errors of obtained approximate solutions are
seen in Table 3 for N = 5 and various choices of functions o (x, ) and §(¢). The results have
more accuracy for h(t) = ,1 + t2. For h(¢) = sin(¢), the errors decrease as o (x,£) — 2. The
3D plots of the absolute error functions are depicted in Fig. 2 for N = 5, o (x, £) = 2—0.2¢™,
and diverse cases of h(t).

Example 6.3 Consider the following VTFSPIDE with the exact solution as V(x, t) = 10(¢ +

1)x2(1 - x)*
2 x b
Cpprp(y 4 DVBD | V8D V) f / V@) oy do = (x, ),
ot ox ox? 0 Jo (x-—w)2
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Table 4 Absolute errors for N=3 and h(r) =t at equally spaced points (x;, ;) for Example 6.3

(1) o t)=1-05e* o(x,t)=1-cos(x)e! o(x,t)=0.25 o(x,t)=0.50 o) =1
(0.0,0.0) 0.00 0.00 0.00 0.00 0.00
0.1,0.1) 1.00 x 10741 0.00 1.00 x 10721 0.00 1.00 x 1072
(0.2,02) 0.00 0.00 1.00 x 1072 0.00 0.00
(0.3,0.3) 0.00 0.00 2.00 x 10720 2.00 x 10720 2.00 x 10720
(04,04 2.00 x 1072 3.00 x 10720 7.00 x 10720 400 x 10720 5.00 x 10720
(0.5,0.5) 1.00 x 10720 6.00 x 10720 170 x 10719 170 x 10719 1.00 x 1072
(0.6,0.6) 130 % 10719 500 x 10720 2,10 x 10710 200 x 10719 1.00 x 10719
0.7,0.7) 230 x 10719 9.00 x 10720 3.90 x 10719 3.50 x 10719 0.00
(0.8,0.8) 3.00 x 10719 300 x 10719 6.70 x 10719 200 x 10720 930 x 10719
(0.9,09) 199 x 10718 230 x 10719 116 x 10718 480 x 10719 160 x 10718
(1.0, 1.0) 6.79 x 10718 1.00 x 10718 563 x 10719 132x 1078 337 x 10718

Table 5 Absolute errors for N =3 and b() = cos(t) at equally spaced points (x;, ;) for Example 6.3

(1) o t)=1-05e* ox,t)=1-cos(x)e! o(x,t)=0.25 o(x,t)=0.50 oxt)=1
(0.0,0.0) 0.00 0.00 0.00 0.00 0.00
(0.1,0.1) 1.00 x 1072 1.00 x 10721 1.00 x 10721 200 x 1072 0.00
0.2,02) 400 x 10720 0.00 1.00 x 1072 2.00 x 10720 0.00
(0.3,03) 1.60 x 10719 1.00 x 10720 6.00 x 10720 500 x 10720 400 x 10720
(04,04 3.00 x 10719 3.00 x 10720 9.00 x 10720 9.00 x 10720 400 x 10720
(0.5,0.5) 6.00 x 1071° 2.00 x 10720 140 x 10710 230x 10719 0.00
(0.6,0.6) 1.00 x 10718 0.00 1.00 x 10719 320 x 10719 1.00 x 10719
0.7,07) 161 x 107! 900 x 10720 0.00 470 x 10719 1.90 x 10719
0.8,0.8) 247 x 10718 6.70 x 10719 710 % 10719 137 x 10718 3.10 x 10719
(09,09 3.56 x 107! 195 x 107'8 141 x 10718 238x 10718 169 x 10718
(1.0, 1.0) 6.03 x 10718 710 x 10718 6.06 x 10718 760 x 10718 554 x 10718

where 0 < o (x,£) < 1, (x,¢) €J. The initial and boundary conditions are
V(x,0) =10x*(1-x)%,  V(0,£) =V(1,£) =0,

and

(2ol 16 . s
_ 2 _ 2 _ - 3 2 _
§(x, ) = 10x*(1 — x) (1 + Te—omd) t))) = h()x2 (¢ +2) (165 — 36x + 21)

+10(4x° — 657 + 2 — 1247 + 12 — 2) (¢ + 1).

The values of the absolute errors of the approximate solutions are computed at the points
% =1t=0.1j,j=0,1,...,10,for N =3, o (x,£) = 1 - 0.5¢™,1 — cos(x)e *,0.25,0.50, 1, the re-
sults are seen in Tables 4 and 5 for h(¢) = ¢ and h(¢) = cos(t), respectively. Data of these ta-
bles demonstrate the agreement of the numerical results with the exact ones. The method
has high accuracy even when h(¢) is a continuous function. The 3D plots of the exact and
approximate solutions and the absolute error function are observed in Fig. 3 for N = 3,
o(x,t) =1 —-03(1 + x%)e?, h(¢) = t2. The computational times of approximate solutions
are listed in Table 6 for N = 3, h(t) = ¢, and various cases of o (x, £). When values of o (x, t)
approach 1, the computational time decreases. The exact and approximate solutions are
compared in Fig. 4 for N = 3, o (x, ) = 1 —cos(x)e™?, h(£) = cos(¢) at £ = 0.25,0.50,0.75, 1. As

seen, the approximate solutions are in good agreement with the exact ones.
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ittty
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Absolute error

Figure 3 (a) 3D plot of exact solution, (b) 3D plot of approximate solution, (c) 3D plot of absolute error
function for N=3, b(t) =t2, o (x,t) = 1 - 0.3(1 + x3)e~" for Example 6.3

Table 6 CPU time for N =3 and h(t) =t for Example 6.3

ox 1) 1-05e™ 1 —cos(x)e! 0.25 0.50 1
CPU Time 6.96 7.63 3.78 2.80 1.78

Figure 4 Exact and approximate solutions for N =3,
o0 =1-cos(e™, h(t) = cos(t) at times t = 0.25,
0.50,0.75,1 for Example 6.3

0.8
0.6
0.4+

0.2

03 T T T T

0 0.2 04 0.6 0.8 1
x
V(x, 0.25) V(x, 0.50) Vix 0.75) —— V(x, 1)
0 Vy(x,0.25) o Vy(x,050) o Vy(x,0.75) Yyl 1)

Example 6.4 Consider the variable-order fractional partial integro-differential equation

with the weakly singular kernel

@)

a ] t X h(t) ,
ng:(xvt)v(x, t) + % — / / Vi dZD' dw = f(x; t);
X 0o Jo (t

(w
—w)3

where 0 < o (x,£) <1, (x,£) € J. The initial and boundary conditions and the exact solution

are, respectively,

V(x,0)=V(0,t) =0, V(x,t) = tsin(x),
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Table 7 Absolute errors for b(r) =t and o (x, 1) = 0.5 at equally spaced points (x;, t;) for Example 6.4

. 1) N=3 N=4 N=5 Errorin [31]
(0.0,0.0) 0.0000 0.0000 0.0000 0.00
0.1,0.1) 55521 x 10~/ 1.7993 x 1078 13365 x 1079 850 x 108
(0.2,02) 28124 x 107 35316 x 1078 24635 x 1077 924 x 1078
(0.3,0.3) 8.2040 x 1078 16510 x 107/ 89275 x 1079 824 x 1078
(04,04 17251 x 107 57729 x 107/ 21087 x 1078 159 %x 107
(0.5,0.5) 5.1356 x 107 84428 x 107/ 1.0769 x 107/ 2.50 x wo /
(0.6,0.6) 94605 x 107 58758 x 107/ 2.1640 x 107/ 242 %10
0.7,0.7) 13139 x 1074 1.7271 x 107/ 2.8260 x 107/ 2.19%x 1077
(0.8,0.8) 14741 x 1074 86705 x 107/ 2.7865 x 107/ 480 x 107/
(0.9,09) 14313 x 1074 76574 x 107/ 27263 x 107/ 9.18 x 107~/
(1.0, 1.0) 14740 x 1074 36546 x 107/ 3.1361 x 107/ 6.83 x 107/

Table 8 Absolute errors for h(t) =t and o (x, ) = 0.8 + 0.005 cos(xt) sin(x) at equally spaced points
(x;, ) for Example 6.4

1) N=3 N=4 N=5 Errorin [31]
(0.0,0.0) 0.0000 0.0000 0.0000 0.00

0.1,0.1) 46564 x 1077 13174 x 1078 9.1996 x 10710 6.71 x 1078
(0.2,02) 21675 x 107 1.9799 x 1078 2.7846 x 107° 556 x 1078
(0.3,0.3) 9.2951 x 107~/ 16713 x 1077 83848 x 1077 344 x 1078
(04,0.4) 17223 x 107 54651 x 107/ 21337 x 1078 1.00 x 1077
(0.5,0.5) 49474 x 107 7.8736 x 107/ 1.0666 x 107/ 175 x 107/
(0.6,0.6) 9.0602 x 107 52274 x 107/ 21247 x 1077 148 x 1077
0.7,0.7) 12583 x 107 23837 x 107/ 2.7283 x 107/ 1.05 x 107/
(0.8,0.8) 14134 x 1074 9.3766 x 10~/ 26298 x 107/ 336 x 1077
(0.9,09) 13712 x 10 83631 x 107/ 2.5434 x 107~/ 7.37 x 107
(1.0, 1.0) 13951 x 1074 46873 x 107/ 2.9456 x 107~/ 858 x 107/

Figure 5 Absolute error functions for N=5, h(t) =t, o1
x =1, and diverse cases of o (x, t) for Example 6.4

2.x10774

1.x10774

and

1-0(x,t)

&0 = 56 5w

sin(x) + £cos(x) + (%t% - %(t - b(t))% (2t + h(t))) (cos(x) - 1).
The values of absolute errors of the approximate solutions are computed at the points x; =
t;=0.1j,j=0,1,...,10, for N = 3,4,5 and h(¢) = ¢, and the results are seen in Tables 7 and 8
for o (x,¢) = 0.5and o (x, £) = 0.8 +0.005 cos(xt) sin(x), respectively. As seen, by increasing N
the values of the absolute errors decrease. Also, results are compared to the results of [31]
for M =4, N = 1. The results obtained from the proposed method enjoy higher accuracy
than those reported in [31]. The figures of the absolute error functions are depicted in
Fig.5for N=5,x=1,h(F) =t,and o(x,£) =1 - 0.1e7,1 - 0.3¢™,1 - 0.5¢™*,1 - 0.7¢™*.
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Table 9 Maximum absolute errors and CPU time of Example 6.5 for h(t) =tand o (x,t) =1

N
2 4 6 8 10
MAE 82253 x 107 22614 x 107 3.3966 x 1077 27954 x 10712 15947 x 1071
CPU 324 344 13.38 4747 147.67
Figure 6 Approximate solutions of Example 6.5 for 154
N=5,b(t)=t,x=1, and different values of o (x,t) n

134

1.24

1.14
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t

o =08 o, 1)=085
—ow)=095 ° on=1

oN=09
Exact solution for o(x, ) = 1

Example 6.5 Consider the variable-order time-fractional partial integro-differential equa-
tion with the weakly singular kernel

ww)
SDYV(x, 1) + Vi, t) - / / ( ldzzrdw fx,0), O<o(xt)<1,(xt)c].
0 (x—w)3

The initial and boundary conditions are
V(x,0) = cos(x), V(0,t) = 1 + sin(¢),

the exact solution is V(x, t) = cos(x) + sin(¢) if o (x, £) = 1, and

f(x, £) = cos(x) + sin(£) + cos(t) + Sx% sin(z).

Maximum absolute errors and CPU time are seen in Table 9 for h(¢) = £, o (x, t) = 1, and var-
ious values of N. By increasing N, the maximum absolute error decreases and CPU times
show that the proposed method has a reasonable computational cost. The plots of the ap-
proximate solutions are observed in Fig. 6 for N =5, h(¢) = ¢, o (x,£) = 0.8,0.85,0.9,0.95, 1,
and x = 1. When the values of o (x, ) approach 1, approximate solutions get close to the
exact solution in the case o (x,t) = 1

7 Conclusion

The fifth-kind Chebyshev polynomials were proposed to deal with the numerical solution
of a class of partial integro-differential equations with weakly singular kernels. To this
end, bivariate Chebyshev polynomials were constructed with the help of the one-variable
ones, and their pseudo-operational matrices were derived by obtaining matrices for the
one-dimensional case. Resultant matrices and approximations were utilized along with the
collocation method to solve the problem under study. Error bounds were computed, and
using them we showed that the residual function tends to zero if the number of terms in the



Sadri et al. Advances in Difference Equations (2021) 2021:348 Page 25 of 26

solution series is chosen sufficiently large. The proposed method reduces the volume of
computations by presenting reliable algorithms. The numerical results demonstrated the
efficiency and applicability of the method since they had a good agreement with the exact
ones, and the numerical results had less error in comparison with those reported in [31].
Therefore, the Chebyshev polynomials of the fifth kind are suggested to be considered as
basis functions for various types of spectral and pseudo-spectral methods. By observing
the stated facts, the suggested method can be employed easily to solve delay integro-partial
differential equations and some nonlinear partial differential equations.
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