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1 Introduction

Fractional calculus has gotten much consideration from analysts and engineers, as well as
it provided important tools for various areas of applied mathematics, physics, and engi-
neering. Fractional differential equations (FDEs) are used to study plentiful phenomena
such as fluid mechanics, plasma physics, optical fibers, biology, flow in nonlinear elec-
tric circuits, nonlinear oscillations of the earthquake, mechanics, aerodynamics, regular
variations in thermodynamics, etc. Actually, the transform from theoretical to the applica-
tion aspect of fractional calculus was strongly apparent in the works of Bagley and Torvik
in [1-3]. In this regard, the researchers studied many models and used fractional-order
derivatives to describe the solution of them. For instance, studying the qualitative proper-
ties of solutions of various kinds of FDEs.

Various problems may be modeled by fractional integro-differential equations (FIDEs)
such as those representing applications in science and engineering. Up to a recent time,
numerous analysts and researchers have discussed the FDEs and FIDEs and got many
interesting outcomes utilizing a wide range of fixed point techniques, for instance, Zhang
et al. [4], Ahmad et al. [5], Benchohra et al. [6, 7], Ravichandran et al. [8], Trujillo et al. [9],
and the following recent papers series [10—18].

Some similar techniques have been applied to get interesting results about some dif-
ferent types of FDEs, see [19-23]. The existence and stability of solutions were studied
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for many of FDEs with some generalized fractional operators in [24—32]. Also here we
refer to some recent works that have dealt with Hadamard fractional derivative [33-39].
For instance, Li [38] investigated the uniqueness of solutions of integral equations with
Hadamard-type, that is,

ﬂnlznw(%) I +a112‘1w(%) +w () = G(%,w(%)).

It is realized that the standard definitions for fractional derivatives (Caputo, Riemann—
Liouville, etc.), which are introduced in the classical monographs, do not fulfill the index
law. A few analysts proposed that a differential operator cannot be known as a derivative
or fractional derivative if it does not fulfill the index law, see [40]. However, there are some
special cases that have been studied on smooth function spaces that make these operators
subject to some laws. In this regard, the considered fractional (so-called Katugampola [41,
42]) operator generalizes both the Riemann-Liouville and Hadamard fractional operators
in one form, and it is also most regarding the Erdélyi—Kober fractional operator, especially,
when p = 1, we get a Caputo fractional derivative, and doing p | 0, we get a Caputo—
Hadamard fractional derivative. Consequently, the current results are a generalization of
the works of Li [38, 39] and inspired by [43, 44]. Motivated by the aforesaid discussion, in
this research paper, we concentrate on the uniqueness and Ulam—Hyers stability results
for the nonlinear FIDEs of the form

DY@ (3¢) + a1 DL " w (50) + -+ - + agC DY (5¢)
- [*F(r,o'(x)) dr, (D
w(a) =0,

where 0 <w;<1,i=0,1,...,n, n € N, D7 is the generalized Caputo fractional deriva-
tive of order o (> 0) € {a;;i = 0,1,...,n} generated by local integrals of the form (I;f)(¢) =
fatf(s)s"‘1 ds, and F : [4,b] x R — R is a continuous function.

There is an absence of various analytical strategies to obtain the qualitative properties
of solutions to such problems under generalized fractional operators. To fill this vacuum,
we are keen to obtain the existence of a unique solution and the Ulam—Hyers stability of a
solution to (1.1). Compared with preceding investigations of such problems, (1.1) is more
general because it has a generalized fractional operators. Moreover, the current results are
obtained in the Banach space of absolutely continuous functions along with Banach’s fixed
point technique and Babenko’s method [45].

The article is organized as follows: In Sect. 2 we present some necessary tools about the
essential properties of generalized fractional operators and the abstract function spaces,
in which we aim to employ our analysis techniques. Sections 3 and 4 are devoted to our
main analysis results and their illustrated examples. Finally, Sect. 5 contains our short

conclusion.

2 Preliminaries
In this section, we briefly recall some definitions, lemmas, properties, notations, and well-
known estimations that we will use later.

Let —oo < a < b < 00. Let AC[a, b] denote the space of absolutely continuous functions
on [a, b] [46]. We denote by L?(a, b), p > 1, the spaces of Lebesgue integrable functions on
(a,b) [46].



Kassim et al. Advances in Difference Equations (2021) 2021:375 Page 3 0of 18

Definition 2.1 ([46, (1,9,27), (1,9,28)]) The so-called multivariate Mittag-Leffler func-

.....

n Kj
i1 z],

_ S k IT;
E(al ,,,,, a,,),b(Zl,...,Zn) = Z Z ( ) F(b+ Z;,Izl ﬂjKj), (21)

k=0 K1+--+kn=K K1) K2)- oo Kk

in terms of multinomial coefficients

K K!
Zﬁ, K,Kl,...,KkENQ.
K1,K25+..,Kk K1:K2eoo . Kfe

Theorem 2.2 ([47] (Multinomial theorem)) For a positive integer n and a nonnegative
integer k,

k
(Z1+zo+ - +z)' = Z ( " )Hz;(’

K1+KQ -+ K =1 K15 K25 0005 Kk =1
Definition 2.3 ([48, (6,3,1)](Babenko’s method)) Given the FDE
(14 205)000 =), .

where o > 0, A is a constant, and {9 (x) = ﬁ foﬂ(% — 7)*19(t) dr. The solution of (2.2)

is
9(30) = (1+ A1) " f(59), (2.3)

where (1 + AI%)™! denotes the left inverse operator to the operation (1 + AD™). Using the
binomial expansion of (1 + A/%)7!, solution (2.3) can be expressed by

V() = Z(—l)”k”l"‘"f(%). (2.4)

n=0

Definition 2.4 ([49] (Dirichlet formula)) Let f be a continuous function on [a,b] and
o, >0. Then

/%(%—r)"“1 dr /T(t —s)’g_lf(r,s)ds
_ / " s / " om0 Ve — )P (2, 5) . 2.5)
Define the Banach space (see [46, (1,9,27), (1,9,28)])
b
ACyla,b] = {w :w (1) € ACla, b) with w (a) =0 and || || = f |w/(t)f dr < oo}.

Next, we introduce some definitions, notation, and properties of the generalized frac-
tional integral and derivative.
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Definition 2.5 ([41]) The generalized fractional integral and derivative are defined, re-
spectively, by
pl—at

YL = "

/ (%” - t")a_lt"_lﬁ(t)dt, a>0,p>0,
and

DL Y (30) = (PL0850) (59)

1-n+a x

0

= — p_gP) T sy (1 dr, 0,0>0,
NCErA (% ) LU (T) a>0p0>

where

d n
n=—[-u], 52 = <%1_"’E) .

Definition 2.6 ([50]) The incomplete gamma function is defined by

o i

T
y(a,1) = / 2 te S ds = T (a)e " Z ¢
0

- a>0,7>0.
pn Ma+i+1)

Property 2.7 ([44]) Ifa >0, p >0, and B8 > 0, then

ope 2P —aP ﬂ_ T(B+1) [ —a’\"**
”< )_F(ﬁ+a+1)< > R

p P
CDZ,a(%p_dp>ﬂ= TF+1) (%p_ap>ﬂ—°‘, x> a.
P F(B-a+1) P

The generalized fractional operators in Definition 2.5 fulfill the following properties.

Property 2.8 ([51]) Leta, p, and 8 > 0.If ¥ € ACyla, b], then

CDZ"”’]ZU“(I) =9(tr), T>a
p[g"lfﬁ(r) = ”IZ”ﬂz?(r), T >a,

CDZ”S"Igﬂ(r) = pl;"’sﬁ(r), a>pB,1>a,
and
P19 (a) = 0.
Lemma 2.9 Let o, B €[0,1] and p > 0. If ¥ € ACy[a, b, then

”I;‘CDZ"’&(I) =%(z), tT>a,

pIZCDZ'ﬂﬁ(T) = ”Ig_ﬁﬂ(r), a>B,t>a.
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Proof Let ¥ € ACy[a, b]. From Definition 2.5 and Property 2.8, we have
PIZCDIO(T) = P12 18,0 (x) = 1,8, (1) = 0(1) - ¥(a) =¥ (1), T>a,
and

PIZCDRP O (T) = PISP L P80 (x) = 12 PP L8, 0 (1)

= ”Iz_ﬂ(z?(t) - z?(a)) =F Ig_ﬁﬁ(r), a>B,t>a.

Lemma 2.10 Let o, p > 0. Then *I is bounded from ACy|a, b] into ACy|a, b] and
o, < < (222 1o
700" Mo +1) o
Proof Let ¥ € ACy[a, b]. Then
?(1) :/ l?’(s)ds:/ 0(s)ds, 0(r)=v'(r), and v(a)=0.
From Definition 2.5, we obtain

P19 (52) =PI (/Te(s)ds)(%)

l-a

= ?‘(a) /u%(%p—rp)aflrp’l /aTO(s)dsdr.

Using Dirichlet’s formula (2.5), we obtain

P19 (5¢) P /%9(3)/%(%"—t")a_lr”‘ldrds
~ pl—a 2 (%p_.’:p)a <3
B F(a)/a 9(5)[_ ap lsds
~ pl—a 3 (%,o_sp)a
- F(a)fa 9(3)[ ap ]ds
1 b? —a’\* [*
r(a+1>< P )/am)‘ds
1 b* —a’\* (%, .,
) F(a+1)< P ) / 9769

_ L (P
" T+ p o

Next, we prove the following useful lemma.

IA

Lemma 2.11 Ifa >0, p >0, then

0 p\o X P p)i
o of #° —a (¢° —aP)
PIYe” :e“( >

P P Ma+i+1)

Page 5 of 18
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Proof By Definition 2.5, we have

1 (7P — 7P \*
p[ge”pzr(a)/ ( 5 > t*e” dr.
a

Making the change of the variable

wP — TP
s= = 1’ =x"-ps.
0
Therefore,
) 1 (3P -aP)lp ) e%/’ (3P -aP)lp
PIZe™ = —/ 2 Le¥ P8 s = —/ % Le™P5 ds.
F(O{) 0 F(a) 0

Let r = ps. Then

) e:«r/’ (3¢P -aP)
PIZe™ = e dr.
pT(@) Jo
Using Definition 2.6, we get
e P _gP\* £ _ gP)i
pI(a)te%p _ y(a’%p _ap) :eap Vs (% : ) .
02T () 0 IMNo+i+1) O

i=0

3 Main results
Theorem 3.1 Suppose a; € C (i=0,1,...,.n - 1) withO<apy<aoy1<---<a,<1l.Ifge
ACyla, b), then the linear problem

Dy @ (50) + a1 DG @ (30) 4 - + a0 “ DR 0w () = g(50),

(3.1)
w(a) =0,
has a solution
- J
sa-Sw 3 ()
7=0 Jietgm=y \JD 2000 Jn
X aill_l .. '61{)”p]él(a”’“”*l)+"'+Jn(an—ao)+ang(%)‘ )

Proof Applying ?I" to both sides of (3.1), we find that

PIPnC DLy (50) + ay P I D1y (5) + - - - + ag I CDP ™0 o (5¢) = P I g (52).
Using Lemma 2.9, we obtain

@ (3) + Ay 1 "I (50) + -+ a’ I 0w (32) = P10 g(x2).
By noting that w(a) =0 and O < g < ¥ < --- <, < 1, then

(1 + an_lplzn*an—l PR aopls”fao)w(%) = p[g”g(}f).

Page 6 of 18
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Thanks to Babenko’s method, we have

@ (30) = (L+al_ I 4oy af1one0) TP [ g 5).
Multinomial theorem and Property 2.8 give

o0
@ (30) = Y (~1) (@nea "I ok ag T2 0) P[0 g (50)
J=0

S _1y J
:0( ) Z (]1’]21“')]71)

Jittin=J

~

X (ﬂn_lplsn—an—l)/l L. (aoplsn—ao)mplsng(%)

S _1)/ J
Z( ) Z <]11J27"'r.]n>

J=0 S+t =]

xall .. _aéﬂPlél(Oln—an—l)+"'+./n(an—a0)+l¥ng(%).

n-1"

By taking the limit as s — a, we obtain @ (a) = 0. It remains to show that the series con-

verges in the space ACy[a, b] and is absolutely continuous on [a, b]. By Lemma 2.10

” P]él(an—an—1)+"'+]n (an—ao)mng

|, <«lgllo,

where
(M)Jl(Uln—an—l)+"'+Jn(an—0¢0)+0ln
= o . (3.3)
(i — 1) + -+ + Julay, — o) +a, +1)
Then

o0
lollo<kd . Y. (, ]’ j)\azl_l o |ag
1y J2s++r Jm

J=0 J1+-+jn=J

(M)n(an—an-1)+---+Jn(an—ao)+an
£ llgllo
F(.]l(an _an—l) t--t ]n(an _OlO) t0o, + 1)

oS y
_KZ Z (]11]2"“:.];1

J=0 jit-tjn=J

X

(| | (=2 Y=oy . (|| (E2=22 ) @n=00) Y
- - lgllo

C(lay —ap-) + -+ + Julay —ao) +a, + 1)
bp _ap>an0‘nl

= KE(an—otn,l,...,an—oto,an+1) <|ﬂn1| (

bP — gP ™0
...,|ao|< ) )ngno,
0
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where

bP —af "1 bP — P\ @0
E(‘)’n*an—l ----- anao,an+1)(|ﬂn1|( 0 ) yeees |610|( P > > < OO

is the value at

bP — gl \ 1 bP — P\ %10
V1=|an—1|( ) ,...,Vn=|ﬂ0|< )
P p

of the multivariate Mittag-Leffler function Ey,_q,_,,..an-coem+1)(V1--->Vs) defined by
Eq. (2.1). Thus, the series to the right of Eq. (3.2) is convergent. Clearly, @ (sc) € ACla, b]
since g € ACla, b]. To confirm that the acquired series is a solution, we substitute it into
the left-hand side of Eq. (3.1) as follows:

CDZ"’"(i(—l)f 3 ( / )
J=0

T+t In=g J15J25+++5 Jn

J1 Jn p 7J1(@n—ap-1)++ Jn(on—ag)+a
Xan—l"'ao Iﬂ n—&p n\p ng(%)

(S 5 ()

7=0 J1tetn=) J1yJ25e5 Jn

J1 J (an=0tp—1)++ n(etn—ap)+e
Xan—l"'aonplél n=0n-1 Jn\ap—0aQ ng(%)

+"'+010CDZ’&0(§:(—1)] Z < J )

7=0 T+t =) J15J2s -5 In

J1 Inp pj1(@n—y_1)++jn(@n—ag)+a,
Xﬂn—l"'a() Ia n—Un n\&n ng(%)

:CDZ’“"(ﬂfsng(%ni(—nf » ( / )

J=1 S+t =] J1,J25++5 Jn

n

(.2 )

7=0 it n=] J1 J2sc 5 n

X gjl_l . a(])"p]él(an—an—l)*"'Jr]n(an—ao)ﬂxﬂg(%))

n—

+...+<§(_1), 3 ( ) )

7=0 S+t In=] J1»J255 Jn

X an:l . a(j)” P]‘(ljl*'l)(an—an1)+"'+Jn(an—a0)g(%)>

X g 'af)”ﬂ”lél(“”"”1’*"'*(/"*1)(%ao)g(%))
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=g<%>+i(—1>-/ 3 ( / )

J=1 Tt In=] J1rJ2s++e5Jn
X aill_l .. 'ﬂé”plél(a””""*‘)*"'ﬂn(arao)g(%)
o0
Sy Y ( ) )
J=0 T+t In=g J19J2s s In

+1 — —
% “2171 ona(’)””lfl“”)(“" o)+ + Jn(atn ao)g(%)

o0
Foeet Z(—l)l Z ( J )
7=0 Tt Jn=y J15 25045 Jn

1 - -
« ﬂill_l . 'aén+ p[él(an 1)+ +(n+1) (e ag)g(%)

=g(%)

by the deletion. Observe that all series are absolutely convergent and the term rearrange-

ments are possible for the deletion. In fact,

- / a! - .ﬂénP[./l(an—an_1)+---+]n(an—ao)g(%)
n- a
J1+et =1 J1rJ25eces Jn

S J AL e U s e 0) g () o
J1J2s 45 Jn

J1t+n=0

+ Z ( Y )ag_ Lol o) e GnrDan—0) o )

J1t++jn=0 J12J25+5 Jn

=0.

The remnant terms cancel each other comparatively. Obviously, the uniqueness follows
directly from the fact that

CDZ""”w(%) + an_chﬁ’“”*lw(%) 4ot aocDZ""Ow(%) =0
only has solution zero by Babenko’s approach. This finalizes the proof. d

Remark 3.2 A solution of Eq. (3.1) in ACy[a, b] is said to be stable if Ve > 0 3§ > 0 such that
|l |lo < € if ||gllo < 8. Applying the inequality

b,{) —af Ap—0p-1
”w ”0 < KE(otn—a,,_l,.‘.,otn—ao,otn+1) (|“}1—1| ( ) )

bP — o

we obtain that z is stable.

Example 3.3 The Katugampola-type FIDE

B
CDP,0.9w(%) + 2CD0,0.7ZD_(%) _ CD,0,0Aw(%) _ <%p - ap)
a a a - 0

Page 9 of 18
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has the solution

@)=Y (1) Y ( ! )(2)%—1)]2
J=0

ntp=y U2

rg+1)
X
r'B+0.25; +0.5), +1.9)

2P — P B+0.21+0.572+0.9
1Y

in ACyla, b]. Indeed, in view of Theorem 3.1, we have

o)=Y (1) Y ( g )(2)“<—1)f2
J=0 !

nia=y 122

p_ P\B
w PO211+0.5]2+0.9 n—a
p — .
0

Using Property 2.7, we obtain

o)=Y (-1 Y ( g )(2)ﬂ(—1>f2

7=0 =y \JJ2

y rp+1)
T(B+0.2/1 +05/, +1.9)

( 2P —aPf >ﬂ+0.2]1+0.5]2+0.9
X .

0

Example 3.4 The Katugampola-type FIDE
2P
CDPOBay (3¢) + CDPO7wr (3) - 35D ey (5) = €

has the solution

mo) = 31y Y ( ! )(—3)/2

=0 np=y \JUJ2

(%,g —af )0‘1j1+0‘6J2+0.8
X

0

~

(" —ar)

o0
X
; r0.1;;+06j,+08+i+1)

in ACy[a, b]. Indeed, according to Theorem 3.1, we obtain

o)=Y (1) Y ( g )(1)ﬂ(—3)ﬂ

J=0 ntp=y U2

0
X p12.111+0.6]2+0.86% .

Page 10 of 18
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Using Lemma 2.11, we get

o)=Y (1) Y ( g )(—3)/2
J=0

ntp=y U2

0.1;1+0.672+0.8
20 wP — af J1+0.62+
X e
0

00 d’o)l
X
ZF(01]1+06]2+08+l+1)

1=

The next theorem proves the uniqueness result of Eq. (1.1).

Theorem 3.5 Suppose that F : [a,b] x R — R is a continuous function, and there exists a
constant C such that

[F(Ge, 1) = F(6,3)| < Clwy — 3|, € [a,bl, w1, @3 €R.

In addition, if

bP — aP (an—0tp-1) bP —af (an—a0)
CKE(an—an,l ,,,,, an—ao,an+l)(|ﬂn—1|< ) IREES) |6lo|( ) )
o P

<1, (3.5)

then problem FIDE (1.1) has a unique solution on ACyla, D).

Proof Define the operator £ on ACy[a, b] by

o0
J n
SR WD S (R e
=0 Tt n=g J15J2s -5 In
X "Iél(a”_a”‘l)+"'*1ﬂ("‘n—vfo)+a"/%F(T,w/(‘t)) dr.
a
Let w € ACy[a, b]. Then

/% ]F(T, w’(r)) dt € ACy[a, b],

as @w'(t) € L(a, b) and F(r, w’(t)) € L(a, b). Obviously,

/%F(r w (‘L') dr

/ |IF »”, W (%))|d%
= / |F(%,w/(%))—IF(%,O)+]F(%,0)|d%
b b
5/ |F(%,w/(%))—IF(%,O)|d%+/ |F(%,O)|d%

b b
§C/ |w/(%)|d%+/ !F(%,O)|d%<oo.

a
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Inequality (3.4) shows that
”S(w)HO <oo and L(w)(a)=0.
Moreover, £(w) is absolutely continuous on [a,b] by Theorem 3.1. Consequently, £ :

ACyla, b] — ACy[a, b]. It remains to show that £ is a contraction. To this end, let w,w™* €
ACyla, b]. Then

||£(ZD') - £(w*) ”0 < KE (a1 yttn—ag,an+1) (|ﬂn—1| (

bP — P\
“w%( ) )
P

/%]F(f,w’(r)) dt —/%F(t,w*’(t)) dr

bp _ ﬂp>an—an—1
)

X

0

Since

/%F(t,w’(r)) drt - /%F(r,w*’(t)) dt

b
:/ ’F(%,w’(%))—F(%,w*’(%))‘d%
0 a

b
SC/ |w/—w*’|d%
a

= C||a7 - w*Ho’

we get

bp P n—0p-1
”’S:(ZD_) - E(W*) ”0 = CKE(otn—ozn_l,...,ot,,—ozo,oth) <|ﬂn—1| ( P - ) ’

bP — gP 0 .
”ﬂ%( - ) Nw—w”o

Inequality (3.5) shows that £ is contractive. The proof is done. O

4 Ulam-Hyers stability (UHS)
Here, we develop and give some recent results on the UHS and generalized UHS of system
(1.1). For € > 0 and @, € ACyla, b], we consider the following inequality:

CDZ""” w1(2) + an,chZ'“”*lwl(%) +ot aOCDZ‘“Owl(%)

<€, »x€lab). (4.1)

_ f}(w(f,w/(z)) dr

Remark 4.1 Let € > 0. The function @, € ACy|a, b] satisfies (4.1) if and only if there exists
a small perturbation ¢ (3¢) € ACy[a, b] with ¢ (0) = 0 such that
(@ Iglo = fa% [¢'(7)ldt <, for s € [a,b],
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(ii) For s € [a,b],

DL 71 (56) + g 1 CDL M  (56) + -+ 0D ()

4.2
= [ZF(r,w{(r))dr + [ 1¢'(v)| dr. “2)

Lemma 4.2 The solution of perturbed problem (4.2) with the condition w1 (a) = 0 satisfies
the following inequality:

”wl - Z]F ”0 < KE(a,,—a,,_l,...,u,,—ao,an+1) <|ﬂn—1| (

bP — P\
...,|ﬂ0|( ) )er
0

bp —af )an—an—l
’

where

ZeG) =) (1YY ( / )
J=0 J

J1H Jn= J1,J25+++5 Jn

»
JU o dnp i (@n—po1)+ e+ g (e —ao)+an /
X a, - -ay I " F(r, (1)) dt
a

and k is defined by (3.3).

Proof By Theorem 3.1, the solution of perturbed problem (4.2) is given by

P =D ( / )4;_1.‘.“{;

=0 T+t In=y J15J25+-45 Jn

XpIél(0[n—01n—1)+<<4+jn(0tn—0l0)+an |:/ F(‘L’,ZD'{(T)) d7,'+/ |§,(T)|dtj|' (4.3)

From Eq. (4.3), Remark 4.1, and Eq. (3.4), we get

”wl - Z]F ”0 < KE(a,,—a,,_l,.‘.,an—ao,an+1) (|“n—1| (

bP — a0
...,|a0|( ) )
0

/%]F(t,wl’(t)) dt +/%|{,(‘E)|d‘t —/%F(r,wl’(r)) dt

bP —af >01n—01n—1
)

X

0

bp —af Up—0p-1
< KE(a,,—a,,_l,.‘.,a,,—ao,a,,+1) (|an—1| ( > )

bP — a0
...,|a0|( ) >||§||o
P

=< KE(otn—ot,,,l ..... oy — Q0 +1) <|anl| <

bP —gP 0
...,|a0|( . ) )e. O

hp —_af )ananl
)

Page 13 0f 18
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Theorem 4.3 (UHS) Assume that the assumptions of Theorem 3.5 and (4.1) hold. Then
problem (1.1) is UH stable.

Proof Lete >0and w; € ACy[a, b] satisfy (4.1), and let w € ACy[a, b] be a unique solution
of

DL (30) + ay 1 DL (3) + -+ + @)D (32) = [ F(z, /(1)) d,

w(a) = w1(a) =0,

that is,

w(%>=w(a)+i(—1>f 3 ( / )

=0 J1ttIn= J15J25+++5 Jn

el
X Ly @ PTG meo) e [f F(z, (1)) dr}.
a

Since w (a) = w1(a) = 0, we get

B S ( ! )

=0 JitetIn=J J1,J25+++5 Jn

»
X agy - ag P e o [/ F(r,o'(1)) dr}.
a

By virtue of Lemma 4.2 and Eq. (3.4), we have

loy —@llo < @1 = Zrllo + IZr =@ lo

bp _ a,o Up—0y-1
=< KE(ozn—otn_l,...,ozy,—ao,oanrl) (lan—1| < ) ’

bP — gP 0
...,|a0|( ) )e
0

+ KE(an—an—l»-uan—ao,an‘*l) (|a”_1| (

b — P\
...,|a0|( ) )
0

/%F(t,wl’(t)) dr —/%]F(t,w’(r)) dt

bP — a” )an—an—l
)

X

0
Using the assumptions of Theorem 3.5, we obtain

< Cllw1 - @ lo.
0

/%F(r,wl’(r)) dt —/%F(T,w’(‘[)) dt

Consequently,

bp _a,o Ap—0y-1
lor —@llo < KE(ozy,—an_l,...,ozy,—ozo,oz,,Jrl) (lan—l|< ’
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b —al
...,|a0|( ) )e
0

+ KE(an—an,l ..... oy —00,0n+1) (|an1| (

bP — gP 0
m;|610|( p ) >C||w1—w||o~

By dint of inequality (3.5), we conclude that

bp —af )ananl
)

|z — @ |lo < Cre,

where Cy := % and

bp —af Op—Cp-1 b,o —af Up—0Q
R = KE(D(n—Oln_l,...,D(n—DlO,D(n+1)<|d}’l—1|( P ) yeees |tlo|< 0 ) ) O

Conclusion 4.4 Under assumptions of Theorem 4.3, if we set ®(¢) = Cpe such that ®(0) =

0, then problem (1.1) is generalized Ulam—Hyers stable.

Example 4.5 Let a=1and b = {/1 + p. Then there is a unique solution for the following
Katugampola-type FIDE:

DP9 (32) — CDPY e (32) + CDPO3 e (30) — CDEM e (32)
2

* eT . / COST
:/a (W sinw'(z) + € +1n(1+ﬁ)) dr, (4.4)

where the constant C is to be determined.
Clearly, the function

22

e
F(3¢,2) = —————sinz + e + In(1 + /2
(59 = o (1+/5)

is a continuous function from [1, {/1 + p] x R to R and satisfies

’F(%,zl) —F(%,zz)| = m sinz; — m sinz;
%2
< W|Sinzl—sinzl|
< Lﬂzl—zus Lz -zl
C(3+e*) C

Obviously % =1and

S ()

10 1= \J1J2 I3

() V) (o)
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1
X
r0.55; +0.6j, +0.8y5 + 1.9)

o0
>y (! .
J1, J2, J3 I‘(O.Sh +0.67, +0.873 + 1.9)

J=0 J1+j2+j3=]

=E(05060819 (1, 1,1).
Then we choose a positive C such that
CkE(05060819(1,1,1) <1.

According to Theorem 3.5, Eq. (4.4) has a unique solution.
Furthermore, by Theorem 4.3, for any solution @ (3r) € ACy[a, b] of the inequality

CDZ,OBZD.l (%) _ CDZ,OAwl (%) + CDZ’O'S w, (%) _ CDZ,O.lw.l(%)

2

—/ <372 sinay(7) + " +1n(1+ﬁ)> dr|<e, sxelab), (4.5)
a \C(B+e™)

there exists a unique solution @ (2) € ACy[a, b] of Eq. (4.4) such that
|z — @ |lo < Cre,

— _NR _ _ 1
where Cr := =5z > 0, R = kE(05060819(1,1,1), and « = F05/17061570855719) " Hence

Eq. (4.4) is UH stable.

Remark 4.6 The results obtained in this work will remain valid if we use generalized
Riemann-Liouville-type instead of generalized Caputo-type in the proposed problem
(1.1). Specifically, in problem (1.1), if we replace Caputo derivatives with Riemann—
Liouville derivatives, then Lemma 2.9 is valid with respect to *2D%“(-), due to ©#(a) = 0
whenever ¢ € ACya, b].

5 Conclusions
Using the Banach space ACy[a, b], Banach’s fixed point technique, and Babenko’s method,
we have obtained the uniqueness of solutions for nonlinear FIDE (1.1) with generalized
Caputo fractional derivatives. Moreover, we have proven various types of stability analysis
of the suggested problem. Also, some pertinent examples are given to substantiate the
main results. The reported results in this study extend and develop the presented study
by Li [38].

As future work, we are thinking of extending the current results to include more gener-
alized operators such as ¥ -Caputo [52].
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