
Pervaiz et al. Advances in Difference Equations        (2021) 2021:491 
https://doi.org/10.1186/s13662-021-03646-9

R E S E A R C H Open Access

An analysis on the controllability and
stability to some fractional delay dynamical
systems on time scales with impulsive effects
Bakhtawar Pervaiz1, Akbar Zada1*, Sina Etemad2 and Shahram Rezapour2,3*

*Correspondence:
akbarzada@uop.edu.pk;
rezapourshahram@yahoo.ca
1Department of Mathematics,
University of Peshawar, Peshawar
25000, Pakistan
2Department of Mathematics,
Azarbaijan Shahid Madani
University, Tabriz, Iran
Full list of author information is
available at the end of the article

Abstract
In this article, we establish a new class of mixed integral fractional delay dynamic
systems with impulsive effects on time scales. We investigate the qualitative
properties of the considered systems. In fact, the article contains three segments, and
the first segment is devoted to investigating the existence and uniqueness results. In
the second segment, we study the stability analysis, while the third segment is
devoted to investigating the controllability criterion. We use the Leray–Schauder and
Banach fixed point theorems to prove our results. Moreover, the obtained results are
examined with the help of an example.
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1 Introduction
The notion of fractional differential equations (FDEs) has been a field of intense research
for the last few decades. In 1695, the notion of FDEs was initiated with a coincidence
between Leibniz and L’Hospital. Nowadays, FDEs play an important role in establishing
mathematical modeling of many problems occurring in control theory, bioengineering,
mathematical networks, aerodynamics, blood flows, engineering, physics, signal process-
ing, etc. [1, 2].

We can analyze from different experiments that FDEs have innumerable prominent sta-
tus than integer-order derivatives. Consequently, fractional calculus got incredible interest
and received more attention from many specialists and researchers. It also set up a better
sketch over hereditary properties of processes and various materials, consequently many
monographs and research papers have been reported in this field [3–22].

Recently, the theory of stability analysis, like Lyapunov, exponential, Mittag-Leffler func-
tion, and finite time stability for various kinds of functional equations, has been investi-
gated. Ulam and Hyers introduced most important and interesting kind of stability called
Hyers–Ulam stability [23] in 1940. Ulam during his talk at Wisconsin University asked
a question about the stability of homomorphisms between groups. In 1941, Hyers [24]
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replied to Ulam’s problem positively under the hypothesis that groups are considered as
Banach spaces (BS), and such a stability was called Ulam–Hyers stability. For more in-
formation, see [25–30]. Impulsive differential equations are best tools to model a phys-
ical situation that contains abrupt changes at certain instants. These equations describe
medicine, biotechnology process, population dynamics, biological systems, chemical en-
ergy, mathematical economy, pharmacokinetics, etc. [31–43].

In the past few decades, because of these applications in various fields of interest, impul-
sive differential equations got considerable attention. In order to unify the difference and
differential calculus, Hilger [44] provided the idea of time scales at the end of the twenti-
eth century, which is now a well-known subject. For more details, see [45–51]. Lupulescu
and Zada [49] provided the basics and fundamental notions of linear impulsive systems
on time scales in 2010.

In 1960, Kalman presented the notion of controllability, which is the principal notion
in mathematical control theory. In general, controllability provides steering the state of a
control dynamical equation to the desired terminal state from an arbitrary initial state by
utilizing a suitable control function. Numerous researchers examined the controllability
results of dynamical systems [52, 53]. Moreover, controllability results on time scales is a
new area, and few results have been achieved [54, 55]. Especially, there are a few articles
that examined the existence, controllability, and Ulam type stability regarding a mixed
structure of the impulsive fractional dynamical system on time scales.

Inspired by the research conducted in [56], we study the following mixed integral frac-
tional dynamic systems on the time scale T:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

c,TDσω(ς ) = A(ς )ω(ς ) + F (ς ,ω(ς ))

+ G(ς ,ω(ς ),
∫ ςf
ς0

F1(ς , s,ω(s))�s,
∫ ςf
ς0

F2(ς , s,ω(s))�s),

ς ∈ T
′ = T\{ς1,ς2, . . . ,ςm},σ = (0, 1),

ω(ς+
k ) – ω(ς–

k ) = �k(ω(ς–
k )) + �k(ς–

k ,ω(ς–
k )), k = 1, . . . , m,

ω(ς0) = ω0,

(1)

and

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

c,TDσω(ς ) = A(ς )ω(ς ) + F (ς ,ω(ς ))

+ G(ς ,ω(ς ),
∫ ςf
ς0

F1(ς , s,ω(s))�s,
∫ ςf
ς0

F2(ς , s,ω(s))�s),

ς ∈ (si,ςi+1] ∩T, i = 1, . . . , m,σ = (0, 1),

ω(ς ) = 1
�(σ )

∫ ς

ςi
(ς – s)σ–1

�i(s,ω(s))�s, ς ∈ (ςi, si] ∩T, i = 1, . . . , m,

ω(ς0) = ω0.

(2)

Also, we discuss the controllability of the following systems:

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

c,TDσω(ς ) = A(ς )ω(ς ) + F (ς ,ω(ς ))

+ G(ς ,ω(ς ),
∫ ςf
ς0

F1(ς , s,ω(s))�s,
∫ ςf
ς0

F2(ς , s,ω(s))�s) + Hζ (ς ),

ς ∈ T
′ = T\{ς1,ς2, . . . ,ςm},σ = (0, 1),

ω(ς+
k ) – ω(ς–

k ) = �k(ω(ς–
k )) + �k(ς–

k ,ω(ς–
k )), k = 1, . . . , m,

ω(ς0) = ω0,

(3)
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and

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

c,TDσω(ς ) = A(ς )ω(ς ) + F (ς ,ω(ς ))

+ G(ς ,ω(ς ),
∫ ςf
ς0

F1(ς , s,ω(s))�s,
∫ ςf
ς0

F2(ς , s,ω(s))�s) + Hζ (ς ),

ς ∈ (si,ςi+1] ∩T, i = 1, . . . , m,σ = (0, 1),

ω(ς ) = 1
�(σ )

∫ ς

ςi
(ς – s)σ–1

�i(s,ω(s))�s, ς ∈ (ςi, si] ∩T, i = 1, . . . , m,

ω(ς0) = ω0,

(4)

where c,TDσ represents the classical Caputo derivative [1] of fractional order σ on time
scales T. The regressive square matrix A(ς ) is piecewise continuous, and H : T → T is a
bounded linear operator. By assuming R as the real number, ζ ∈L2(I,R) is a control map,
T

0 := [ς0,ςf ]T, the pre-fixed numbers are ς0 = s0 < ς1 < s1 < ς2 < · · · < ςm < sm < ςm+1 = ςf ,
and F : T0 × R

n → R
n, F1,F2 : T0 × T

0 × R
n → R

n, G : T0 × R
n × R

n × R
n → R

n, �i :
(ςi, si] ∩ T ×R

n → R
n, i = 1, . . . , m, F : (si,ςi+1] ∩ T×R

n → R
n, i = 0, . . . , m, G : (si,ςi+1] ∩

T × R
n × R

n × R
n → R

n, i = 1, . . . , m, �k : Rn → R
n, �k : T0 × R

n → R
n are continuous

mappings. In addition, we define the right limit and the left limit of ω(ς ) at ςk as ω(ς+
k ) =

limτ→0+ ω(ςk + τ ) and ω(ς–
k ) = limτ→0– ω(ςk – τ ), respectively.

2 Auxiliary definitions and lemmas
Here, we provide definitions, basic notions, and preliminaries for this manuscript.

We define C(I,R) as a BS of all continuous mappings endowed with the norm ‖ω‖C =
supς∈T ‖ω(ς )‖. PS = C(I,R) × C(I,R) × C(I,R) is the product space which is a BS fur-
nished with the norm ‖(ω, ζ , ξ )‖C = ‖ω‖C + ‖ζ‖C + ‖ξ‖C . Also, we define a BS C1(I,R) =
{ω ∈ C(I,R) : ω� ∈ C1(I,R)} with the norm ‖ω‖C1 = max{‖ω‖C ,‖ω�‖C1}. Moreover, PS1 =
C1(I,R)×C1(I,R)×C1(I,R) is the product space via ‖(ω, ζ , ξ )‖C1 = ‖ω‖C1 +‖ζ‖C1 +‖ξ‖C1 .

A nonempty closed subset of R is known as a time scale (T). We define a time scale
interval as [c, d]T = {ς ∈ T : c ≤ ς ≤ d}. Similarly, we can define (c, d)T, [c, d)T.

The forward and backward jump operators σ : T→ T, ρ : T → T are introduced as

σ (ς ) = inf{s ∈ T : s > ς} and ρ(ς ) = sup{s ∈ T : s < ς},

respectively. The operator η : T → [0,∞) formulated by η(ς ) = σ (ς ) – ς is applied to ob-
tain the existing distance between two consecutive points. Along this, the derived version
T

k of T is

T
k =

⎧
⎨

⎩

T\(ρ(supT), supT], if supT < ∞,

T, if supT = ∞.

The regressive (respectively positively regressive) function H : T → R is defined as 1 +
η(ς )H(ς ) 	= 0 (respectively 1 + η(ς )H(ς ) > 0) for all ς ∈ T

k .

Definition 2.1 ([57]) At a point ς ∈ T
k , the delta derivative g�(ς ) of a mapping g : T →R

is a number (provided it exists) if, for ε > 0, a neighborhood U of ς exists provided that

∣
∣
[
g
(
σ (ς )

)
– g(τ )

]
– g�(ς )

[
σ (ς ) – τ

]∣
∣ ≤ ε

∣
∣σ (ς ) – τ

∣
∣, for all τ ∈ U.
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Theorem 2.2 ([57]) Let c, d ∈ T and f ∈ Crd(T,R), then
1. T = R implies

∫ d

c
f (ς )�ς =

∫ d

c
f (ς ) dς .

2. If [c, d) consists of only isolated points, then

∫ d

c
f (ς )�ς =

⎧
⎪⎪⎨

⎪⎪⎩

∑
ς∈[c,d) μ(ς )f (ς ), if c < d,

0, if c = d,

–
∑

ς∈[c,d) μ(ς )f (ς ), if c > d.

3. T = hZ = {hk : k ∈ Z}, h > 0, implies

∫ d

c
f (ς )�ς =

⎧
⎪⎪⎪⎨

⎪⎪⎪⎩

∑ b
h –1
k= a

h
hf (kh), if c < d,

0, if c = d,

–
∑ b

h –1
k= a

h
hf (kh), if c > d.

Theorem 2.3 ([58]) If f : R→R is nondecreasing continuous and c, d ∈ T, then

∫ d

c
f (ς )�ς ≤

∫ d

c
f (ς ) dς . (5)

Definition 2.4 ([58]) Let φ : [c, d]T → R be an integrable mapping, then delta fractional
integral is

�Iσa+φ(ς ) =
∫ ς

a

(ς – s)σ–1

�(σ )
φ(s)�s. (6)

Definition 2.5 ([58]) The fractional Caputo derivative of a mapping f : T → R on the
time scale is

c,TDσ
a+ f (ς ) =

∫ ς

a

(ς – s)n–σ–1

�(n – σ )
f �n

(ς )�ς , (7)

where n = [σ ] + 1 and the delta nth derivative of f is denoted by f �n .

• When T =
⋃∞

i=0[2i, 2i + 1]. Then we get

c,TDσ
a+ f (ς ) =

∫ ς

a

(ς – s)n–σ–1

�(n – σ )
f �n

(ς )�ς

=
1

�(n – σ )

[ i–1∑

k=0

∫ 2k+1

2k
(ς – s)n–σ–1f �n

�s +
∫ 2i+1

2i
(ς – s)n–σ–1f �n

�s

]

for ς ∈ [2i, 2i + 1], i = 0, 1, . . . .
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• When T = hZ, h > 0, we have

c,TDσ
a+ f (ς ) =

∫ ς

a

(ς – s)n–σ–1

�(n – σ )
f �n

(ς )�ς

=
1

�(n – σ )

ς
h –1
∑

k=0

h(ς – ih)n–σ–1f �n
(h), ς ∈ T.

• When T = {pn : p > 1, n ∈ Z} ∪Z, then

c,TDσ
a+ f (ς ) =

∫ ς

a

(ς – s)n–σ–1

�(n – σ )
f �n

(ς )�ς

=
1

�(n – σ )
∑

ς∈T
μ(s)(ς – s)n–σ–1f �n (s).

Regard the Mittag-Leffler function as

Eσ ,β (ς ) =
∞∑

k=0

ς k

�(kσ + β)
for σ ,β > 0.

For β = 1,

Eσ ,1
(
λςσ

)
= Eσ

(
λςσ

)
=

∞∑

k=0

λkς kσ

�(σk + 1)
, λ,ς ∈ C

has the interesting property cDσ
0+Eσ (λςσ ) = λEσ (λςσ ).

Remark 2.1 ([59]) The solution of system (1) is of the form

ω(ς ) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Eσ (Aςσ )ω0 +
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )F (ς ,ω(ς ))�s

+
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )

× G(s,ω(s),
∫ sf

s0
F1(s, u,ω(u))�u,

∫ sf
s0
F2(s, u,ω(u))�u)�s,

ς ∈ (ς0,ς1],

Eσ (Aςσ )ω0 +
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )F (ς ,ω(ς ))�s

+
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )

× G(s,ω(s),
∫ sf

s0
F1(s, u,ω(u))�u,

∫ sf
s0
F2(s, u,ω(u))�u)�s

+
∑i

j=1(�j(ω(ς–
j )) + �j(ς–

j ,ω(ς–
j ))), ς ∈ (ςi,ςi+1], i = 1, . . . , m,

where Eσ (Aςσ ) is the matrix representation of the aforesaid Mittag-Leffler function given
by

Eσ

(
Aςσ

)
=

i∑

j=1

Aσ ςκσ

�(1 + κσ )
.

To achieve our results, we consider the following:
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(A): The mappings G,G : T0 ×R
n ×R

n ×R
n →R

n are continuous, and there exist L�i ,
L�i , i = 1, 2, 3, as the positive constants such that (i = 1, 2, 3)

∣
∣G(ς , q1, q2, q3) – G(ς , p1, p2, p3)

∣
∣ ≤

3∑

i=1

L�i |qi – pi| for all ς ∈ I, qi, pi ∈R
n,

∣
∣G(ς , q1, q2, q3) – G(ς , p1, p2, p3)

∣
∣ ≤

3∑

i=1

LGi |qi – pi| for all ς ∈ I, qi, pi ∈R
n.

(B): The mappings G,G : T0 × R
n × R

n × R
n → R

n are continuous, and there exist li,
mi, i = 1, 2, 3, positive constants such that

∣
∣G(ς , u, v, w)

∣
∣ ≤ l0 + l1|u| + l2|v| + l3|w| for all ς ∈ I, u, v, w ∈R

n,
∣
∣G(ς , u, v, w)

∣
∣ ≤ m0 + m1|u| + m2|v| + n3|w| for all ς ∈ I, u, v, w ∈R

n.

(W): The linear operator (σWT
ς0 ) : L2(I,R) →R, defined by

σWT
ς0ζ =

∫ ςf

ς0

(T – s)σ–1Eσ ,σ
(
A(ς – s)σ

)
Hζ (s)�s, (8)

possesses a bounded invertible operator (σWT
ς0 )–1, and these operators admit val-

ues in L2(I,R)\ker(σWT
ς0 ). Also, there exists a positive constant provided that

‖(σWT
ς0 )–1‖ ≤ Mσ

W . Also, H : T → T is a continuous operator, and there exists a
positive constant MH provided that ‖H‖ ≤ MH.

Using Theorem 2.2, equation (8) can be calculated for different T.
• When T = hZ, h > 0:

σWT
ς0ζ =

∫ ςf

ς0

(T – s)σ–1Eσ ,σ
(
A(ς – s)σ

)
Hζ (s)�s =

ς
h –1
∑

k=0

h(T – sh)σ–1Hζ (sh).

• When T =
⋃∞

i=0[2i, 2i + 1]. Let ς ∈ [4, 5], then we have

σWT
ς0ζ =

∫ ςf

ς0

(T – s)σ–1Eσ ,σ
(
A(ς – s)σ

)
Hζ (s)�s

=
∫ 1

0
(T – s)σ–1Eσ ,σ

(
A(ς – s)σ

)
Hζ (s)�s

+
∫ 3

2
(T – s)σ–1Eσ ,σ

(
A(ς – s)σ

)
Hζ (s)�s

+
∫ T

4
(T – s)σ–1Eσ ,σ

(
A(ς – s)σ

)
Hζ (s)�s.

• When T = {qm : q > 1, m ∈ Z} ∪Z, then

σWT
ς0ζ =

∫ ςf

ς0

(T – s)σ–1Eσ ,σ
(
A(ς – s)σ

)
Hζ (s)�s =

∑

ς∈[0,T]

μ(T – ς )σ–1Hζ (ς ).
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Throughout the manuscript, we set

Q1 := a3
(
a2LF + a2LG1 + a2LG2 LF1 (sf – s0) + a2LG3 LF2 (sf – s0) + MG

)
(ςf – ς0);

Q2 := a3
(
a2LF + a2LG1 + a2LG2 LF1 (sf – s0) + a2LG3 LF2 (sf – s0)

)
(ςf – ς0);

Q∗
1 := a3

(
a2LF + a2LG1 + a2LG2 LF1 (sf – s0) + a2LG3 LF2 (sf – s0) + M̂G

)
(ςf – ς0);

Q∗
2 := a3

(
a2LF + a2LG1 + a2LG2 LF1 (sf – s0) + a2LG3 LF2 (sf – s0)

)
(ςf – ς0);

Q3 := N2 + Q2; Q∗
3 = N4 + Q∗

2;

N1 :=
i∑

j=1

L�δ +
i∑

j=1

L�δ + a1; N2 :=
i∑

j=1

L� +
i∑

j=1

L�;

N3 :=
1

�(σ )
a3Lg(ςf – ς0) + a1; N4 :=

1
�(σ )

a3Lg(ςf – ς0);

a1 := sup
ς∈T

∥
∥Eσ

(
Aςσ

)
ω0

∥
∥; a2 := sup

ς∈T

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥; a3 = sup

ς∈T

∥
∥(ς – s)σ–1∥∥.

3 Existence of solution
Existence criteria are investigated here.

Theorem 3.1 The mixed impulsive system (1) admits a unique solution if assertion (A)
holds and

max
1≤i≤3

{Qi} < 1. (9)

Proof Let � ⊆ PS and � = {(X,Y,Z) ∈ PS : ‖(X,Y,Z)‖C ≤ δ2} also δ2 = max{δ, δ1} and
δ, δ1 ∈ (0, 1) provided that

δ > max{N1, N2, N3},

and the remaining constants are introduced in the sequel. Now, we define �σ : � → � as

�σ

(
ω(ς )

)
=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Eσ (Aςσ )ω0 +
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )F (ς ,ω(ς ))�s

+
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )

× G(s,ω(s),
∫ sf

s0
F1(s, u,ω(u))�u,

∫ sf
s0
F2(s, u,ω(u))�u)�s,

ς ∈ (ς0,ς1],

Eσ (Aςσ )ω0 +
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )F (ς ,ω(ς ))�s

+
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )

× G(s,ω(s),
∫ sf

s0
F1(s, u,ω(u))�u,

∫ sf
s0
F2(s, u,ω(u))�u)�s

+
∑i

j=1(�j(ω(ς–
j )) + �j(ς–

j ,ω(ς–
j ))), ς ∈ (ςi,ςi+1], i = 1, . . . , m.

(10)

Assume that

∥
∥F (s,ω)

∥
∥ ≤ ∥

∥F (s,ω) – F (s, 0)
∥
∥ +

∥
∥F (s, 0)

∥
∥ ≤ LF‖ω‖ + MF
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and

∥
∥G(ς ,X,Y,Z)

∥
∥ ≤ ∥

∥G(ς ,X,Y,Z) – G(ς , 0, 0, 0)
∥
∥ +

∥
∥G(ς , 0, 0, 0)

∥
∥

≤ L�1‖X‖ + L�2‖Y‖ + L�3‖Z‖ + MG,

where MF = supς∈T ‖F (s, 0)‖, MG = supς∈T ‖G(ς , 0, 0, 0)‖, and M̂G = MF + MG. In addi-
tion, X = ω(s), Y =

∫ sf
s0
F1(s, u,ω(u))�u, and Z =

∫ sf
s0
F2(s, u,ω(u))�u.

Now, we prove that �σ : � → � is a self-mapping.
For ς ∈ (ςi,ςi+1], i = 1, . . . , m, one has

∥
∥�σ

(
ω(ς )

)∥
∥ ≤

i∑

j=1

∥
∥�j

(
ω

(
ς–

j
))∥

∥ +
i∑

j=1

∥
∥�j

(
ς–

j ,ω
(
ς–

j
))∥

∥ +
∥
∥Eσ

(
Aςσ

)
ω0

∥
∥

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥

∥
∥
∥
∥

(

F
(
s,ω(s)

)

+ G
(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2
(
s, u,ω(u)

)
�u

))∥
∥
∥
∥�s

≤
i∑

j=1

L�

∥
∥ω

(
ς–

j
)∥
∥ +

i∑

j=1

L�

∥
∥ω

(
ς–

j
)∥
∥ +

∥
∥Eσ

(
Aςσ

)
ω0

∥
∥

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥

(
∥
∥F

(
s,ω(s)

)∥
∥

+
∥
∥
∥
∥G

(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2
(
s, u,ω(u)

)
�u

)∥
∥
∥
∥ + M̂G

)

�s

≤
i∑

j=1

L�

∥
∥ω

(
ς–

j
)∥
∥ +

i∑

j=1

L�

∥
∥ω

(
ς–

j
)∥
∥ +

∥
∥Eσ

(
Aςσ

)
ω0

∥
∥

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥

(

LF
∥
∥ω(s)

∥
∥ + L�1

∥
∥ω(s)

∥
∥

+ L�2

∫ sf

s0

∥
∥F1

(
s, u,ω(u)

)∥
∥�u + L�3

∫ sf

s0

∥
∥F2

(
s, u,ω(u)

)∥
∥�u + M̂G

)

�s

≤
i∑

j=1

L�

∥
∥ω

(
ς–

j
)∥
∥ +

i∑

j=1

L�

∥
∥ω

(
ς–

j
)∥
∥ +

∥
∥Eσ

(
Aςσ

)
ω0

∥
∥

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥

(

LF
∥
∥ω(s)

∥
∥ + LG1

∥
∥ω(s)

∥
∥

+ LG2 LF1

∫ sf

s0

∥
∥ω(u)

∥
∥�u + LG3 LF2

∫ sf

s0

∥
∥ω(u)

∥
∥�u + M̂G

)

�s

=
i∑

j=1

L�

∥
∥ω

(
ς–

j
)∥
∥ +

i∑

j=1

L�

∥
∥ω

(
ς–

j
)∥
∥ +

∥
∥Eσ

(
Aςσ

)
ω0

∥
∥

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥
(
LF

∥
∥ω(s)

∥
∥ + LG1

∥
∥ω(s)

∥
∥

+ LG2 LF1

∥
∥ω(u)

∥
∥(sf – s0) + LG3 LF2

∥
∥ω(u)

∥
∥(sf – s0) + M̂G

)
�s
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≤
i∑

j=1

L� sup
ς∈T

∥
∥ω

(
ς–

j
)∥
∥ +

i∑

j=1

L� sup
ς∈T

∥
∥ω

(
ς–

j
)∥
∥ + sup

ς∈T

∥
∥Eσ

(
Aςσ

)
ω0

∥
∥

+
∫ ςf

ς0

sup
ς∈T

∥
∥(ς – s)σ–1∥∥ sup

ς∈T

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥
(

LF sup
ς∈T

∥
∥ω(s)

∥
∥

+ LG1 sup
ς∈T

∥
∥ω(s)

∥
∥ + LG2 LF1 sup

ς∈T

∥
∥ω(u)

∥
∥(sf – s0)

+ LG3 LF2 sup
ς∈T

∥
∥ω(u)

∥
∥(sf – s0) + M̂G

)
�s

≤
i∑

j=1

L�‖ω‖∞ +
i∑

j=1

L�‖ω‖∞ + a1 +
∫ ςf

ς0

a3a2
(
LF‖ω‖∞ + LG1‖ω‖∞

+ LG2 LF1‖ω‖∞(sf – s0) + LG3 LF2‖ω‖∞(sf – s0) + M̂G
)
�s

≤
i∑

j=1

L�δ +
i∑

j=1

L�δ + a1 + a3
(
δa2LF + δa2LG + δa2LGLF1 (sf – s0)

+ δa2LGLF2 (sf – s0) + M̂G
) ×

∫ ςf

ς0

�s

≤
i∑

j=1

L�δ +
i∑

j=1

L�δ + a1 + δa3
(
a2LF + a2LG1 + a2LG2 LF1 (sf – s0)

+ a2LG3 LF2 (sf – s0) + M̂G
)
(ς – ςf ).

So

∥
∥�σ

(
ω(ς )

)∥
∥ ≤ N1 + δQ1 ≤ δ + δQ1 = δ1,

where δ1 = δ + δQ1. Hence

∥
∥�σ

(
ω(ς )

)∥
∥ ≤ δ2. (11)

Therefore, from (11), �(�) ⊆ �. Also, for ς ∈ (ςi,ςi+1], i = 1, . . . , m, with ω0 = ω̂0, one has

∥
∥�σ

(
ω(ς )

)
– �σ

(
ω̂(ς )

)∥
∥

≤
i∑

j=1

∥
∥�j

(
ω

(
ς–

j
))

– �j
(
ω̂

(
ς–

j
))∥

∥

+
i∑

j=1

∥
∥�j

(
ς–

j ,ω
(
ς–

j
))

– �j
(
ς–

j , ω̂
(
ς–

j
))∥

∥

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥

∥
∥
∥
∥

(

F
(
s,ω(s)

)

+ G
(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2
(
s, u,ω(u)

)
�u

))

–
(

F
(
s, ω̂(s)

)
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+ G
(

s, ω̂(s),
∫ sf

s0

F1
(
s, u, ω̂(u)

)
�u,

∫ sf

s0

F2
(
s, u, ω̂(u)

)
�u

))∥
∥
∥
∥�s

≤
i∑

j=1

L�

∥
∥ω

(
ς–

j
)

– ω̂
(
ς–

j
)∥
∥ +

i∑

j=1

L�

∥
∥ω

(
ς–

j
)

– ω̂
(
ς–

j
)∥
∥

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥

(
∥
∥F

(
s,ω(s)

)
– F

(
s, ω̂(s)

)∥
∥

+
∥
∥
∥
∥G

(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2
(
s, u,ω(u)

)
�u

)

– G
(

s, ω̂(s),
∫ sf

s0

F1
(
s, u, ω̂(u)

)
�u,

∫ sf

s0

F2
(
s, u, ω̂(u)

)
�u

)∥
∥
∥
∥

)

�s

≤
i∑

j=1

L�

∥
∥ω

(
ς–

j
)

– ω̂
(
ς–

j
)∥
∥ +

i∑

j=1

L�

∥
∥ω

(
ς–

j
)

– ω̂
(
ς–

j
)∥
∥

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥

(

LF
∥
∥ω(s) – ω̂(s)

∥
∥

+ LG1

∥
∥ω(s) – ω̂(s)

∥
∥ + LG2

∫ sf

s0

∥
∥F1

(
s, u,ω(u)

)
– F1

(
s, u, ω̂(u)

)∥
∥�u

+ LG3

∫ sf

s0

∥
∥F2

(
s, u,ω(u)

)
– F2

(
s, u, ω̂(u)

)∥
∥�u

)

�s

≤
i∑

j=1

L�

∥
∥ω

(
ς–

j
)

– ω̂
(
ς–

j
)∥
∥ +

i∑

j=1

L�

∥
∥ω

(
ς–

j
)

– ω̂
(
ς–

j
)∥
∥

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥

(

LF
∥
∥ω(s) – ω̂(s)

∥
∥

+ LG1

∥
∥ω(s) – ω̂(s)

∥
∥ + LG2 LF1

∫ sf

s0

∥
∥ω(u) – ω̂(u)

∥
∥�u

+ LG3 LF2

∫ sf

s0

∥
∥ω(u) – ω̂(u)

∥
∥�u

)

�s

≤
i∑

j=1

L� sup
ς∈T

∥
∥ω

(
ς–

j
)

– ω̂
(
ς–

j
)∥
∥ +

i∑

j=1

L� sup
ς∈T

∥
∥ω

(
ς–

j
)

– ω̂
(
ς–

j
)∥
∥

+
∫ ςf

ς0

sup
ς∈T

∥
∥(ς – s)σ–1∥∥ sup

ς∈T

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥
(

LF sup
ς∈T

∥
∥ω(s) – ω̂(s)

∥
∥

+ LG1 sup
ς∈T

∥
∥ω(s) – ω̂(s)

∥
∥ + LG2 LF1 sup

ς∈T

∥
∥ω(u) – ω̂(u)

∥
∥(sf – s0)

+ LG3 LF2 sup
ς∈T

∥
∥ω(u) – ω̂(u)

∥
∥(sf – s0)

)
�s

=
i∑

j=1

L�‖ω – ω̂‖∞ +
i∑

j=1

L�‖ω – ω̂‖∞

+ a3a2
(
LF‖ω – ω̂‖∞ + LG1‖ω – ω̂‖∞ + LG2 LF1‖ω – ω̂‖∞(sf – s0)

+ LG3 LF2‖ω – ω̂‖∞(sf – s0)
)
∫ ςf

ς0

�s
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≤
[ i∑

j=1

L� +
i∑

j=1

L�

+ a3
(
a2LF + a2LG1 + a2LG2 LF1 (sf – s0) + a2LG3 LF2 (sf – s0)

)
(ς – ςf )

]

× ‖ω – ω̂‖∞.

It implies

∥
∥�σ

(
ω(ς )

)
– �σ

(
ω̂(ς )

)∥
∥ ≤ (N2 + Q2)‖ω – ω̂‖∞ = Q3‖ω – ω̂‖∞.

Hence

∥
∥�σ

(
ω(ς )

)
– �σ

(
ω̂(ς )

)∥
∥ ≤ Q3‖ω – ω̂‖∞ (Q3 < 1). (12)

Therefore, from inequality (12) and (9), the operator �σ is strictly contractive. Conse-
quently, the mixed impulsive system (1) admits a unique solution via the Banach princi-
ple. �

Now, regarding the mixed impulsive system (2), we have the following result.

Theorem 3.2 The mixed impulsive system (2) involves a unique solution if assertion (A)
holds and

max
1≤i≤3

{
Q∗

i
}

< 1. (13)

Proof Let � ⊆ PS and � = {(X,Y,Z) ∈ PS : ‖(X,Y,Z)‖C ≤ δ2}, also δ2 = max{δ, δ1} and
δ, δ1 ∈ (0, 1) provided that

δ > max{N1, N2, N3}.

Now, we define �σ : � → � as

�σ

(
ω(ς )

)
=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Eσ (Aςσ )ω0 +
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )F(ς ,ω(ς ))�s

+
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )

× G(s,ω(s),
∫ sf

s0
F1(s, u,ω(u))�u,

∫ sf
s0

F2(s, u,ω(u))�u)�s,

ς ∈ (ςi, si] ∩T, i = 1, . . . , m,

Eσ (Aςσ )ω0 +
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )F(ς ,ω(ς ))�s

+
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )

× G(s,ω(s),
∫ sf

s0
F1(s, u,ω(u))�u,

∫ sf
s0

F2(s, u,ω(u))�u)�s

+ 1
�(σ )

∫ si
ςi

(ς – s)σ–1
�i(s,ω(s))�s, ς ∈ (si,ςi+1] ∩T, i = 1, . . . , m.

(14)

Also, note that

∥
∥F(s,ω)

∥
∥ ≤ ∥

∥F(s,ω) – F(s, 0)
∥
∥ +

∥
∥F(s, 0)

∥
∥ ≤ LF‖ω‖ + MF
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and

∥
∥G(ς ,X,Y,Z)

∥
∥ ≤ ∥

∥G(ς ,X,Y,Z) – G(ς , 0, 0, 0)
∥
∥ +

∥
∥G(ς , 0, 0, 0)

∥
∥

≤ LG1‖X‖ + LG2‖Y‖ + LG3‖Z‖ + MG ,

where MF = supς∈T ‖F(s, 0)‖, MG = supς∈T ‖G(ς , 0, 0, 0)‖, and M̂G = MF + MG . In addition,
X = ω(s), Y =

∫ sf
s0

F1(s, u,ω(u))�u, and Z =
∫ sf

s0
F2(s, u,ω(u))�u.

Now, we prove that �σ : � → � is a self-mapping.
For ς ∈ (si,ςi+1] ∩T, i = 1, . . . , m, one has

∥
∥�σ

(
ω(ς )

)∥
∥ ≤

∥
∥
∥
∥

1
�(σ )

∫ si

ςi

(ς – s)σ–1
�i

(
s,ω(s)

)
�s

∥
∥
∥
∥ +

∥
∥Eσ

(
Aςσ

)
ω0

∥
∥

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥

∥
∥
∥
∥

(

F
(
s,ω(s)

)

+ G
(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2
(
s, u,ω(u)

)
�u

))∥
∥
∥
∥�s

≤ 1
�(σ )

∫ si

ςi

∥
∥(ς – s)σ–1∥∥

∥
∥�i

(
s,ω(s)

)∥
∥�s +

∥
∥Eσ

(
Aςσ

)∥
∥‖ω0‖

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥

(
∥
∥F

(
s,ω(s)

)∥
∥

+
∥
∥
∥
∥G

(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2
(
s, u,ω(u)

)
�u

)∥
∥
∥
∥ + M̂G

)

�s

≤ 1
�(σ )

∫ si

ςi

∥
∥(ς – s)σ–1∥∥Lg

∥
∥
(
ω(s)

)∥
∥�s +

∥
∥Eσ

(
Aςσ

)
ω0

∥
∥

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥

(

LF
∥
∥ω(s)

∥
∥ + LG1

∥
∥ω(s)

∥
∥

+ LG2

∫ sf

s0

∥
∥F1

(
s, u,ω(u)

)∥
∥�u + LG3

∫ sf

s0

∥
∥F2

(
s, u,ω(u)

)∥
∥�u + M̂G

)

�s

≤ 1
�(σ )

∥
∥(ς – s)σ–1∥∥Lg

∥
∥
(
ω(s)

)∥
∥(si – ςi) +

∥
∥Eσ

(
Aςσ

)
ω0

∥
∥

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥

(

LF
∥
∥ω(s)

∥
∥ + LG1

∥
∥ω(s)

∥
∥

+ LG2 LF1

∫ sf

s0

∥
∥ω(u)

∥
∥�u + LG3 LF2

∫ sf

s0

∥
∥ω(u)

∥
∥�u + M̂G

)

�s

=
1

�(σ )
∥
∥(ς – s)σ–1∥∥Lg

∥
∥
(
ω(s)

)∥
∥(si – ςi) +

∥
∥Eσ

(
Aςσ

)
ω0

∥
∥

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥
(
LF

∥
∥ω(s)

∥
∥ + LG1

∥
∥ω(s)

∥
∥

+ LG2 LF1

∥
∥ω(u)

∥
∥(sf – s0) + LG3 LF2

∥
∥ω(u)

∥
∥(sf – s0) + M̂G

)
�s

≤ 1
�(σ )

sup
ς∈T

∥
∥(ς – s)σ–1∥∥Lg sup

ς∈T

∥
∥
(
ω(s)

)∥
∥(si – ςi) + sup

ς∈T

∥
∥Eσ

(
Aςσ

)
ω0

∥
∥

+
∫ ςf

ς0

sup
ς∈T

∥
∥(ς – s)σ–1∥∥ sup

ς∈T

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥
(

LF sup
ς∈T

∥
∥ω(s)

∥
∥
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+ LG1 sup
ς∈T

∥
∥ω(s)

∥
∥ + LG2 LF1 sup

ς∈T

∥
∥ω(u)

∥
∥(sf – s0)

+ LG3 LF2 sup
ς∈T

∥
∥ω(u)

∥
∥(sf – s0) + M̂G

)
�s

≤ 1
�(σ )

a3Lg‖ω‖∞(si – ςi) + a1 +
∫ ςf

ς0

a3a2
(
LF‖ω‖∞ + LG1‖ω‖∞

+ LG2 LF1‖ω‖∞(sf – s0) + LG3 LF2‖ω‖∞(sf – s0) + M̂G
)
�s

≤ 1
�(σ )

a3Lgδ(si – ςi) + a1 + a3
(
δa2LF + δa2LG + δa2LGLF1 (sf – s0)

+ δa2LGLF2 (sf – s0) + M̂G
) ×

∫ ςf

ς0

�s

≤ 1
�(σ )

a3Lgδ(si – ςi) + a1 + δa3
(
a2LF + a2LG1 + a2LG2 LF1 (sf – s0)

+ a2LG3 LF2 (sf – s0) + M̂G
)
(ς – ςf ).

Thus

∥
∥�σ

(
ω(ς )

)∥
∥ ≤ N3 + δQ∗

1 ≤ δ + δQ∗
1 = δ1,

where δ1 = δ + δQ∗
1. Hence

∥
∥�σ

(
ω(ς )

)∥
∥ ≤ δ2. (15)

Therefore, from (15), �σ (�) ⊆ �. Also, for ς ∈ (si,ςi+1] ∩T, i = 1, . . . , m, with ω0 = ω̂0, we
have

∥
∥�σ

(
ω(ς )

)
– �σ

(
ω̂(ς )

)∥
∥

≤
∥
∥
∥
∥

1
�(σ )

∫ si

ςi

(ς – s)σ–1(
�i

(
s,ω(s)

)
– �i

(
s, ω̂(s)

))
�s

∥
∥
∥
∥

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥

∥
∥
∥
∥

(

F
(
s,ω(s)

)

+ G
(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2
(
s, u,ω(u)

)
�u

))

–
(

F
(
s, ω̂(s)

)

+ G
(

s, ω̂(s),
∫ sf

s0

F1
(
s, u, ω̂(u)

)
�u,

∫ sf

s0

F2
(
s, u, ω̂(u)

)
�u

))∥
∥
∥
∥�s

≤ 1
�(σ )

∫ si

ςi

∥
∥(ς – s)σ–1∥∥

∥
∥�i

(
s,ω(s)

)
– �i

(
s, ω̂(s)

)∥
∥�s

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥

(
∥
∥F

(
s,ω(s)

)
– F

(
s, ω̂(s)

)∥
∥

+
∥
∥
∥
∥G

(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2
(
s, u,ω(u)

)
�u

)
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– G
(

s, ω̂(s),
∫ sf

s0

F1
(
s, u, ω̂(u)

)
�u,

∫ sf

s0

F2
(
s, u, ω̂(u)

)
�u

)∥
∥
∥
∥

)

�s

≤ 1
�(σ )

∫ si

ςi

∥
∥(ς – s)σ–1∥∥Lg

∥
∥ω(s) – ω̂(s)

∥
∥�s

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥

(

LF
∥
∥ω(s) – ω̂(s)

∥
∥

+ LG1

∥
∥ω(s) – ω̂(s)

∥
∥ + LG2

∫ sf

s0

∥
∥F1

(
s, u,ω(u)

)
– F1

(
s, u, ω̂(u)

)∥
∥�u

+ LG3

∫ sf

s0

∥
∥F2

(
s, u,ω(u)

)
– F2

(
s, u, ω̂(u)

)∥
∥�u

)

�s

≤ 1
�(σ )

∫ si

ςi

∥
∥(ς – s)σ–1∥∥Lg

∥
∥ω(s) – ω̂(s)

∥
∥�s

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥

(

LF
∥
∥ω(s) – ω̂(s)

∥
∥

+ LG1

∥
∥ω(s) – ω̂(s)

∥
∥ + LG2 LF1

∫ sf

s0

∥
∥ω(u) – ω̂(u)

∥
∥�u

+ LG3 LF2

∫ sf

s0

∥
∥ω(u) – ω̂(u)

∥
∥�u

)

�s

≤ 1
�(σ )

∫ si

ςi

sup
ς∈T

∥
∥(ς – s)σ–1∥∥Lg

∥
∥ω(s) – ω̂(s)

∥
∥�s

+
∫ ςf

ς0

sup
ς∈T

∥
∥(ς – s)σ–1∥∥ sup

ς∈T

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥
(

LF sup
ς∈T

∥
∥ω(s) – ω̂(s)

∥
∥

+ LG1 sup
ς∈T

∥
∥ω(s) – ω̂(s)

∥
∥ + LG2 LF1 sup

ς∈T

∥
∥ω(u) – ω̂(u)

∥
∥(sf – s0)

+ LG3 LF2 sup
ς∈T

∥
∥ω(u) – ω̂(u)

∥
∥(sf – s0)

)
�s

=
1

�(σ )
a3Lg‖ω – ω̂‖∞

∫ ςf

ς0

�s

+ a3a2
(
LF‖ω – ω̂‖∞ + LG1‖ω – ω̂‖∞ + LG2 LF1‖ω – ω̂‖∞(sf – s0)

+ LG3 LF2‖ω – ω̂‖∞(sf – s0)
)
∫ ςf

ς0

�s

≤
[

1
�(σ )

a3Lg(ςf – ς0) + a3
(
a2LF + a2LG1 + a2LG2 LF1 (sf – s0)

+ a2LG3 LF2 (sf – s0)
)
(ς – ςf )

]

‖ω – ω̂‖∞.

It implies

∥
∥�σ

(
ω(ς )

)
– �σ

(
ω̂(ς )

)∥
∥ ≤ (N4 + Q2)‖ω – ω̂‖∞ ≤ Q∗

3‖ω – ω̂‖∞.

Hence

∥
∥�σ

(
ω(ς )

)
– �σ

(
ω̂(ς )

)∥
∥ ≤ Q∗

3‖ω – ω̂‖∞. (16)
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Therefore, from (16) and (13), the operator �σ is strictly contractive. Consequently, the
second impulsive system (2) admits a unique solution via the Banach principle. �

Next, for both mixed impulsive systems (1) and (2), we investigate the existence of at
least one solution via the weaker condition (B) and the Leray–Schauder alternative fixed
point method.

Theorem 3.3 The mixed impulsive system (1) has at least one solution provided assump-
tion (B) holds and K > 0 exists so that

a1 + Q3K < K. (17)

Proof Firstly, we prove that �σ defined by (10) is a completely continuous operator. We
see that the continuity of the mappings �, �, F , and G provides that �σ is a contin-
uous operator. Also, assume that �1⊆PS along with the fact that the operators �, �,
F , and G are bounded. Then there exist L1, L2, M1, and M2 (positive constants) such
that

∑i
j=1 �j(ω) ≤ L1,

∑i
j=1 �j(ω) ≤ L2, F (ς ,ω(ς )) ≤ M1, and G(ς ,X,Y,Z) ≤ M2, where

p = ω(s),

q =
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

and

r =
∫ sf

s0

F2
(
s, u,ω(u)

)
�u.

Note that we take L = L4 + L5 + a1, M = M1 + M2, ‖(ς – s)σ–1‖ ≤L1, and L+L1a2M(ςf –
ς0) = G.

Then, for any ω ∈ �1 and ς ∈ (ςi,ςi+1], i = 1, . . . , m, we have

∥
∥�σ

(
ω(ς )

)∥
∥ ≤

i∑

j=1

∥
∥�j

(
ω

(
ς–

j
))∥

∥ +
i∑

j=1

∥
∥�j

(
ς–

j ,ω
(
ς–

j
))∥

∥ +
∥
∥Eσ

(
Aςσ

)
ω0

∥
∥

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥

∥
∥
∥
∥

(

F
(
s,ω(s)

)

+ G
(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2
(
s, u,ω(u)

)
�u

))∥
∥
∥
∥�s

≤ L4 + L5 + a1 + L1a2(M1 + M2)
∫ ςf

ς0

�s

= L + L1a2M(ςf – ς0).

It implies

∥
∥�σ

(
ω(ς )

)∥
∥ ≤ G. (18)

Thus, from (18), we conclude that � is uniformly bounded.
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Now, we prove that �σ is completely continuous. For this, we discuss the following pos-
sibilities.

Case 1: Assume that all points onT are isolated, i.e., time scales consist of discrete points.
Using Theorem 2.2, �σ becomes

�σ

(
ω(ς )

)
=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Eσ (Aςσ )ω0 +
∑

ς∈T(ς – s)σ–1Eσ ,σ (A(ς – s)σ )F (ς ,ω(ς ))�s

+
∑

ς∈T(ς – s)σ–1Eσ ,σ (A(ς – s)σ )

× G(s,ω(s),
∫ sf

s0
F1(s, u,ω(u))�u,

∫ sf
s0
F2(s, u,ω(u))�u),

ς ∈ (ς0,ς1],

Eσ (Aςσ )ω0 +
∑

ς∈T(ς – s)σ–1Eσ ,σ (A(ς – s)σ )F (ς ,ω(ς ))�s

+
∑

ς∈T(ς – s)σ–1Eσ ,σ (A(ς – s)σ )

× G(s,ω(s),
∫ sf

s0
F1(s, u,ω(u))�u,

∫ sf
s0
F2(s, u,ω(u))�u)�s

+
∑i

j=1(�j(ω(ς–
j )) + �j(ς–

j ,ω(ς–
j ))), ς ∈ (ςi,ςi+1], i = 1, . . . , m.

(19)

Clearly, on a discrete finite set, (19) is a collection of summation operators. Further, the
continuity of �j, �j, F , and G implies that �σ is completely continuous.

Case 2: Assume that all the points of T are dense, i.e., T is continuous. Now, let ςf1 ,ςf2 ∈
(ςi,ςi+1], i = 1, . . . , m, such that ςf1 < ςf2 , then

∥
∥�σ

(
ω(ςf2 )

)
– �σ

(
ω(ςf1 )

)∥
∥

≤
∥
∥
∥
∥
∥

i∑

j=1

[
�j

(
ω(ςf2–

j
)
)

– �j
(
ω(ςf1–

j
)
)]

+
i∑

j=1

[
�j

(
ςf2–

j
,ω(ςf2–

j
)
)

– �j
(
ςf1–

j
,ω(ςf1–

j
)
)]

+
[(∫ ςf2

ς0

(ςf2 – s)σ–1Eσ ,σ
(
A(ςf2 – s)σ

)
(

F
(
s,ω(s)

)

+ G
(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2
(
s, u,ω(u)

)
�u

))

�s
)

–
(∫ ςf1

ς0

(ςf1 – s)σ–1Eσ ,σ
(
A(ςf1 – s)σ

)
(

F
(
s,ω(s)

)

+ G
(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2
(
s, u,ω(u)

)
�u

)))]

�s

∥
∥
∥
∥
∥

≤
i∑

j=1

∥
∥�j

(
ω(ςf2–

j
)
)

– �j
(
ω(ςf1–

j
)
)∥
∥

+
i∑

j=1

∥
∥�j

(
ςf2–

j
,ω(ςf2–

j
)
)

– �j
(
ςf1–

j
,ω(ςf1–

j
)
)∥
∥

+
∥
∥
∥
∥

∫ ςf2

ς0

[
(ςf1 – s)σ–1Eσ ,σ

(
A(ςf2 – s)σ

)
– (ςf1 – s)σ–1Eσ ,σ

(
A(ςf1 – s)σ

)]

×F
(
s,ω(s)

)
�s

∥
∥
∥
∥
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+
∥
∥
∥
∥

∫ ςf2

ς0

[
(ςf1 – s)σ–1Eσ ,σ

(
A(ςf2 – s)σ

)
– (ςf1 – s)σ–1Eσ ,σ

(
A(ςf1 – s)σ

)]

× G
(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2
(
s, u,ω(u)

)
�u

)

�s
∥
∥
∥
∥

+
∥
∥
∥
∥

∫ ςf2

ςf1

[
(ςf2 – s)σ–1Eσ ,σ

(
A(ςf2 – s)σ

)]
F

(
s,ω(s)

)
�s

∥
∥
∥
∥

+
∥
∥
∥
∥

∫ ςf2

ςf1

[
(ςf2 – s)σ–1Eσ ,σ

(
A(ςf2 – s)σ

)]

× G
(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2
(
s, u,ω(u)

)
�u

)

�s
∥
∥
∥
∥.

Clearly, we observe from the above that it approaches 0 as ςf2 → ςf1 . Hence, the operator
�σ is equicontinuous. Finally, using the Arzela–Ascoli theorem, we conclude that �σ is
completely continuous.

Case 3: Assume that T involves isolated points along with dense ones, i.e., continuous
and discrete. Now, utilizing Theorem 2.2 for the isolated points, we can write �σ as the
summation operator which is completely continuous (discussed in case 1). For the dense
points, one can prove that �σ is a completely continuous operator (discussed in case 2).
Consequently, �σ can be written as a sum of two operators for isolated and dense points.
As a result, we know that the sum of two operators which are completely continuous is
also completely continuous. Thus, the operator �σ is a completely continuous operator.
Hence, by summarizing the above three possibilities, we arrive at the conclusion that �σ

is a completely continuous operator.
Finally, let β ∈ [0, 1], and there exists ω provided that ω(ς ) = β(�σ (ω)(ς )). Then, for

ς ∈ (ςi,ςi+1], i = 1, . . . , m, one obtains

∥
∥ω(ς )

∥
∥ =

∥
∥β

(
�σ

(
ω(ςf )

))∥
∥

≤
∥
∥
∥
∥
∥
β

[ i∑

j=1

�j
(
ω(ςf –

j
)
)

+
i∑

j=1

�j
(
ςf2–

j
,ω(ςf2–

j
)
)

+
∫ ςf2

ς0

(ςf2 – s)σ–1Eσ ,σ
(
A(ςf2 – s)σ

)
(

F
(
s,ω(s)

)

+ G
(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2
(
s, u,ω(u)

)
�u

))

�s

]∥
∥
∥
∥
∥

≤
i∑

j=1

L�‖ω‖∞ +
i∑

j=1

L�‖ω‖∞ + a1 +
∥
∥(ς – s)σ–1∥∥a2

× (
LF‖ω‖∞ + LG1‖ω‖∞ + LG2 LF1‖ω‖∞(sf – s0)

+ LG3 LF2‖ω‖∞(sf – s0) + M̂G
)
(ςf – ς0)

≤ a1 +

[ i∑

j=1

L� +
i∑

j=1

L� +
∥
∥(ς – s)σ–1∥∥a2

× (
LF + LG1 + LG2 LF1 (sf – s0) + LG3 LF2 (sf – s0)

)
(ςf – ς0)

]

‖ω‖∞
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≤ a1 + [N2 + Q2]‖ω‖∞

≤ a1 + Q3‖ω‖∞.

Hence

‖ω‖∞
a1 + Q3‖ω‖∞

≤ 1.

Now, from (17), we get K > 0 such that ‖ω‖∞ 	= K. Let us assume that

 =
{
ω ∈ T,‖ω‖∞ < K

}
.

Then the operator �σ :  → T is continuous as well as completely continuous. Thus, from
the choice of , there is no ω ∈ χ () provided that ω = β(�σ ((ω)(ς ))), β ∈ [0, 1].

Therefore in the light of fixed point criterion due to nonlinear alternative of Leray–
Schauder, �σ admits a fixed point which is the solution of the mixed impulsive system
(1). �

We have a similar conclusion for the mixed impulsive system (2).

Theorem 3.4 The mixed impulsive system (2) admits at least one solution if assumption
(B) is satisfied and K∗ > 0 exists such that

a1 + Q∗
3K∗ < K∗. (20)

Proof It is similar to the previous argument for �σ in Theorem 3.3. �

4 Stability analysis
Now, to start this section, we first consider the following inequalities:

⎧
⎪⎪⎨

⎪⎪⎩

‖c,TDσω(ς ) – A(ς )ω(ς ) – F (ς ,ω(ς ))

– G(ς ,ω(ς ),
∫ ςf
ς0

F1(ς , s,ω(s))�s,
∫ ςf
ς0

F2(ς , s,ω(s))�s)‖ ≤ ε; ς ∈ T
′,

‖ω(ς+
k ) – ω(ς–

k ) – �k(ω(ς–
k )) – �k(ς–

k ,ω(ς–
k ))‖ ≤ ε, k = 1, . . . , m,

(21)

and

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

‖c,TDσω(ς ) – A(ς )ω(ς ) – F(ς ,ω(ς ))

– G(ς ,ω(ς ),
∫ ςf
ς0

F1(ς , s,ω(s))�s,
∫ ςf
ς0

F2(ς , s,ω(s))�s)‖ ≤ ε,

ς ∈ (si,ςi+1] ∩T, i = 1, . . . , m,

‖ω(ς ) – 1
�(σ )

∫ ς

ςi
(ς – s)σ–1

�i(s,ω(s))�s‖ ≤ ε, ς ∈ (ςi, si] ∩T, i = 1, . . . , m,

(22)

for each ε > 0.

Definition 4.1 The mixed impulsive system (1) is said to be UH stable on T if, for any
ω ∈ PC1(T,Rn) fulfilling (21), there exists ω̂ ∈ PC1(T,Rn) as a solution of (1) such that
‖ω̂(s) – ω(s)‖ ≤ Cε for C > 0, s ∈ T.
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Definition 4.2 The mixed impulsive system (2) is termed as UH stable if, for any ε > 0 and
ω ∈ PC1(D,Rn) that fulfills (22), there exists, ω̂ ∈ PC1(D,Rn) as a solution of (2) provided
‖ω̂(ς ) – ω(ς )‖ ≤ �ε for all ς ∈ D. Here, � > 0, and its value depends upon ε.

Remark 4.1 The solution ω ∈ PC1(T,Rn) satisfies (21) iff ∃ f ∈ PC(T,Rn) together with
the sequence fk provided ‖fk‖ ≤ ε so that

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

c,TDσω(ς ) = A(ς )ω(ς ) + F(ς ,ω(ς ))

+ G(ς ,ω(ς ),
∫ ςf
ς0

F1(ς , s,ω(s))�s,
∫ ςf
ς0

F2(ς , s,ω(s))�s) + f (ς ),

ω(ς0) = ω0, ς ∈ T
′,

ω(ς+
k ) – ω(ς–

k ) = �k(ω(ς–
k )) + �k(ς–

k ,ω(ς–
k )) + fk .

Lemma 4.3 Each function ω ∈ PC1(T,Rn) that fulfills (21) also satisfies the following in-
equality:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

‖ω(ς ) – Eσ (Aςσ )ω0 –
∑m

k=1(�k(ω(ς–
k )) + �k(ς–

k ,ω(ς–
k )))

–
∫ ς

ς0
(ς – s)σ–1Eσ ,σ (A(ς – s)σ )F(s,ω(s))�s

–
∫ ς

ς0
(ς – s)σ–1Eσ ,σ (A(ς – s)σ )

× G(s,ω(s),
∫ sf

s0
F1(s, u,ω(u))�u,

∫ sf
s0

F2(s, u,ω(u))�u)�s‖ ≤ δε

for ς ∈ (ςk ,ςk+1] ⊂ T, where ‖Eσ ,σ (A(ς – s)σ )‖ ≤ a2 and δ = (m + a3a2(ςf – ς0)).

Proof If ω ∈ PC1(T,Rn) satisfies (21), then via Remark 4.1

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

c,TDσω(ς ) = A(ς )ω(ς ) + F(ς ,ω(ς ))

+ G(ς ,ω(ς ),
∫ ςf
ς0

F1(ς , s,ω(s))�s,
∫ ςf
ς0

F2(ς , s,ω(s))�s) + f (ς ),

ω(ς0) = ω0, ς ∈ T
′,

ω(ς+
k ) – ω(ς–

k ) = �k(ω(ς–
k )) + �k(ς–

k ,ω(ς–
k )) + fk , k = 1, . . . , m,

implies

ω(ς ) = Eσ

(
Aςσ

)
ω0 +

m∑

j=1

(
�

(
ω

(
ς–

j
))

+ �
(
ς–

j ,ω
(
ς–

j
)))

+
m∑

i=1

fi

+
∫ ς

ς0

(ς – s)σ–1Eσ ,σ
(
A(ς – s)σ

)
F
(
s,ω(s)

)
�s

+
∫ ς

ς0

(ς – s)σ–1Eσ ,σ
(
A(ς – s)σ

)

× G
(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2
(
s, u,ω(u)

)
�u

)

�s

+
∫ ς

ς0

(ς – s)σ–1Eσ ,σ
(
A(ς – s)σ

)
f (s)�s.
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So,

∥
∥
∥
∥
∥
ω(ς ) – Eσ

(
Aςσ

)
ω0 –

m∑

j=1

(
�

(
ω

(
ς–

j
))

+ �
(
ς–

j ,ω
(
ς–

j
)))

–
∫ ς

ς0

(ς – s)σ–1Eσ ,σ
(
A(ς – s)σ

)
F
(
s,ω(s)

)
�s

–
∫ ς

ς0

(ς – s)σ–1Eσ ,σ
(
A(ς – s)σ

)

× G
(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ ςf

ς0

F2
(
s, u,ω(u)

)
�u

)

�ω

∥
∥
∥
∥
∥

≤
∫ ς

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥
∥
∥f (s)

∥
∥�s +

m∑

i=1

‖fi‖

≤ δε,

and the argument is finished. �

Remark 4.2 The map ω ∈ PC1(D,Rn) fulfills inequality (22) iff there are f ∈ PC1(D,Rn) as
a map and bounded sequences {fi : i = 1, . . . , m} ⊂ R

n (depending upon ω) provided that
‖f (ς )‖ ≤ ε for each ς ∈ D and ‖fi‖ ≤ ε ∀i = 1, . . . , m such that

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

c,TDσω(ς ) = A(ς )ω(ς ) + F(ς ,ω(ς ))

+ G(ς ,ω(ς ),
∫ ςf
ς0

F1(ς , s,ω(s))�s,
∫ ςf
ς0

F2(ς , s,ω(s))�s) + f (ς ),

ω(ς0) = ω0, ς ∈ (si,ςi+1] ∩T, i = 1, . . . , m,

ω(ς ) = 1
�(σ )

∫ ς

ςi
(ς – s)σ–1

�i(s,ω(s))�s + fi, i = 1, . . . , m.

Lemma 4.4 Each map ω ∈ PC1(D,Rn) that fulfills (22) also satisfies the inequalities given
below:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

‖ω(ς ) – Eσ (Aςσ )ω0 –
∫ ς

si
Eσ ,σ (A(ς – s)σ )F(s,ω(s))�s

–
∫ ς

si
Eσ ,σ (A(ς – s)σ )G(s,ω(s),

∫ sf
s0

F1(s, u,ω(u))�u,
∫ sf

s0
F2(s, u,ω(u))�u)�s

– 1
�(σ )

∫ ς

ςi
(ς – s)σ–1

�i(s,ω(s))�s‖ ≤ (a2ςf – a2si + m)ε,

ς ∈ (si,ςi+1] ∩T, i = 1, . . . , m,

and

⎧
⎨

⎩

‖ω(ς ) – 1
�(σ )

∫ ς

ςi
(ς – s)σ–1

�i(s,ω(s))�s‖ ≤ mε (respectively mκ),

ς ∈ (ςi, si] ∩T, i = 1, . . . , m,

in which ‖Eσ ,σ (A(ς – s)σ )‖ ≤ a2.
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Proof If ω ∈ PC1(D,Rn) satisfies (22), in this case, by virtue of Remark 4.2,

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

c,TDσω(ς ) = A(ς )ω(ς ) + F(ς ,ω(ς ))

+ G(ς ,ω(ς ),
∫ ςf
ς0

F1(ς , s,ω(s))�s,
∫ ςf
ς0

F2(ς , s,ω(s))�s)

+ f (ς ),ω(ς0) = ω0, ς ∈ (si,ςi+1] ∩T, i = 1, . . . , m,

ω(ς ) = 1
�(σ )

∫ ς

ςi
(ς – s)σ–1

�i(s,ω(s))�s + fi, s,ς ∈ (ςi, si] ∩T, i = 1, . . . , m.

(23)

Clearly, equation (23) implies that

ω(ς ) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎩

Eσ (Aςσ )ω0 +
∫ ς

ςi
Eσ ,σ (A(ς – s)σ )F(s,ω(s))�s

+
∫ ς

si
Eσ ,σ (A(ς – s)σ )

× G(s,ω(s),
∫ sf

s0
F1(s, u,ω(u))�u,

∫ sf
s0

F2(s, u,ω(u))�u)�s

+ 1
�(σ )

∫ ς

ςi
(ς – s)σ–1

�i(s,ω(s))�s, ς ∈ (si,ςi+1] ∩T, i = 1, . . . , m,
1

�(σ )
∫ ς

ςi
(ς – s)σ–1

�i(s,ω(s))�s + fi, ς ∈ (ςi, si] ∩T, i = 1, . . . , m.

For ς ∈ (si,ςi+1] ∩T, i = 1, . . . , m, one has

∥
∥
∥
∥ω(ς ) – Eσ

(
Aςσ

)
ω0 –

∫ ς

si

(ς – s)σ–1Eσ ,σ
(
A(ς – s)σ

)
F
(
s,ω(s)

)

–
∫ ς

si

(ς – s)σ–1Eσ ,σ
(
A(ς – s)σ

)

× G
(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2(s, u,ω)�u
)

�s

–
1

�(σ )

∫ ς

ςi

(ς – s)σ–1
�i

(
s,ω(s)

)
�s

∥
∥
∥
∥

≤
∫ ς

si

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥
∥
∥f (s)

∥
∥�s +

m∑

i=1

‖fi‖

≤ (
a3a2(ς – si) + m

)
ε.

Using a similar method, we get

∥
∥
∥
∥ω(ς ) –

1
�(σ )

∫ ς

ςi

(ς – s)σ–1
�i

(
s,ω(s)

)
�s

∥
∥
∥
∥ ≤ mε, ς ∈ (ςi, si] ∩T, i = 1, . . . , m,

and this ends the argument. �

Now, we provide a sufficient condition for the UH stability of mixed impulsive systems
(1) and (2).

Theorem 4.5 The mixed impulsive system (1) is UH stable provided assumption (A) and
inequality (9) are satisfied.
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Proof Let ω be the solution of the mixed impulsive system (1) and ω̃ be the solution of
inequality (21). Therefore, from Theorem 3.1, we have

ω(ς ) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Eσ (Aςσ )ω0 +
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )F (ς ,ω(ς ))�s

+
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )

× G(s,ω(s),
∫ sf

s0
F1(s, u,ω(u))�u,

∫ sf
s0
F2(s, u,ω(u))�u)�s,

ς ∈ (ς0,ς1],

Eσ (Aςσ )ω0 +
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )F (ς ,ω(ς ))�s

+
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )

× G(s,ω(s),
∫ sf

s0
F1(s, u,ω(u))�u,

∫ sf
s0
F2(s, u,ω(u))�u)�s

+
∑i

j=1(�j(ω(ς–
j )) + �j(ς–

j ,ω(ς–
j ))), ς ∈ (ςi,ςi+1], i = 1, . . . , m,

where Eσ (Aςσ ) stands for the matrix representation of the Mittag-Leffler function. Using
a similar approach as that in Theorem 3.1, we get

∥
∥ω̃(ς ) – ω(ς )

∥
∥ ≤

i∑

j=1

∥
∥�j

(
ω̃

(
ς–

j
))

– �j
(
ω

(
ς–

j
))∥

∥

+
i∑

j=1

∥
∥�j

(
ς–

j , ω̃
(
ς–

j
))

– �j
(
ς–

j ,ω
(
ς–

j
))∥

∥

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥

∥
∥
∥
∥

(

F
(
s, ω̃(s)

)

+ G
(

s, ω̃(s),
∫ sf

s0

F1
(
s, u, ω̃(u)

)
�u,

∫ sf

s0

F2
(
s, u, ω̃(u)

)
�u

))

–
(

F
(
s,ω(s)

)

+ G
(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2
(
s, u,ω(u)

)
�u

))∥
∥
∥
∥�s

≤ a3a2(ςf – ςi)ε + Q3‖ω̃ – ω‖∞,

which implies that

‖ω̃ – ω‖∞ ≤ a3a2(ςf – ςi)ε + Q3‖ω̃ – ω‖∞.

Hence

‖ω̃ – ω‖∞ ≤ (
a3a2(ςf – ςi)

) ε

1 – Q3

≤H(a3,a2,LF ,LG1 ,LG2 LF1 ,LG3 ,LF2 ,L� ,L�)ε,
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where H(a3,a2,LF ,LG1 ,LG2 LF1 ,LG3 ,LF2 ,L� ,L�) = a3a2(ςf –ςi)
1–Q3

. Hence, the mixed impulsive system
(1) is UH stable. Furthermore, if

H(a3,a2,LF ,LG1 ,LG2 LF1 ,LG3 ,LF2 ,L� ,L�)(ε) = H(a3,a2,LF ,LG1 ,LG2 LF1 ,LG3 ,LF2 ,L� ,L�)(0) = 0,

then our impulsive system (1) becomes generalized UH stable. �

Theorem 4.6 The mixed impulsive system (2) is UH stable provided that assumption (A)
and inequality (13) are satisfied.

Proof Let ω be the solution of the mixed impulsive system (2) and ω̃ be the solution of
inequality (22). Therefore, from Theorem 3.2, we have

ω(ς ) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Eσ (Aςσ )ω0 +
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )F(ς ,ω(ς ))�s

+
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )

× G(s,ω(s),
∫ sf

s0
F1(s, u,ω(u))�u,

∫ sf
s0

F2(s, u,ω(u))�u)�s

ς ∈ (ςi, si] ∩T, i = 1, . . . , m,

Eσ (Aςσ )ω0 +
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )F(ς ,ω(ς ))�s

+
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )

× G(s,ω(s),
∫ sf

s0
F1(s, u,ω(u))�u,

∫ sf
s0

F2(s, u,ω(u))�u)�s

+ 1
�(σ )

∫ si
ςi

(ς – s)σ–1
�i(s,ω(s))�s, ς ∈ (si,ςi+1] ∩T, i = 1, . . . , m,

where Eσ (Aςσ ) stands for the matrix representation of the Mittag-Leffler function. Using
the similar approach as in Theorem 3.2, we get

∥
∥ω̃(ς ) – ω(ς )

∥
∥ ≤ 1

�(σ )

∫ si

ςi

∥
∥(ς – s)σ–1∥∥

∥
∥
(
�i

(
s, ω̃(s)

)
– �i

(
s, ω̃(s)

))∥
∥�s

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥

∥
∥
∥
∥

(

F
(
s, ω̃(s)

)

+ G
(

s, ω̃(s),
∫ sf

s0

F1
(
s, u, ω̃(u)

)
�u,

∫ sf

s0

F2
(
s, u, ω̃(u)

)
�u

))

–
(

F
(
s,ω(s)

)

+ G
(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2
(
s, u,ω(u)

)
�u

))∥
∥
∥
∥�s

≤ a3a2(ςf – ςi)ε + Q3‖ω̃ – ω‖∞,

which implies

‖ω̃ – ω‖∞ ≤ a3a2(ςf – ςi)ε + Q∗
3‖ω̃ – ω‖∞.
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Hence

‖ω̃ – ω‖∞ ≤ (
a3a2(ςf – ςi)

) ε

1 – Q∗
3

≤H(a3,a2,LF ,LG1 ,LG2 LF1 ,LG3 ,LF2 ,Lg )ε,

where H(a3,a2,LF ,LG1 ,LG2 LF1 ,LG3 ,LF2 ,Lg ) = a3a2(ςf –ςi)
1–Q∗

3
. Hence, the mixed impulsive system (2) is

UH stable. Furthermore, if we take

H(a3,a2,LF ,LG1 ,LG2 LF1 ,LG3 ,LF2 ,Lg )(ε) = H(a3,a2,LF ,LG1 ,LG2 LF1 ,LG3 ,LF2 ,Lg )(0) = 0,

then the mentioned system (2) is generalized UH stable. �

5 Controllability analysis
In the sequel, controllability analysis of given impulsive systems is conducted. At first, we
have some definitions in this direction.

Definition 5.1 The function ω ∈ T is said to be the solution of (3) if ω satisfies ω(0) = ω0

and ω is the solution of the following integral equations:

ω(ς ) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Eσ (Aςσ )ω0 +
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )F (ς ,ω(ς ))�s

+
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )

× G(s,ω(s),
∫ sf

s0
F1(s, u,ω(u))�u,

∫ sf
s0
F2(s, u,ω(u))�u)�s

+
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )Hζ (ς )�s, ς ∈ (ς0,ς1],

Eσ (Aςσ )ω0 +
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )F (ς ,ω(ς ))�s

+
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )

× G(s,ω(s),
∫ sf

s0
F1(s, u,ω(u))�u,

∫ sf
s0
F2(s, u,ω(u))�u)�s

+
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )Hζ (ς )�s

+
∑i

j=1(�j(ω(ς–
j )) + �j(ς–

j ,ω(ς–
j ))), ς ∈ (ςi,ςi+1], i = 1, . . . , m,

(24)

where Eσ (Aςσ ) stands for the matrix representation of the Mittag-Leffler function.

Definition 5.2 The mixed impulsive system (3) is controllable onT if, for every ω0,ωT ∈ T

where ςi+1 = T , there exists an rd-continuous function ζ ∈ L2(I,R) such that the corre-
sponding solution of (3) satisfies ω(0) = ω0 and ζ (T) = ζT .

We set the following for simplicity:

Q5 := a3
(
a2LF + a2LG1 + a2LG2 LF1 (sf – s0) + a2LG3 LF2 (sf – s0) + M̂G

)

× (ςf – ς0)
(
1 + MHMσ

W (ςf – ς0)
)
;

Q6 := a3
(
a2LF + a2LG + a2LGLF1 (sf – s0) + a2LGLF2 (sf – s0)

) × (ςf – ς0);
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Q7 :=
(
1 + MHMσ

W (ςf – ς0)
)
[ i∑

j=1

L� +
i∑

j=1

L�

+
(
a2LF + a2LG1 + a2LG2 LF1 (sf – s0) + a2LG3 LF2 (sf – s0)

)
(ςf – ς0)

]

;

Q8 :=
(
1 + MHMσ

W (ς – ςf )
)
[

1
�(σ )

a3Lg(si – ςi)

+ a3
(
a2LF + a2LG + a2LGLF1 (sf – s0) + a2LGLF2 (sf – s0)

) × (ςf – ς0)
]

;

N5 :=
(
1 + MHMσ

W
)
( i∑

j=1

L�δ +
i∑

j=1

L�δ + a1

)

+ MHMσ
H‖ωT‖;

N6 :=
(
1 + MHMσ

W
)
(

1
�(σ )

a3Lgδ
′′(si – ςi) + a1 + M̂G

)

+ MHMσ
H‖ωT‖.

Lemma 5.3 If assertions (A) and (W) hold and ωT ∈ T, where ςi+1 = T is any arbitrary
point, then ω is a solution of (3) on T defined by (24) along with the control function

ζ (ς ) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(σWT
ς0 )–1[ωT – Eσ (Aςσ )ω0 –

∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )F (ς ,ω(ς ))�s

–
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )

× G(s,ω(s),
∫ sf

s0
F1(s, u,ω(u))�u,

∫ sf
s0
F2(s, u,ω(u))�u)�s]

ς ∈ (ς0,ς1],

(σWT
ς0 )–1[ωT – Eσ (Aςσ )ω0

–
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )F (ς ,ω(ς ))�s

–
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )

× G(s,ω(s),
∫ sf

s0
F1(s, u,ω(u))�u,

∫ sf
s0
F2(s, u,ω(u))�u)�s

–
∑i

j=1(�j(ω(ς–
j )) – �j(ς–

j ,ω(ς–
j )))], ς ∈ (ςi,ςi+1], i = 1, . . . , m,

(25)

where Eσ (Aςσ ) stands for the matrix representation of the Mittag-Leffler function, and
ω(T) = ωT holds in which ςi+1 = T . Also, the control function ζ (ς ) has the estimate ‖ζ (ς )‖ ≤
ℵζ , where for ς ∈ (ςi,ςi+1], i = 1, . . . , m, we define

ℵζ = ℵσ
W

[

‖ωT‖ +
∥
∥Eσ

(
Aςσ

)
ω0

∥
∥ +

i∑

j=1

L�‖ω‖∞ +
i∑

j=1

L�‖ω‖∞

+
(
a3a2

(
LF‖ω‖∞ + LG1‖ω‖∞ + LG2 LF1‖ω‖∞(sf – s0)

+ LG3 LF2‖ω‖∞(sf – s0) + M̂G
)
(ςf – ς0)

)
]

.

Proof Let ω be the solution of (3) on ς ∈ (ςi,ςi+1], i = 1, . . . , m, defined by (24). Then, for
ς = T , we have

ω(T) = Eσ

(
ATσ

)
ω0 +

∫ ςf

ς0

(T – s)σ–1Eσ ,σ
(
A(T – s)σ

)
F

(
s,ω(s)

)
�s

+
∫ ςf

ς0

(T – s)σ–1Eσ ,σ
(
A(T – s)σ

)
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× G
(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2
(
s, u,ω(u)

)
�u

)

�s

+
i∑

j=1

(
�j

(
ω

(
T–

j
))

+ �j
(
T–

j ,ω
(
T–

j
)))

+
∫ ςf

ς0

(T – s)σ–1Eσ ,σ
(
A(ς – s)σ

)
Hζ (ς )�s

= Eσ

(
ATσ

)
ω0 +

∫ ςf

ς0

(T – s)σ–1Eσ ,σ
(
A(T – s)σ

)
F

(
s,ω(s)

)
�s

+
∫ ςf

ς0

(T – s)σ–1Eσ ,σ
(
A(T – s)σ

)

× G
(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2
(
s, u,ω(u)

)
�u

)

�s

+
i∑

j=1

(
�j

(
ω

(
T–

j
))

+ �j
(
T–

j ,ω
(
T–

j
)))

+
∫ ςf

ς0

(T – s)σ–1Eσ ,σ
(
A(ς – s)σ

)
H

× (
σWT

ς0

)–1
[

ωT – Eσ

(
ATσ

)
ω0

–
∫ ςf

ς0

(T – s)σ–1Eσ ,σ
(
A(T – s)σ

)
F

(
s,ω(s)

)
�s

–
∫ ςf

ς0

(T – s)σ–1Eσ ,σ
(
A(T – s)σ

)

× G
(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2
(
s, u,ω(u)

)
�u

)

�s

–
i∑

j=1

(
�j

(
ω

(
T–

j
))

– �j
(
T–

j ,ω
(
T–

j
)))

]

�τ

= Eσ

(
ATσ

)
ω0 +

∫ ςf

ς0

(T – s)σ–1Eσ ,σ
(
A(T – s)σ

)
F

(
s,ω(s)

)
�s

+
∫ ςf

ς0

(T – s)σ–1Eσ ,σ
(
A(T – s)σ

)

× G
(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2
(
s, u,ω(u)

)
�u

)

�s

+
i∑

j=1

(
�j

(
ω

(
T–

j
))

+ �j
(
T–

j ,ω
(
T–

j
)))

× (
σWT

ς0

)(
σWT

ς0

)–1
[

ωT – Eσ

(
ATσ

)
ω0

–
∫ ςf

ς0

(T – s)σ–1Eσ ,σ
(
A(T – s)σ

)
F

(
s,ω(s)

)
�s

–
∫ ςf

ς0

(T – s)σ–1Eσ ,σ
(
A(T – s)σ

)
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× G
(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2
(
s, u,ω(u)

)
�u

)

�s

–
i∑

j=1

(
�j

(
ω

(
T–

j
))

– �j
(
T–

j ,ω
(
T–

j
)))

]

= ωT .

Also, for ς ∈ (ςi,ςi+1], i = 1, . . . , m, the estimation

∥
∥ζ (ς )

∥
∥ = ℵσ

W

[

‖ωT‖ –
∥
∥Eσ

(
Aςσ

)
ω0

∥
∥

–
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥
∥
∥F

(
ς ,ω(ς )

)∥
∥�s

–
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥

×
∥
∥
∥
∥G

(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2
(
s, u,ω(u)

)
�u

)∥
∥
∥
∥�s

–
i∑

j=1

(∥
∥�j

(
ω

(
ς–

j
))∥

∥ +
∥
∥�j

(
ς–

j ,ω
(
ς–

j
))∥

∥
)
]

implies that

∥
∥ζ (ς )

∥
∥ = ℵσ

W

[

‖ωT‖ +
∥
∥Eσ

(
Aςσ

)
ω0

∥
∥ +

i∑

j=1

L�‖ω‖∞ +
i∑

j=1

L�‖ω‖∞

+
(
a3a2

(
LF‖ω‖∞ + LG1‖ω‖∞ + LG2 LF1‖ω‖∞(sf – s0)

+ LG3 LF2‖ω‖∞(sf – s0) + M̂G
)
(ςf – ς0)

)
]

= ℵζ ,

and the argument is completed. �

Definition 5.4 The function ω ∈ T is said to be the solution of the mixed impulsive system
(4) if ω satisfies ω(0) = ω0 and ω is the solution of the following integral equations:

ω(ς ) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Eσ (Aςσ )ω0 +
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )F(ς ,ω(ς ))�s

+
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )

× G(s,ω(s),
∫ sf

s0
F1(s, u,ω(u))�u,

∫ sf
s0

F2(s, u,ω(u))�u)�s

+
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )Hζ (ς )�s,

ς ∈ (ςi, si] ∩T, i = 1, . . . , m,

Eσ (Aςσ )ω0 +
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )F (ς ,ω(ς ))�s

+
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )

× G(s,ω(s),
∫ sf

s0
F1(s, u,ω(u))�u,

∫ sf
s0
F2(s, u,ω(u))�u)�s

+
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )Hζ (ς )�s

+ 1
�(σ )

∫ si
ςi

(ς – s)σ–1
�i(s,ω(s))�s, ς ∈ (si,ςi+1] ∩T, i = 1, . . . , m,

(26)
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where Eσ (Aςσ ) stands for the matrix representation of the Mittag-Leffler function.

Definition 5.5 The mixed impulsive system (4) is named as a controllable system on
T if, for every ω0,ωT ∈ T, where ςi+1 = T , there exists an rd-continuous function ζ ∈
L2(I,R) such that the corresponding solution of (4) satisfies ω(0) = ω0 and ω(T) =
ωT .

Lemma 5.6 If assertions (A) and (W) hold and ωT ∈ T, where ςi+1 = T is any arbitrary
point, then ω is the solution of (4) on ς ∈ (si,ςi+1] ∩ T, i = 1, . . . , m, defined by (26) along
with the control function

ζ (ς ) =

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

(σWT
ς0 )–1[ωT – Eσ (Aςσ )ω0 –

∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )F(ς ,ω(ς ))�s

–
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )

× G(s,ω(s),
∫ sf

s0
F1(s, u,ω(u))�u,

∫ sf
s0

F2(s, u,ω(u))�u)�s]

ς ∈ (ςi, si] ∩T, i = 1, . . . , m,

(σWT
ς0 )–1[ωT – Eσ (Aςσ )ω0 –

∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )F(ς ,ω(ς ))�s

–
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )

× G(s,ω(s),
∫ sf

s0
F1(s, u,ω(u))�u,

∫ sf
s0

F2(s, u,ω(u))�u)�s

– 1
�(σ )

∫ si
ςi

(ς – s)σ–1
�i(s,ω(s))�s, ς ∈ (si,ςi+1] ∩T, i = 1, . . . , m,

(27)

where Eσ (Aςσ ) stands for the matrix representation of the Mittag-Leffler function and
ω(T) = ωT holds, where ςi+1 = T . Also, the control function ζ (ς ) has the estimate ‖ζ (ς )‖ ≤
ℵ∗

ζ , where for ς ∈ (si,ςi+1] ∩T, i = 1, . . . , m, we define

ℵ∗
ζ = ℵσ

W

[

‖ωT‖ +
∥
∥Eσ

(
Aςσ

)
ω0

∥
∥ +

1
�(σ )

(si – ςi)a1Lg‖ω‖∞

+
(
a3a2

(
LF‖ω‖∞ + LG1‖ω‖∞ + LG2 LF1‖ω‖∞(sf – s0)

+ LG3 LF2‖ω‖∞(sf – s0) + M̂G
)
(ςf – ς0)

)
]

.

Proof The proof is similar to that of Lemma 5.3. �

Theorem 5.7 The mixed impulsive system (3) is controllable on T such that hypotheses
(A) and (W) are satisfied and the following inequality holds:

max
5≤i≤7

{Qi} < 1. (28)
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Proof Let �′′ ⊆ PS, provided that �′′ = {(X,Y,Z) ∈ PS : ‖(X,Y,Z)‖C ≤ δ′′
2 }, where δ′′

2 =
max{δ′′, δ′′

1 } such that δ′′, δ′′
1 ∈ (0, 1), and also δ′′ > N5. Now, we define �′′

σ : �′′ → �′′ as

�′′
σ

(
ω(ς )

)
=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Eσ (Aςσ )ω0 +
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )F (ς ,ω(ς ))�s

+
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )

× G(s,ω(s),
∫ sf

s0
F1(s, u,ω(u))�u,

∫ sf
s0
F2(s, u,ω(u))�u)�s

+
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )Hζ (ς )�s, ς ∈ (ς0,ς1],

Eσ (Aςσ )ω0 +
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )F (ς ,ω(ς ))�s

+
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )

× G(s,ω(s),
∫ sf

s0
F1(s, u,ω(u))�u,

∫ sf
s0
F2(s, u,ω(u))�u)�s

+
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )Hζ (s)�s

+
∑i

j=1(�j(ω(ς–
j )) + �j(ς–

j ,ω(ς–
j ))), ς ∈ (ςi,ςi+1], i = 1, . . . , m.

(29)

Now, we prove �′′
σ : �′′ → �′′ is a self-mapping.

For ς ∈ (ςi,ςi+1], i = 1, . . . , m, we get

∥
∥�′′

σ

(
ω(ς )

)∥
∥ ≤

i∑

j=1

∥
∥�j

(
ω

(
ς–

j
))∥

∥ +
i∑

j=1

∥
∥�j

(
ς–

j ,ω
(
ς–

j
))∥

∥ +
∥
∥Eσ

(
Aςσ

)
ω0

∥
∥

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥

∥
∥
∥
∥

(

F
(
s,ω(s)

)

+ G
(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2
(
s, u,ω(u)

)
�u

))∥
∥
∥
∥�s

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥‖H‖∥∥ζ (s)

∥
∥�s

≤
i∑

j=1

L�δ′′ +
i∑

j=1

L�δ′′ + a1 + δ′′a3
(
a2LF + a2LG1

+ a2LG2 LF1 (sf – s0) + a2LG3 LF2 (sf – s0)
)
(ςf – ς0)

+ MHMσ
W

[ i∑

j=1

L�δ′′ +
i∑

j=1

L�δ′′ + ‖ω‖T + a1

+ δ′′a3
(
a2LF + a2LG1 + a2LG2 LF1 (sf – s0)

+ a2LG3 LF2 (sf – s0)
)
(ςf – ς0)

]

≤ N5 + δ′′Q5

≤ δ′′ + δ′′Q5 = δ′′
1 .

Hence,

∥
∥�′′

σ

(
ω(ς )

)∥
∥ ≤ δ′′

2 . (30)
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Therefore, from (30), �′′
σ (�′′) ⊆ �′′, also when ς ∈ (ςi,ςi+1], i = 1, . . . , m, with ω0 = ω̂0, we

have

∥
∥�′′

σ

(
ω(ς )

)
– �′′

σ

(
ω̂(ς )

)∥
∥

≤
i∑

j=1

∥
∥�j

(
ω

(
ς–

j
))

– �j
(
ω̂

(
ς–

j
))∥

∥

+
i∑

j=1

∥
∥�j

(
ς–

j ,ω
(
ς–

j
))

– �j
(
ς–

j , ω̂
(
ς–

j
))∥

∥

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥

∥
∥
∥
∥

(

F
(
s,ω(s)

)

+ G
(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2
(
s, u,ω(u)

)
�u

))

–
(

F
(
s, ω̂(s)

)

+ G
(

s, ω̂(s),
∫ sf

s0

F1
(
s, u, ω̂(u)

)
�u,

∫ sf

s0

F2
(
s, u, ω̂(u)

)
�u

))∥
∥
∥
∥�s

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥‖H‖∥∥(

σWT
ς0

)–1∥∥(ς – ςf )

×
[ i∑

j=1

∥
∥�j

(
ω

(
ς–

j
))

– �j
(
ω̂

(
ς–

j
))∥

∥

+
i∑

j=1

∥
∥�j

(
ς–

j ,ω
(
ς–

j
))

– �j
(
ς–

j , ω̂
(
ς–

j
))∥

∥

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥

∥
∥
∥
∥

(

F
(
s,ω(s)

)

+ G
(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2
(
s, u,ω(u)

)
�u

))

–
(

F
(
s, ω̂(s)

)

+ G
(

s, ω̂(s),
∫ sf

s0

F1
(
s, u, ω̂(u)

)
�u,

∫ sf

s0

F2
(
s, u, ω̂(u)

)
�u

))∥
∥
∥
∥�s

]

�τ

≤
[ i∑

j=1

L� +
i∑

j=1

L� +
(
a2LF + a2LG1 + a2LG2 LF1 (sf – s0)

+ a2LG3 LF2 (sf – s0)
)
(ςf – ς0)

]

× ‖ω̃ – ω‖∞

+ MHMσ
W (ςf – ς0)

[ i∑

j=1

L� +
i∑

j=1

L�

+
(
a2LF + a2LG1 + a2LG2 LF1 (sf – s0)

+ a2LG3 LF2 (sf – s0)
)
(ςf – ς0)

]

× ‖ω̃ – ω‖∞
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≤ (
1 + MHMσ

W (ςf – ς0)
)
[ i∑

j=1

L� +
i∑

j=1

L�

+
(
a2LF + a2LG1 + a2LG2 LF1 (sf – s0)

+ a2LG3 LF2 (sf – s0)
)
(ςf – ς0)

]

× ‖ω̃ – ω‖∞.

Hence

∥
∥�′′

σ

(
ω(ς )

)
– �′′

σ

(
ω̂(ς )

)∥
∥ ≤ Q7‖ω̃ – ω‖∞. (31)

Therefore, the operator �′′
σ is strictly contractive. Therefore, by using the Banach fixed

point theorem method, �′′
σ has only one fixed point, i.e., the mixed impulsive system (3)

has a unique solution. Also, using Lemma 5.3, we conclude that ω(ς ) fulfills ω(T) = ωT .
Consequently, we conclude that the mixed impulsive system (3) is controllable. �

One can indicate a similar theorem for the mixed impulsive system (4).

Theorem 5.8 The mixed impulsive system (4) is controllable on T such that hypotheses
(A) and (W) are satisfied and the following inequality holds:

max{Qi} < 1 where i = 6, 8. (32)

Proof Let �′′ ⊆ PS, provided that �′′ = {(X,Y,Z) ∈ PS : ‖(X,Y,Z)‖C ≤ δ′′
2 }, where δ′′

2 =
max{δ′′, δ′′

1 } such that δ′′, δ′′
1 ∈ (0, 1), and also δ′′ > {N6}. Now, we define �∗∗

σ : �∗∗ → �∗∗ as

�∗∗
σ

(
ω(ς )

)
=

⎧
⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎪⎩

Eσ (Aςσ )ω0 +
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )F(ς ,ω(ς ))�s

+
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )

× G(s,ω(s),
∫ sf

s0
F1(s, u,ω(u))�u,

∫ sf
s0

F2(s, u,ω(u))�u)�s,

+
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )Hζ (s)�s

ς ∈ (ςi, si] ∩T, i = 1, . . . , m,

Eσ (Aςσ )ω0 +
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )F(ς ,ω(ς ))�s

+
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )

× G(s,ω(s),
∫ sf

s0
F1(s, u,ω(u))�u,

∫ sf
s0

F2(s, u,ω(u))�u)�s

+ 1
�(σ )

∫ si
ςi

(ς – s)σ–1
�i(s,ω(s))�s

+
∫ ςf
ς0

(ς – s)σ–1Eσ ,σ (A(ς – s)σ )Hζ (s)�s,

ς ∈ (si,ςi+1] ∩T, i = 1, . . . , m,

(33)

where Eσ (Aςσ ) stands for the matrix representation of the Mittag-Leffler function. Now,
we prove �∗∗

σ : �∗∗ → �∗∗ is a self-mapping.
For ς ∈ (si,ςi+1] ∩T, i = 1, . . . , m, we have

∥
∥�∗∗

σ

(
ω(ς )

)∥
∥ ≤ 1

�(σ )

∫ si

ςi

∥
∥(ς – s)σ–1∥∥

∥
∥�i

(
s,ω(s)

)∥
∥�s +

∥
∥Eσ

(
Aςσ

)
ω0

∥
∥

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥

∥
∥
∥
∥

(

F
(
s,ω(s)

)
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+ G
(

s,ω(s),
∫ sf

s0

F1
(
s, u,ω(u)

)
�u,

∫ sf

s0

F2
(
s, u,ω(u)

)
�u

))∥
∥
∥
∥�s

+
∫ ςf

ς0

∥
∥(ς – s)σ–1∥∥

∥
∥Eσ ,σ

(
A(ς – s)σ

)∥
∥‖H‖∥∥ζ (s)

∥
∥�s

≤ 1
�(σ )

a3Lgδ(si – ςi) + a1

+ a3
(
δ′′a2LF + δ′′a2LG + δ′′a2LGLF1 (sf – s0)

+ δ′′a2LGLF2 (sf – s0)
) × (ςf – ς0)

+ MHMσ
W

[
1

�(σ )
a3Lgδ

′′(si – ςi) + a1 + ‖ω‖T

+ δ′′a3
(
a2LF + a2LG + a2LGLF1 (sf – s0)

+ a2LGLF2 (sf – s0)
) × (ςf – ς0)

]

≤ N6 + δ′′Q6 ≤ δ′′ + δ′′Q6 = δ′′
1 .

Hence,

∥
∥�∗∗

σ

(
ω(ς )

)∥
∥ ≤ δ′′

2 . (34)

Therefore, from (34), �∗∗
σ (�∗∗) ⊆ �∗∗. Also, for ς ∈ (si,ςi+1]∩T, i = 1, . . . , m, with ω0 = ω̂0,

we have

∥
∥�∗∗

σ

(
ω(ς )

)
– �∗∗

σ

(
ω̂(ς )

)∥
∥

≤
[

1
�(σ )

a3Lg(si – ςi) + a3
(
a2LF + a2LG

+ a2LGLF1 (sf – s0) + a2LGLF2 (sf – s0)
)
(ςf – ς0)

]

‖ω̃ – ω‖∞

+ MHMσ
W (ς – ςf )

[
1

�(σ )
a3Lg(si – ςi) + a3

(
a2LF + a2LG

+ a2LGLF1 (sf – s0) + a2LGLF2 (sf – s0)
)
(ςf – ς0)

]

‖ω̃ – ω‖∞

≤ (
1 + MHMσ

W (ς – ςf )
)
[

1
�(σ )

a3Lg(si – ςi) + a3
(
a2LF + a2LG

+ a2LGLF1 (sf – s0) + a2LGLF2 (sf – s0)
) × (ςf – ς0)

]

‖ω̃ – ω‖∞.

Hence

∥
∥�∗∗

σ

(
ω(ς )

)
– �∗∗

σ

(
ω̂(ς )

)∥
∥ ≤ Q8‖ω̃ – ω‖∞. (35)

Therefore, the operator �∗∗
σ is strictly contractive. Thus, using the Banach fixed point

theorem method, �∗∗
σ has a unique fixed point, which is the unique solution of the mixed

impulsive system (4). Also, using Lemma 5.6, we conclude that ω(ς ) fulfills ω(T) = ωT .
Consequently, the mixed impulsive system (4) is controllable. �
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6 Illustrative example
The last part of the manuscript is devoted to examining our results established in the
previous steps.

Example 6.1 Consider the following mixed impulsive system:

⎧
⎪⎪⎨

⎪⎪⎩

c,TDσω(ς ) = 2
ς–1ω(ς ) + 2

ς–1.2U(ς ) + ep(ς ,χ (ω(ς ))) +
∫ ς

0 Eσ ,β (ω)�s + U(ς ),

ω(0) = 1, ς ∈ [0, 3]T\{1, 1.2},
ω(ςk) = �(ω(ς–

k )) + �k(ς–
k ,ω(ς–

k ),U(ς–
k )), k = 1, 2,

(36)

and its relevant inequality

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

|c,TDσ ω̂(ς ) – 2
ς–1 ω̃(ς ) – 2

ς–1.2U(ς )

– ep(ς ,χ (ω̃(ς ))) –
∫ ς

0 Eσ ,β (ω̂)�s – U(ς )| ≤ 1,

ς ∈ [0, 3]T\{1, 1.2},
|�ω̃(ςk) – �(ω̃(ς–

k )) – �k(ς–
k , ω̃(ς–

k ))| ≤ 1, k = 1, 2.

(37)

We set T
k = [0, 3]T\{1, 1.2}, ς1 = 1, ς2 = 1.2, X(ς ) = 2

ς–1 , and Y(ς ) = 2
ς–1.2 , Eσ ,β (ω) =

∑∞
k=0

ωk

�(kσ+β) forσ , β > 0. In addition, we set

F
(
ς ,ω(ς ), Jω(ς ),U(ς )

)
= ep

(
ς ,χ

(
ω(ς )

))
+

∫ t

0
Eσ ,β (ω)�s + U(ς ),

where Jω(ς ) =
∫ t

0 Eσ ,β (ω)�s and U(ς ) is a control map for ς ∈ T
k and substitute ε = 1. Let

ω̃ ∈ PC1([0, 2]T,R) fulfill (37), then there exists � ∈ PC1([0, 2]
Tk ,R) with �0 ∈ R such that

|�(ς )| ≤ 1 ∀ ς ∈ T
k and |�0| ≤ 1, and so (37) implies that

⎧
⎪⎪⎨

⎪⎪⎩

c,TDσ ω̃(ς ) = 2
ς–1 ω̃(ς ) + 2

ς–1.5U(ς ) + ep(ς ,χ (ω̃(ς )))

+
∫ ς

0 Eσ ,β (ω)�s + U(ς ) + �(ς ), ς ∈ T
k ,

ω̃(ςk) = �k(ω̃(ς–
k )) – �k(ς–

k , ω̃(ς–
k ),U(ς–

k )) + �0, k = 1, 2.

So the solution of (36) is

ω(ς ) = �1
(
ω

(
ς–

1
))

+ �2
(
ω

(
ς–

2
))

+ �1
(
ς–

1 ,ω
(
ς–

1
)
,U

(
ς–

1
))

+ �2
(
ς–

2 ,ω
(
ς–

2
)
,U

(
ς–

2
))

+
∫ t

0
ep

(
s,χ (s)

)
(

ep
(
s,χ

(
ω(s)

))
+

∫ s

0
Eσ ,β (ω)�u + U(s)

)

�s.

By our obtained results, the mixed impulsive system (36) has only one solution in
PC1([0, 2]T,R) and is UH stable on T

k .

7 Conclusion
In this article, we conducted our research on some mixed integral dynamic systems with
impulsive effects on times scales in the fractional settings. We studied the existence and
uniqueness successfully using a fixed point method for the considered systems. We estab-
lished our results by using the Leray–Schauder and Banach fixed point theorems in this
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regard. In the next step, Ulam–Hyers stability and a generalized version of it were proved
for the mentioned mixed impulsive systems. After that, we investigated the controllability
property for the aforesaid systems. Lastly, an illustrative example was proposed to exam-
ine the results established in the previous sections. For future projects, the main aim of
the authors is that these qualitative specifications can be checked and established on some
real-world impulsive systems arising in mathematical models of brain.
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