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1 Introduction

Fractional-order calculus, which is an important branch of mathematics, was introduced
in 1695. Since fractional-order calculus can characterize many non-classical phenomena
in natural sciences and engineering, it has been applied to various “elds in recent years. At
the same time, boundary value problems of fractional di erential equations have appeared
with applications of fractional-order calculus; so far, there have been many literature works
about boundary value problems of fractional di erential equations.

For some recent studies on fractional di erential equations, we can refer tb.[27]. For
example, in [LO], the authors used the Guo...Krasnoselsskii “xed point theorem and the
Leggett...Williams “xed point theorem to obtain the existence of positive solutions to the
nonlinear Caputo fractionalg-di erence equation with integral boundary conditions. In
[12], the authors investigated the following boundary value problem of Caputo-type frac-
tional di erential equation subject to Riemann...Stieltjes integral boundary conditions:

°D p(t) +uf(t,p(t)) =0, t [0,1],
p(0)=p (0)=0,
p(1)= 4 p(t) dA(t),

where®D is the Caputo fractional derivative, (2,3), andf : [0,1]% [0,+ ) [0,+ )
is continuous, andu > 0 is a parameter. By using the Guo...Krasnoseleskii “xed point the-
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orem, the authors obtained some new results about the existence and non-existence of
positive solutions for the above equation.
In [18], the authors focused on the following boundary value problem:

CDYu(t) +f(t,u(t))=0, t [0,1],
u (0)=0,
u() ... u(0)= 4 hy(u(9ds
u(1)+ (CDouu)(1)= 4 ha(u(9)ds,

where2<q 3,0< 1, , , Oand >0 satisfying

., @

0<C+) *—55 @..) "

The method they used is the Guo-Krasnoselskii “xed point theorem, and the existence
theorems of positive solutions for the above equation were obtained.

In[23], the authors investigated a coupled system of Caputo fractional di erential equa-
tions with coupled non-conjugate Riemann...Stieltjes type integro-multipoint boundary
conditions. They obtained some new theorems by using the Leray...Schauder nonlinear al-
ternative, the Krasnoselsskii “xed point theorem, and Banaches contraction mapping prin-
ciple.

In [24], the authors studied the following nonlinear Caputo-type fractional di erential
equations with integral boundary conditions:

D u(t) =f(t,ut),vt)), t (0,1),
D v(t) =g(t,u(t),v(t), t (0,1),
u@)=u(0)=---=uF0)=uM©0)=0, u(l)= ,uEds
v(0)=v(0)=---=v"-Z0)=v(0)=0, v(1)= Jv9ds

wheren< , <n+1,n 2,n N,0< <n;f,g C([0,1]x Rx RR). In this paper, by
using Schauderes “xed point theorem and Banaches “xed point theorem, su cient condi-
tions were obtained for the existence and uniqueness of positive solutions of the above
coupled system.

In [25], the authors considered the following fractional di erential equations:

8D (1) = fi(t,x(0).y(1), t [0,1],
5D 2y(t) = fo(t, x(1), y(1), t [0,1],
X(0)=x (0)=0,  x(1)= Fx()dA(t),
Y0)=y (0)=0,  y(1)= 4 y(t)dAa(t),

wheref; : [0,1]x [0,+ )x [0,+ ) [0,+ )iscontinuous;; (2,3);A;isabounded
variation function with positive measureB; = oltdAi(t) <1,i=1,2. By means of the “xed
point index theory, the authors proved that the above system has at least two positive
solutions.
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In [26, 27], the authors used the Guo...Krasnoselsskii “xed point theorem to investigate
the existence of positive solutions for systems of fractional di erential equations nonlo-
cal boundary value problems with two parameters, and the existence of positive solutions
were obtained. In R6], the fractional derivative is the standard Riemann...Liouville deriva-
tive, and in [27], the fractional derivative is a conformable fractional derivative.

Inspired by [2..27], in this paper, we study the existence of positive solutions for the
following system of fractional di erential equations:

D u(t) = it u(t),vt)), t [0,1],
LD 2y(t) = pufo(t, u(t), v(t)), t [0,1],

u©)=u (0)=0, u(1)= 4 u(t)dAy(),
V0)=v (0)=0,  W(1)= ,v(t)dAs(t),

(1.1)

where°D i is the Caputo fractional derivativef; : [0,1]x [0,+ )x [0,+ ) [0,+ )

is continuous; ; (2,3);A; is a bounded variation function with positive measurg; =
OltdAi(t) <1,i=1,2; andp are positive parameters. By studying systerh.]), we

improve and generalize paperlP]. Compared with literatures p6, 27], the de“nition of

fractional derivative is di erent from those of R6, 27]. The main purpose of this paper

is to demonstrate the existence of positive solutions about systefnlj. By the Guo...

Krasnoselsskii “xed point theorem, we obtain some existence theorems of positive solu-

tions under the conditions of various values of parameters. To illustrate the theoretical
results, two examples are given in the last section of the paper.

2 Preliminaries
In the following, some concepts and lemmas of Caputo di erential equations are pre-
sented, as well as some auxiliary results for proving the main theorems.

Definition 2.1 (see []) For afunctionx C"[0,+ ), the Caputo fractional derivative of
order >0isde“ned as

°D x(t):ﬁ Ot(t..s)n """ XM(9ds n..1< <n.

Lemma 2.1 (see []) Let >0.If we assume x C(0,1) L(0,1),then the fractional dif-
ferential equation

‘D x(t)=0
has the general solution(k) = Cy+ Cit +---+C,_ {"1C; R/i=0,1,...n... 1.
Lemma 2.2 (see [l]) Supposethatx C(0,1) L(0,1)withafractional derivative of order

that belongs to @0,1) L(0,1).Then | °D x(t) = x(t) + Co + Cyt + --- + C,_ "% for
C Ri=0,1,...n...1.
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Lemma 2.3 (see [LZ7]) Letx CJ[0,1]and 1, » (2,3).Then p is a solution of the linear
Caputo fractional di erential equation

Dipt)+x(t)=0, t [0,1],
p(0)=p (0)=0,
p(1)= , p(t)dA(t),

if and only if p is the solution of the integral equation

1
pit)y=  Gi(t,9x(9ds
0

where
%BI[(ls)llsl(tS)lldA|(t)].(S)I:E
1 0 s t 1,
“09=70 2.1
G970 fel@.9 -t (.9 A, 2.1
0t s 1,

andB = ,tdAi(t)<1,i=1,2.

Lemma 2.4 (see [L2]) Greenes function (t,s) (i =1, 2)de"ned by(2.1) has the following
properties

i) ()Gi(t,9 T?Bi(l .9 i~tort,s [0,1];

i) ()G9 N@.9iYort [532],s [01]

where
1. tei-YdAt
N; = min 0—'(), min t1.ti2 | i=1,2, (2.2)
4(1..B) t 153

Lemma 2.5 (see R8]) LetP be acone ofthe Banach space X angdand , betwobounded
open sets in X with 1, 1 s.LetA:P (5 1) P beacompletely continuous
operator If one of the following two conditions holds

(1) Ap p forallp P 1, Ap p forallp P 2

(2) Ap p forallp P 1, Ap p forallp P 2
then A has at least one “xed pointin P (" 5\ 1).

3 Mainresults
Let X = C[0,1] x C[0,1]. De“ne the norm (x,y) x = X + y on X,where x =
maxp ¢ 1|X(t)|, thenX is a Banach space.

We de“ne the cone

P= (uv) X:u O0yv 0,1min3 u®)+vit) K v
7 tg

where

K =min Ny(1..B;),Na(1..By) <1, (3.1)

N1,N; are de“ned by @.2).

Page 4 of 13
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We de“ne the operatorsL, L, andL as follows:

1
Ll(U,V)(t) = 0 Gl(t,S)f]_ S,U(S),V(S) dS, t [O’ 1];

1
LEVO =K Gt SUUY ds t [0.1],

L(u,v) = Li(u,v),Lo(u,v) , (u,v) X,

whereG;i(t,s)(i =1, 2) is de“ned by 2.1).
Obviously, “xed points of the operatolL in P are positive solutions of systeml(1).

Lemma3.1 L:P P iscompletely continuous

Proof We easily know thatl1(u,v)(t) O, Ly(u,v)t) Ofor(u,v) P,t [O,1].
Obviously, by Lemma2.4, for (u,v) P, whent [4,3], we have

Li(u,v)(t) = OlGl(t,S)fl su(9),v(s) ds

N
(1) o

1 1...1
i Nl((1 .1.)81) 0 (il ...5331) f1 su(s),v(s) ds
1

Ni(1 --Bl)tﬂ}gi] . Ga(t,9f1 su(s),v(s) ds

1(1 .9 % su(9),v(s ds

= Nl(l ..B]_) Ll(U,V) . (32)

Similarly, we get

Lo(u,V)() N2(1..Bp) Ly(u,v) , (u,v) P,t %Z . 3.3)
From (3.2 and 3.3, we have
min L (u,V)(t) + Lo(u,V)(t)
t[3.4]
N1(1..B1) Li(u,v) +Nz(1..Bp) Lo(u,v)
K L(u,V) . (3.4)

By 3.4, we getL(P) P. From the paper [L2], we know thatL,, L, are completely contin-
uous. Sd. is completely continuous. The proof is completed. O

For convenience, we “rst list the following denotations:

) fi(t,u,v) . fa(t,u,v)
= lim sup , zy= lim sup
v (00¢ o) U+V Uy (0700¢ o UV

, (3.5)
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. fi(t,u,v)
= lim inf ———=,
W) ¢+ ) hd UtV
1 ! Iy
P=——  (@1.9vs P,=
()@..B1) o
3
N1.K ! N>K
Py= (1.91tMs Py=-—2
(1 1 (2)

Theorem 3.1 Let 7,7,,z ,z

)

(0,+ ),Q1<Q2 Q3<Qq4. Then when

3

! (1..92%4s
i

lim inf fa(t,u,v) , (3.6)
+ .+ )t [%‘%] u+v
1 ! 1y
4( 1B o 1.9 S 3.7)
(3.8)

(Q1,Q2) and

M (Qs,Qq) hold, we get that syster(iL.1) has at least one positive solutiowhere

1 1 1 1
Ql_ZZ—P?,’ QZ_ﬁ; Q3_ZZ—P4a Q4_220P2-
Proof It is easy to see that there exists> 0 such that, for  (Q1,Q2) andpu  (Q3,Q4),
we have
1 1 1 " 1
2z ...)Ps 220+ )Py’ 2z ...)P4 2@y + P2’

By (3.5), for the above >0, there exists a constar®; > 0 such that

fit,u,v) (z2o+ )u+v), 0 u+v Ryt

f(t,buv) zy+ (U+v), 0 u+v Ryt
Let 1={(u,v) X| (u,v) x <Ry}.Forany(@,v) P
have

Li(u,v)() = OlGl(t,S)fl su(s),v(9) ds

(1)@..B1) o
(z20+ )
()@..B1) o

= (20+ )P u + v

% (uyv)

Also, we get

1

L2(u,v)(1) = . Ga(t,9f2 s,u(9),v(s) ds

1

¥ (lS) 2...lzo+

(201..By) o

H(zpt )
(201..By) o

=SHz+t Poou+ v

% uv) -

[0,1],

[0, 1].

l(1..s) %zo+ ) u(s) +v(s) ds

l(1..5) s u + v

u(s) +v(s) ds

l(1..s)2“‘1ds u+ v

Page 6 of 13

1, by Lemma 2.4 and (3.1), we



Chen and LiAdvances in Di erence Equations (2021) 2021:497 Page 7 of 13

So

L(u,v) = Li(u,v) + La(u,v) uv) . Wv) P 1. (3.9

From (3.6), we know that there exist >0 andR, >0 such that

fit,u,v) (z ..)U+v), u+v Ryt

Nw PIW

ft,u,v)  z ... (U+V), u+v Ryt

AR BIE

Let 2={(u,v) X| (u,v) x <R}, whereR, = max{2Ry, %}. From (3.1) and Lemma2.4

forany (u,v) P 2, we have
3 ! 3
Li(u,v) - = Gi1 -,s f1 su(9,v(s) ds
4 o 4
Ny 3
@.9%%z ..)u@E+vo ds
(1) 1
3
M Z(l_.s)l"'lds u + v
(1) 1
=(z ..)P3 u + v
1
> uyv)
and
3 ! 3
Lu,v) = = Gy —,s f2 su(9),v(9 ds
4 0 4
N, 3
L @.921z ... u@©+vs ds
(2) 1
3
HNK( ...) Z(1..s) 2-Ms u + v
(2) L
=z ... P u+yv
1
> uyv)
So

Lu,v) = Li(u,v) + La(u,v) uv) ., v P 2. (3.10)
By virtue of 3.9), (3.10, and Lemma2.5 we know thatL has at least a “xed point(, v)
P (" 2\ 1). Therefore, (1,v) is one positive solution of systemi(1). d

Since the proofs of the following theorems are similar to Theoref1, we only give the
results as follows.



Chen and LiAdvances in Di erence Equations (2021) 2021:497 Page 8 of 13

Theorem 3.2 Let%=0,z,,z ,z (0,+ ),Q3<Qs.Thenwhen (Q;,+ )andp
(Q3,Q4) hold, we get that syster(lL.1) has at least one positive solution

Theorem 3.3 Letz,=0,7,z ,z (0,+ ),Q1<Q..Thenwhen (Q1,Q2) and
(Qs,+ ) hold, we get that syster(lL.1) has at least one positive solution

Theorem 3.4 Let =0,2,=0,2z ,z (0,+ ). Then when (Q1,+ )and p
(Qs,+ ) hold, we get that syster(iL.1) has at least one positive solution

Theorem 3.5 Let z,z, (0,+ ),z =+ ,andz =+ .Thenwhen (0,Q),u
(0,Q,) hold, we get that syster(iL.1) has at least one positive solution

Theorem 3.6 Letz (0,+ ),z,=0,z =+ ,andz =+ .Thenwhen (0,Q,),
p o (0,+ ) hold, we get that systerfiL.1) has at least one positive solution

Theorem 3.7 Let=0,z, (0,+ ),z =+ ,andz =+ .Thenwhen (0,+ ),
M (0,Q4) hold, we get that syster(il.1) has at least one positive solution

Theorem 3.8 Letz=2,=0,z =+ ,andz =+ .Thenwhen (0,+ )andp
(0,+ ) hold, we get that syster(iL.1) has at least one positive solution

For convenience, we give the other denotations as follows:

fi(t,u,v , fo(t,u, V.
Z= lim  inf Blt.uv) Z,= lim _ inf folt,u V) (3.11)
v (.09t 13 u+v v (.0t (33 u+v
fit,u,v . fo(t,u, Vv,
zZ = lim sup i ), zZ = lim sup 2 ). (3.12)
Uy ¢+ .+ )ty UtV (v ¢+ + )ty Utv

Theorem 3.9 Let7,,7,7z ,Z (0,+ ),Q:<Qy, Q3<Q4. Thenwhen  (Q1,Qy), U
(Q3,Q,) hold, we have that syster(iL.1) has at least one positive solutipwhere

— 1 — 1 — 1 — 1
Ql - zzopga QZ

"z PTmp Yze

Proof Since  (Q1,Q,), 1 (Q3,Q,), so we can choose > 0 such that

1 1 1 1

By 3.1])...8.13, for the above > 0, there exists a constarfR; > 0 such that

fit,u,v) (Zp...)(u+vVv), O<u+v Rst

f(t,uyv)  Zy... (u+v), O<u+v Ryt

MR, RIP
Nw dlw
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Set 3={(u,v) X| (u,v) x <Rg}. From Lemma2.4and 3.1), for any u,v) P 3

we have
1 S|
Li(u,v) i = . G1 Z,s f1 su(s),v(s) ds
Ny ? _
(1..9%%z...) u@®+vo ds
(1) 1
NiK@...) Z(1..s) s u + v
(1) 1
= (Zp...)Ps u + v
2w,
and

1 oo
Lo(u,v) 2 =u . Gy Z'S f, su(s),v(s) ds

3

MN. ZI(1..s) 22tz u©+v(9 ds
(2) 1

HNK(Z -..) Z(1..s) 22ds u + v

(2) L
U Zy... Po u+v
% uyv)
Then we have
L(u,v) = Li(u,v) + Ly(u,v) uv) . v P 3. (3.14)

Let fi(t,w) = maxg y+v wfi(t,u,Vv), fo(t,w) = maxg y+v wf2(t,u,v). Obviously,fy,f; : [0,
11x [0,+ ) [0,+ ), fi(t,u,v) fi(t,w), fo(t,u,v) fo(t,w),u O,v O,u+v w,
t [0, 1];f.(t,w) andf,(t,w) are nondecreasing omv, and

f
lim sup maxM z, (3.15)
w + t[01] W
f
lim sup maxM Z (3.16)
w + t[01] W
By (3.15 and (3.16), there exist >0 andR, > 0 such that
fit,w) (Z + )w, ft,w) Z + w, t [0,1w R (3.17)

Let 4={(u,v) X| (u,v) x <Ry}, whereR, = max{2Rs, 3R4}. For any (1,v) P 4
we havefy(t,u,v) fi(t, (u,v) x), f(t,u,v) fo(t, (u,v) x). So, by 8.13 and 3.17, we
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get that
La(u,v)(t) = lGl(t,S)fl su(s),v(s) ds
0
1
(IAB) 1.9%%z +) v , ds
=@ + )P (Uy)
% uv)
and
1
Lo(u,v)t)=p  Ga(t,9f2 su(s),v(s) ds
0
B Y9l 4 () . ds
(2)1..B2) o X
=uz + P (UY)
1
> uyv)
Then we get
L(u,v) = Li(u,v) + Ly(u,v) (u,v) < (uv) P 4. (3.18)

By virtue of (3.14(3.18 and Lemma2.5, we know thatL has at least a “xed point(, v)
P ( 4\ 3). Therefore, (1,v) is one positive solution of systemi(1). O

Since the proofs of the following theorems are similar to Theore®9, we only give the
results as follows.

Theorem 3.10 LetZ,z,,Z  (0,+ ),z =0,Q;<Q,. Thenwhen  (Q;,Q,), 1
(Qs,+ ) hold, we get that systeriL.1) has at least one positive solution

Theorem 3.11 LetZ,,Z,,z  (0,+ ),Z =0,Q3<Q, Thenwhen (Qp+ ), U
(Q3,Q,) hold, we get that syster(il.1) has at least one positive solution

Theorem 3.12 Letz,z, (0,+ ),z =z =0.Thenwhen (Q,+ ),k (Qs,+ )
hold, we get that syster(iL.1) has at least one positive solution

Theorem 3.13 Letz ,z (0,+ ),Zp=+ ,andz,=+ .Thenwhen (0,Q,), U
(0,Q,) hold, we get that systerfiL.1) has at least one positive solution

Theorem 3.14 Letzo=+ ,z (0,+ ),Z,=+ ,andZz =0.Thenwhen (0,Q,),
u (0,+ ) hold, we get that systertil.1) has at least one positive solution

Theorem 3.15 Letz  (0,+ ),z =0,Zz=+ ,andz,=+ .Thenwhen (0,+ ),
i (0,Q,) hold, we get that systerfi.1) has at least one positive solution
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Theorem 3.16 Letz =Z =0,Z=+ ,andZ;=+ . Then when O,+ ),
(0,+ ) hold, we get that syster(iL.1) has at least one positive solution

4 Applications
Example4.1 Consider the following Caputo-type fractional system:

SD3u) = fu(t,u),v(t)), t [0,1],
_SD3u(t) = phat,u),vt)), t [0,1],
u@)=u (0)=0, u()=1 Jju()dt,
V0)=v (0)=0, v(1)=1 ,v(b)dt.

(4.1)

Take

fi = t(u+ V)3 + (U + V)WY + (U +V),

f=tu+v)®,

where 1= 2= g,Al(t) :Az(t) = %t, B, = Bg: ;Ji

We can getP; = P, = .32, P3 = Py = 2931 Obviously, we can infer that
= lim _ sup At.uv) lim  (U+Vv)2+e"™+1=2,
WY 00 o1 U+V @y (© 09
Zy= lim sup M: im (u+V2:0,
WY 009 oy U+V @y (© 09
fi(t,u,v) _

lim

1
= in = im  Su+v+dM+1=+ |
@V ¢ R UV @ x4

fa(t,u,v 1
= lim inf M: im Zu+v)?P=+
) ¢ o+ ek UtV W) )4

45 —
Then, foreach  (0,——)andp (0,+ ), from Theorem3.6 system £.1) has at least
a positive solution.

Example4.2 Consider the following Caputo-type fractional system:

LSD3u(t) = fu(t,u(t),vt), t [0,1],
_SD2u(t) = pfo(t,u(t), v(t)), t [0,1],
u@=u (0)=0, u()=% Ju()dt,
V0)=v (0)=0, v(1)=1 Jv(b)dt.

(4.2)

Take
f (t u V) = t
1 U, V,

t
fz(t,U,V) = m + 6,

where 1= 2= g,Al(t) :Az(t) = %t, B,=B,= %

Page 11 of 13
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We can getP; = P, = ;32— Py =P, = 38 21 and
fa(t,u,v . 1
Zp= lim in M = lim —=+
v) (0*0M¢ (33 Uu+v vy (010" 4(u+V)
- . fa(t, u,v) . 1 6
Zy= lim inf ———== lim 5+ =+,
@y (009t (13 U+v @y ©0.0H4Uu+v) (U+V)
_ . fi(t,u,v) . 1
= lim - = lim > =
@y ¢+ )rpy UtV @) ¢+ o+ ) (Uty)
_ . fo(t,u,v) : 1 1
= lim —_— = 1

= 1m —2+—:
@y - F)rpyg UtV @y ¢+ o+ ) u+v)® (Utv)

Then,foreach  (0,+ )andp (0,+ ), from Theorem3.16 system 4.2 has at least
a positive solution.
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