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Abstract
The main objective of the paper is to study the final model for the Kirchhoff-type
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that the problem has a unique mild solution. The main tool is Banach’s fixed point
theorem. We also consider the non-well-posed problem in the Hadamard sense.
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by the work of Tuan, Nam, and Nhat [Comput. Math. Appl. 77(1):15–33, 2019].
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1 Introduction
In this paper, we consider the following Kirchhoff-type problem for parabolic equation
systems:

⎧
⎪⎪⎨

⎪⎪⎩

∂u
∂t = L(‖∇u‖L2 ,‖∇v‖L2 )�u, (x, t) ∈ � × (0, T),
∂v
∂t = L(‖∇u‖L2 ,‖∇v‖L2 )�v, (x, t) ∈ � × (0, T),

u(x, t) = v(x, t) = 0, x ∈ ∂�, t ∈ (0, T],

(1.1)

with the following terminal condition

u(x, T) = f (x), v(x, T) = g(x), x ∈ �, (1.2)

where (f , g) ∈ L2(�) × L2(�) is the Cauchy terminal data, and L is defined in Sect. 2. In re-
cent years, partial differential equations concerning Kirchhoff terms have practical appli-
cations in continuum mechanics, phase transition phenomena, and population dynamics
and attracted many authors; see, for example, [1–9].

The parabolic equations with nonlocal diffusion arise in a variety of physical and biologi-
cal applications; see, for example, [10–15] and the references therein. To study interactions
of two or more biological species, systems of parabolic equations have been proposed. For
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example, Almeida [16] studied the following system of two population densities u, v:

ut – D1
(
�1(u)(t),�2(v)(t)

)
�u + λ1|u|p–2u = F(x, t), (x, t) ∈ QT ,

vt – D2
(
�3(u)(t),�4(v)(t)

)
�v + λ2|v|p–2v = G(x, t), (x, t) ∈ QT ,

u(x, t) = 0, v(x, t) = 0, (x, t) ∈ ST ,

u(x, 0) = u0, v(x, 0) = v0, x ∈ �,

where the death in species u is proportional to |u|p–2u by the factor λ1, the death in species
v is proportional to |v|p–2v by the factor λ2, and f1, f2 are the supplies of external sources.
The author obtained the results on the existence, uniqueness, and long-time behavior of
a smooth global solution of the system. Ferreira [17] also proved the well-posedness of
the system of nonlocal reaction–diffusion equations with both homogeneous Dirichlet or
Neumann boundary conditions.

Since model (1.1) is a system having a gradient element, perhaps, the techniques for this
problem are more complex. To the best of our knowledge, there is no result concerning
problem (1.1)–(1.2). The current main applications of backward in time parabolic equa-
tions are hydrological inversion and image processing. The parabolic equation with termi-
nal conditions plays an important role in physics and engineering, especially with thermal
conductivity dependent on both time and space. We refer the reader to some interesting
papers [18–21]. Our paper is motivated by the recent results of Baleanu et al. [21], Nam et
al. [19], and Tuan et al. [20]. The techniques of this paper are based on the previous paper
[22].

The main tool in the paper is the Fourier series technique in Hs spaces, combined with
Banach’s fixed point theorem. The main and novel contributions of the paper are as fol-
lows:

• The first contribution result is the proof of the existence and uniqueness of a solution
of our backward problem. To this end, we had to increase the smoothness properties
of the input Cauchy data.

• The second result is showing that our backward problem is ill-posed in the Hadamard
sense. Furthermore, we also regularize our inverse problem using the Fourier
truncation method. We then obtain an error assessment between the regularized and
exact solutions.

This paper is organized as follows. In Sect. 2, we introduce some preliminaries and the
mild solution of problem (1.1)–(1.2). Using the Banach fixed point theorem, we show that
our problem has a unique mild solution. In Sect. 3, we prove the ill-posedness of our prob-
lem. Applying the Fourier truncation method, we give a stability estimate of logarithmic
type between the regularized and exact solutions.

2 Some preliminaries and the mild solution of problem (1.1)-(1.2)
In this section, we introduce some properties of the eigenvalues of the operator –�; see,
for example, [6]. We have the equality

–�en(x) = –λnen(x), x ∈ �; en(x) = 0, x ∈ ∂�, n ∈N, (2.1)



Nam Advances in Difference Equations        (2021) 2021:512 Page 3 of 15

where {λn}∞n=1 is the set of eigenvalues of –� satisfying

0 < λ1 ≤ λ2 ≤ · · · ≤ λn ≤ · · · (2.2)

and limn→∞ λn = ∞. Let us recall the following Hilbert scale space for ν > 0:

Hν(�) =

{

ψ ∈ L2(�) :
∞∑

n=1

λ2ν
n 〈ψ , en〉2 < +∞

}

, (2.3)

associated with the norm

‖u‖Hν (D) =

( ∞∑

n=1

λ2
n
∣
∣(u, en)

∣
∣2

) 1
2

· (2.4)

Let L ∈ C1(R2) be a function such that:
• There exists two positive constants M0, M1 such that

M0 ≤L(z1, z2) ≤M1 ∀(z1, z2) ∈R
2. (2.5)

• There exists a positive constant Kl > 0 such that

∣
∣L(z1, z2) – L(z1, z2)

∣
∣ ≤ Kl

(|z1 – z1| + |z2 – z2|
)
. (2.6)

Due to conditions (2.5) and (2.6), we have the following lemma.

Lemma 2.1 If u1, u2, v1, v2 belong to the space H1(�), then

L
(‖∇u1‖L2(�),‖∇u2‖L2(�)

)
– L

(‖∇v1‖L2(�),‖∇v2‖L2(�)
)

≤ Kl
(∥
∥∇(u1 – v1)

∥
∥

L2(�) +
∥
∥∇(u2 – v2)

∥
∥

L2(�)

)
. (2.7)

3 The existence and ill-posedness of our backward problem
Let us first investigate the formula of a mild solution of problem (1.1)–(1.2). Multiplying
both sides of the main equation of problem (1.1)–(1.2) by en and integrating by parts, we
get that

⎧
⎨

⎩

〈 ∂u
∂t , en〉 = 〈L(‖∇u‖L2 ,‖∇v‖L2 )�u, en〉,

〈 ∂v
∂t , en〉 = 〈L(‖∇u‖L2 ,‖∇v‖L2 )�uen〉.

(3.1)

This equality immediately gives that

⎧
⎨

⎩

d
dt 〈u, en〉 = λn〈L(‖∇u‖L2 ,‖∇v‖L2 )〈u, en〉,
d
dt 〈v, en〉 = λn〈L(‖∇u‖L2 ,‖∇v‖L2 )〈v, en〉.

(3.2)

It is easy to see that system (3.2) allows us to get that the equalities

un(t) = exp

(

–λn

∫ t

0
L

(∥
∥∇u(·, τ )

∥
∥

L2 ,
∥
∥∇v(·, τ )

∥
∥

L2
)

dτ

)

un(0) (3.3)
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and

vn(t) = exp

(

–λn

∫ t

0
L

(∥
∥∇u(·, τ )

∥
∥

L2 ,
∥
∥∇v(·, τ )

∥
∥

L2
)

dτ

)

vn(0). (3.4)

Due to the terminal condition (1.2), we get that

un(T) = 〈f , en〉, vn(T) = 〈g, en〉.

By a simple calculation we get the Fourier coefficients of u and v:

un(t) = exp

(

λn

∫ T

t
L

(∥
∥∇u(·, τ )

∥
∥

L2 ,
∥
∥∇v(·, τ )

∥
∥

L2
)

dτ

)

〈f , en〉,

vn(t) = exp

(

λn

∫ T

t
L

(∥
∥∇u(·, τ )

∥
∥

L2 ,
∥
∥∇v(·, τ )

∥
∥

L2
)

dτ

)

〈g, en〉,
(3.5)

which allow us to get that

u(x, t) =
∞∑

n=1

exp

(

λn

∫ T

t
L

(∥
∥∇u(·, s)

∥
∥

L2 ,
∥
∥∇v(·, s)

∥
∥

L2
)

ds
)

〈f , en〉en(x) (3.6)

and

v(x, t) =
∞∑

n=1

exp

(

λn

∫ T

t
L

(∥
∥∇u(·, s)

∥
∥

L2 ,
∥
∥∇v(·, s)

∥
∥

L2
)

ds
)

〈g, en〉en(x). (3.7)

Theorem 3.1 Let the Cauchy terminal data (f , g) ∈ L2(�) × L2(�) be such that

∞∑

n=1

λ3
ne2TM1λn〈f , en〉2 = Bf ,

∞∑

n=1

λ3
ne2TM1λn〈g, en〉2 = Bg (3.8)

for two constants Bf , Bg > 0. Then problem (1.1) has a mild solution on the space

(
L∞

θ

(
0, T ; H1(�)

))2.

Proof To show the existence of a mild solution, we define the operator Q(u, v)(t) =
(Q1(u, v)(t),Q2(u, v)(t)) and show that Q has a fixed point in the space (L∞

θ (0, T ; H1(�)))2.
Here the operators Q1 and Q2 are defined as follows:

⎧
⎨

⎩

Q1(u, v)(t) =
∑∞

n=1 exp(λn
∫ T

t L(‖∇u(·, s)‖L2 ,‖∇v(·, s)‖L2 ) ds)〈f , en〉en(x),

Q2(u, v)(t) =
∑∞

n=1 exp(λn
∫ T

t L(‖∇u(·, s)‖L2 ,‖∇v(·, s)‖L2 ) ds)〈g, en〉en(x).
(3.9)

We will prove by induction that if (u1, v1) ∈ (L∞(0, T ; H1(�)))2 and (u2, v2) ∈ (L∞(0, T ;
H1(�)))2, then

∥
∥Qm(u1, v1)(·, t) – Qm(u2, v2)(·, t)

∥
∥2

H1(�)

≤ (T – t)m

m!
(
2C(Bf + Bg)K2

l
)m∥

∥(u1, v1) – (u2, v2)
∥
∥2

(L∞(0,T ;H1(�)))2 . (3.10)
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For m = 1, using the inequality (c + d)2 ≤ 2c2 + 2d2, we have

∥
∥Qm(u1, v1)(·, t) – Qm(u2, v2)(·, t)

∥
∥2

H1(�)

≤ 2
∥
∥Qm

1 (u1, v1)(·, t) – Qm
1 (u2, v2)(·, t)

∥
∥2

H1(�)

+ 2
∥
∥Qm

2 (u1, v1)(·, t) – Qm
2 (u2, v2)(·, t)

∥
∥2

H1(�). (3.11)

Applying Lemma 2.1 and the inequality |er – eq| ≤ |r – q|max(er , eq) for r, q ∈ R, we have

∥
∥Q1(u1, v1)(·, t) – Q1(u2, v2)(·, t)

∥
∥2

H1(�)

=
∞∑

n=1

λn

[

exp

(

λn

∫ T

t
L

(∥
∥∇u1(·, s)

∥
∥

L2 ,
∥
∥∇v1(·, s)

∥
∥

L2
)

ds
)

– exp

(

λn

∫ T

t
L

(∥
∥∇u2(·, s)

∥
∥

L2 ,
∥
∥∇v2(·, s)

∥
∥

L2
)

ds
)]2

〈f , en〉2

≤
∞∑

n=1

λ3
n

[∫ T

t
L

(∥
∥∇u1(·, s)

∥
∥

L2 ,
∥
∥∇v1(·, s)

∥
∥

L2
)

ds

–
∫ T

t
L

(∥
∥∇u2(·, s)

∥
∥

L2 ,
∥
∥∇v2(·, s)

∥
∥

L2
)

ds
]2

e2(T–t)M1λn〈f , en〉2

≤ Bf K2
l

(∫ T

t

∥
∥∇(u1 – u2)(·, s)

∥
∥

L2(�) ds +
∫ T

t

∥
∥∇(v1 – v2)(·, s)

∥
∥

L2(�) ds
)2

≤ CBf K2
l

∫ T

t

∥
∥(u1, v1)(·, s) – (u2, v2)(·, s)

∥
∥2

H1(�) ds, (3.12)

where in the above line, we applied the inequality ‖∇ψ‖L2(�) ≤ C‖ψ‖H1(�). In a similar
way, we get that

∥
∥Q2(u1, v1)(·, t) – Q2(u2, v2)(·, t)

∥
∥2

H1(�)

≤ CBgK2
l

∫ T

t

∥
∥(u1, v1)(·, s) – (u2, v2)(·, s)

∥
∥2

H1(�) ds. (3.13)

Combining (3.11), (3.12), and (3.13), we deduce that

∥
∥Q(u1, v1)(·, t) – Q(u2, v2)(·, t)

∥
∥2

H1(�)

≤ 2C(Bf + Bg)K2
l (T – t)

∥
∥(u1, v1) – (u2, v2)

∥
∥

(L∞(0,T ;H1(�)))2 . (3.14)

Let (3.10) hold for m = p. We will show that (3.10) holds for m = p + 1. Indeed, we have

∥
∥Qp+1

1 (u1, v1)(·, t) – Qp+1
1 (u2, v2)(·, t)

∥
∥2

H1(�)

=
∥
∥Q1

(
Qp

1(u1, v1)(·, t)
)

– Q1
(
Qp

1(u2, v2)(·, t)
)∥
∥2

H1(�)

≤ CBf K2
l

∫ T

t

∥
∥Qp

1(u1, v1)(·, s) – Qp
1(u2, v2)(·, s)

∥
∥2

H1(�) ds
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and

∥
∥Qp+1

2 (u1, v1)(·, t) – Qp+1
2 (u2, v2)(·, t)

∥
∥2

H1(�)

=
∥
∥Q2

(
Qp

2(u1, v1)(·, t)
)

– Q2
(
Qp

2(u2, v2)(·, t)
)∥
∥2

H1(�)

≤ CBgK2
l

∫ T

t

∥
∥Qp

2(u1, v1)(·, s) – Qp
2(u2, v2)(·, s)

∥
∥2

H1(�) ds.

From two above observations we find that

∥
∥Qp+1(u1, v1)(·, t) – Qp+1(u2, v2)(·, t)

∥
∥2

H1(�)

≤ 2
∥
∥Qp+1

1 (u1, v1)(·, t) – Qp+1
1 (u2, v2)(·, t)

∥
∥2

H1(�)

+ 2
∥
∥Qp+1

2 (u1, v1)(·, t) – Qp+1
2 (u2, v2)(·, t)

∥
∥2

H1(�)

≤ 2C(Bf + Bg)K2
l

∫ T

t

∥
∥Qp(u1, v1)(·, s) – Qp(u2, v2)(·, s)

∥
∥2

H1(�) ds. (3.15)

By the induction assumption on (3.10), from (3.15) it follows that

∥
∥Qp+1(u1, v1)(·, t) – Qp+1(u2, v2)(·, t)

∥
∥2

H1(�)

≤ (
2C(Bf + Bg)K2

l
)m+1∥∥(u1, v1) – (u2, v2)

∥
∥2

(L∞(0,T ;H1(�)))2

∫ T

t

(T – s)m

m!
ds

=
(T – t)m+1

(m + 1)!
(
2C(Bf + Bg)K2

l
)m+1∥∥(u1, v1) – (u2, v2)

∥
∥2

(L∞(0,T ;H1(�)))2. (3.16)

Hence (3.10) holds for any positive integer m. As a consequence, we derive that

∥
∥Qm(u1, v1) – Qm(u2, v2)

∥
∥

(L∞(0,T ;H1(�)))2

≤ Tm(2C(Bf + Bg)K2
l )m

m!
∥
∥(u1, v1) – (u2, v2)

∥
∥2

(L∞(0,T ;H1(�)))2 . (3.17)

Since

Tm(2C(Bf + Bg)K2
l )m

m!
→ 0, m → ∞,

there exists a positive constant m0 such that the term Tm0 (2C(Bf +Bg )K2
l )m0

(m0)! < 1. Using the
Banach fixed point theorem, we conclude that Qm0 has a fixed point (u∗, v∗) on the space
(L∞(0, T ; H1(�)))2. It is easy to get that (u∗, v∗) is also a solution of the equation Q(u, v) =
(u, v). �

Theorem 3.2 Problem (1.1) is ill-posed in the sense of Hadamard.

Proof Let us illustrate by an example that the solution of problem (1.1) is not stable ac-
cording to the input data. We take the input Cauchy data (fm, gm) with

fm(x) = gm(x) =
φm(x)
λm
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for natural m ≥ 1. It is easy to check that

∞∑

n=1

λ3
ne2TM1λn〈f , en〉2 =

∞∑

n=1

λ3
ne2TM1λn〈g, en〉2 = λ2

me2TM1λm . (3.18)

Under the Cauchy terminal data (fm, gm) as above, by Theorem (3.1) we get that problem
(1.1) has a mild solution (um, vm) ∈ (L∞(0, T ; H1(�)))2, which is given by

⎧
⎨

⎩

um(x, t) =
∑∞

n=1 exp(λn
∫ T

t L(‖∇um(·, s)‖L2 ,‖∇vm(·, s)‖L2 ) ds)〈fm, en〉em(x),

vm(x, t) =
∑∞

n=1 exp(λn
∫ T

t L(‖∇um(·, s)‖L2 ,‖∇vm(·, s)‖L2 ) ds)〈gm, en〉em(x).
(3.19)

Recalling the lower bound of L, we derive that for any 0 ≤ t ≤ T ,

∥
∥um(·, t)

∥
∥2

L2(�) =
exp(2λn

∫ T
t L(‖∇um(·, s)‖L2 ,‖∇vm(·, s)‖L2 ) ds)

λ2
m

≥ exp(2λmM0(T – t))
λ2

m
. (3.20)

By a similar argument we also obtain that

∥
∥vm(·, t)

∥
∥2

L2(�) =
exp(2λn

∫ T
t L(‖∇um(·, s)‖L2 ,‖∇vm(·, s)‖L2 ) ds)

λ2
m

≥ exp(2λmM0(T – t))
λ2

m
. (3.21)

From two recent observations we arrive at

∥
∥(um, vm)

∥
∥

(L∞(0,T ;H1(�)))2 ≥ sup
0≤t≤T

exp(λmM0(T – t))
λm

=
exp(λmM0T)

λm
.

Taking the limits as m → +∞, we get

lim
m→+∞

∥
∥(fm, gm)

∥
∥

L2(�)×L2(�) = lim
m→+∞

1
λm

= 0,

lim
m→+∞

∥
∥(um, vm)

∥
∥

(L∞(0,T ;H1(�)))2 = lim
m→+∞

exp(λmM0T)
λm

= +∞.

Therefore, problem (1.1) is ill-posed in the sense of Hadamard. �

Remark 3.1 We expect to extend our model to noninteger derivatives according to papers
[23–30].

4 Fourier truncation method and error estimate
Let us define the regularized solution by the Fourier truncation method as

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

uN ,δ(x, t)

=
∑N(δ)

n=1 exp(λn
∫ T

t L(‖∇uN ,δ(·, s)‖L2 ,‖∇vN ,δ(·, s)‖L2 ) ds)〈f δ , en〉en(x),

vN ,δ(x, t)

=
∑N(δ)

n=1 exp(λn
∫ T

t L(‖∇uN ,δ(·, s)‖L2 ,‖∇vN ,δ(·, s)‖L2 ) ds)〈gδ , en〉en(x),

(4.1)
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where N := N(δ) is a regularization parameter. Here the function (f δ , gδ) ∈ L2(�) × L2(�)
satisfies

∥
∥f δ – f

∥
∥

L2(�) +
∥
∥gδ – f

∥
∥

L2(�) ≤ δ. (4.2)

Theorem 4.1 Let f ∈ L2(�) be such that

∞∑

n=1

〈f , en〉2λ1+δ
n e2M1Tλn ≤ E

for some constants E > 0 and δ > 0. Let us choose N := N(δ) such that

lim
δ→0

N(δ) = +∞, lim
δ→0

δ2λN(δ)e2TM1λN(δ) = 0.

Then we have the estimate

∥
∥uN ,δ(·, t) – u(·, t)

∥
∥2

H1(�) +
∥
∥vN ,δ(·, t) – v(·, t)

∥
∥2

H1(�)

≤ (
6λN(δ) exp(2M1TλN(δ))δ2 + 6E

(
N(δ)

)–γ )
exp

(
6Klλ

–γ
1 EC(T – t)

)
. (4.3)

Remark 4.1 It is obvious that λN ∼ N
2
d . So we can choose a natural number N such that

1 – ν

2TM1
ln

(
1
δ

)

≤ λN ≤ 1 – ν

MB1
ln

(
1
δ

)

, 0 < ν < 1.

Then the error ‖uN ,δ(·, t) – u(·, t)‖2
H1(�) + ‖vN ,δ(·, t) – v(·, t)‖2

H1(�) is of logarithmic order

max

([

ln

(
1
δ

)]–2

, δ2ν ln

(
1
δ

))

.

Proof To show the existence of a mild solution, we define the operator Rm
δ (u, v)(t) =

(R1,δ(u, v)(t),R2,δ(u, v)(t)) and show that Rm
δ has a fixed point in the space (L∞

θ (0, T ; H1(�)))2.
Here the operators R1,δ and R2,δ are defined as follows:

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

R1,δ(u, v)(t)

=
∑N(δ)

n=1 exp(λn
∫ T

t L(‖∇uN ,δ(·, s)‖L2 ,‖∇vN ,δ(·, s)‖L2 ) ds)〈f δ , en〉en(x),

R2,δ(u, v)(t)

=
∑N(δ)

n=1 exp(λn
∫ T

t L(‖∇uN ,δ(·, s)‖L2 ,‖∇vN ,δ(·, s)‖L2 ) ds)〈gδ , en〉en(x).

(4.4)

We will prove by induction that if (u1, v1) ∈ (L∞(0, T ; H1(�)))2 and (u2, v2) ∈ (L∞(0, T ;
H1(�)))2, then

∥
∥Rm

δ (u1, v1)(·, t) – Rm
δ (u2, v2)(·, t)

∥
∥2

H1(�) ≤ (2D(δ, f , g))m(T – t)m

m!
. (4.5)

For m = 1, using the inequality (c + d)2 ≤ 2c2 + 2d2, we get that

∥
∥Rm

δ (u1, v1)(·, t) – Rm
δ (u2, v2)(·, t)

∥
∥2

H1(�)

≤ 2
∥
∥Rm

1,δ(u1, v1)(·, t) – R1,δ(u2, v2)(·, t)
∥
∥2

H1(�)
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+ 2
∥
∥Rm

2,δ(u1, v1)(·, t) – Rm
2,δ(u2, v2)(·, t)

∥
∥2

H1(�). (4.6)

By applying Lemma 2.1 and the inequality |er – eq| ≤ |r – q|max(er , eq) for r, q ∈R, we have

∥
∥Rm

1,δ(u1, v1)(·, t) – Rm
1,δ(u2, v2)(·, t)

∥
∥2

H1(�)

=
N(δ)∑

n=1

λn

[

exp

(

λn

∫ T

t
L

(∥
∥∇u1(·, s)

∥
∥

L2 ,
∥
∥∇v1(·, s)

∥
∥

L2
)

ds
)

– exp

(

λn

∫ T

t
L

(∥
∥∇u2(·, s)

∥
∥

L2 ,
∥
∥∇v2(·, s)

∥
∥

L2
)

ds
)]2〈

f δ , en
〉2

≤
N(δ)∑

n=1

λ3
ne2(T–t)M1λn

[∫ T

t
L

(∥
∥∇u1(·, s)

∥
∥

L2 ,
∥
∥∇v1(·, s)

∥
∥

L2
)

ds

–
∫ T

t
L

(∥
∥∇u2(·, s)

∥
∥

L2 ,
∥
∥∇v2(·, s)

∥
∥

L2
)

ds
]2〈

f δ , en
〉2

≤ ∣
∣N(δ)

∣
∣3e2TM1N(δ)K2

l
∥
∥f δ

∥
∥2

L2(�)

×
(∫ T

t

∥
∥∇(u1 – u2)(·, s)

∥
∥

L2(�) ds +
∫ T

t

∥
∥∇(v1 – v2)(·, s)

∥
∥

L2(�) ds
)2

≤ C
∣
∣N(δ)

∣
∣3e2TM1N(δ)K2

l
∥
∥f δ

∥
∥2

L2(�)

∫ T

t

∥
∥(u1, v1)(·, s) – (u2, v2)(·, s)

∥
∥2

H1(�) ds, (4.7)

where in the last line, we used the inequality ‖∇ψ‖L2(�) ≤ C‖ψ‖H1(�). By a similar argu-
ment we obtain that

∥
∥Rm

2,δ(u1, v1)(·, t) – R2,δ(u2, v2)(·, t)
∥
∥2

H1(�)

≤ C
∣
∣N(δ)

∣
∣3e2TM1N(δ)K2

l
∥
∥gδ

∥
∥2

L2(�)

∫ T

t

∥
∥(u1, v1)(·, s) – (u2, v2)(·, s)

∥
∥2

H1(�) ds. (4.8)

Combining (4.6), (4.7), and (4.8), we find that

∥
∥Rδ(u1, v1)(·, t) – Rδ(u2, v2)(·, t)

∥
∥2

H1(�)

≤D(δ, f , g)
∫ T

t

∥
∥(u1, v1)(·, s) – (u2, v2)(·, s)

∥
∥2

H1(�) ds

≤D(δ, f , g)(T – t)
∥
∥(u1, v1) – (u2, v2)

∥
∥

(L∞(0,T ;H1(�)))2 , (4.9)

where

D(δ, f , g) = 2C
∣
∣N(δ)

∣
∣3e2TM1N(δ)K2

l
(∥
∥f δ

∥
∥2

L2(�) +
∥
∥gδ

∥
∥2

L2(�)

)
.

This implies (4.5). Assume that (4.5) holds for m = j. We will check that (4.5) holds for
m = j + 1. Indeed, by similar arguments as before, we also get the following two bounds:

∥
∥Rj+1

1,δ (u1, v1)(·, t) – Rj+1
1,δ (u2, v2)(·, t)

∥
∥2

H1(�)

=
∥
∥R1,δ

(
Rj

1,δ(u1, v1)(·, t)
)

– R1,δ
(
Rj

1,δ(u2, v2)(·, t)
)∥
∥2

H1(�)
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≤ C
∣
∣N(δ)

∣
∣3e2TM1N(δ)K2

l
∥
∥f δ

∥
∥2

L2(�)

∫ T

t

∥
∥Rj

1,δ(u1, v1)(·, s) – Rj+1
1,δ (u2, v2)(·, s)

∥
∥2

H1(�) ds

and

∥
∥Rj+1

2,δ (u1, v1)(·, t) – Rj+1
2,δ (u2, v2)(·, t)

∥
∥2

H1(�)

=
∥
∥R2,δ

(
Rj

2,δ(u1, v1)(·, t)
)

– R2,δ
(
Rj

2,δ(u2, v2)(·, t)
)∥
∥2

H1(�)

≤ C
∣
∣N(δ)

∣
∣3e2TM1N(δ)K2

l
∥
∥gδ

∥
∥2

L2(�)

∫ T

t

∥
∥Rj

2,δ(u1, v1)(·, s) – Rj+1
2,δ (u2, v2)(·, s)

∥
∥2

H1(�) ds.

From two above observation we find that

∥
∥Rj+1

δ (u1, v1)(·, t) – Rj+1
δ (u2, v2)(·, t)

∥
∥2

H1(�)

≤ 2
∥
∥Rj+1

1,δ (u1, v1)(·, t) – Rj+1
1,δ (u2, v2)(·, t)

∥
∥2

H1(�)

+ 2
∥
∥Rj+1

2,δ (u1, v1)(·, t) – Rj+1
2,δ (u2, v2)(·, t)

∥
∥2

H1(�)

≤ 2D(δ, f , g)
∫ T

t

∥
∥Rj+1

δ (u1, v1)(·, s) – Rj+1
δ (u2, v2)(·, s)

∥
∥2

H1(�) ds. (4.10)

Using the induction assumption of (3.10), from (3.15) it follows that

∥
∥Rj+1

δ (u1, v1)(·, t) – Rj+1
δ (u2, v2)(·, t)

∥
∥2

H1(�)

≤ (
2D(δ, f , g)

)j+1∥∥(u1, v1) – (u2, v2)
∥
∥2

(L∞(0,T ;H1(�)))2

∫ T

t

(T – s)j

j!
ds

=
(T – t)j+1

(j + 1)!
(
2D(δ, f , g)

)j+1∥∥(u1, v1) – (u2, v2)
∥
∥2

(L∞(0,T ;H1(�)))2 . (4.11)

Hence, (3.10) holds for any positive integer m. As a consequence, we conclude that (4.5)
holds for any m ∈ N. Since

lim
j→+∞

Tj+1

(j + 1)!
(
2D(δ, f , g)

)j+1 = 0,

there exists a positive constant j0 such that

Tj+1

(j + 1)!
(
2D(δ, f , g)

)j+1 < 1.

Using the Banach fixed point theorem (see [31–33]), we conclude that Rj0
δ has a fixed point

(u+, v+) on the space (L∞(0, T ; H1(�)))2. It is easy to get that (u∗, v∗) is also a solution of
the nonlinear equation

Rj0
δ

(
u+, v+)

=
(
u+, v+)

.
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From (3.6) and (4.1) we find that

uN ,δ(x, t) – u(x, t)

=
N(δ)∑

n=1

exp

(

λn

∫ T

t
L

(∥
∥∇uN ,δ(·, s)

∥
∥

L2 ,
∥
∥∇vN ,δ(·, s)

∥
∥

L2
)

ds
)

〈
f δ , en

〉
en(x)

–
∞∑

n=1

exp

(

λn

∫ T

t
L

(∥
∥∇u(·, s)

∥
∥

L2 ,
∥
∥∇v(·, s)

∥
∥

L2
)

ds
)

〈f , en〉en(x). (4.12)

By a simple calculation we find that

uN ,δ(x, t) – u(x, t)

=
N(δ)∑

n=1

exp

(

λn

∫ T

t
L

(∥
∥∇uN ,δ(·, s)

∥
∥

L2 ,
∥
∥∇vN ,δ(·, s)

∥
∥

L2
)

ds
)

〈
f δ – f , en

〉
en(x)

+
N(δ)∑

n=1

〈f , en〉en(x)
[

exp

(

λn

∫ T

t
L

(∥
∥∇u(·, s)

∥
∥

L2 ,
∥
∥∇v(·, s)

∥
∥

L2
)

ds
)

– exp

(

λn

∫ T

t
L

(∥
∥∇uN ,δ(·, s)

∥
∥

L2 ,
∥
∥∇vN ,δ(·, s)

∥
∥

L2
)

ds
)]

+
∞∑

n>N(δ)

exp

(

λn

∫ T

t
L

(∥
∥∇u(·, s)

∥
∥

L2 ,
∥
∥∇v(·, s)

∥
∥

L2
)

ds
)

〈f , en〉en(x)

= Error1 + Error2 + Error3. (4.13)

First of all, let us look at the first term. Using Parseval’s equality and noting that L(z1, z2) ≤
M1 for all (z1, z2) ∈R

2, Error1 is bounded by

‖Error1‖2
H1(�) =

N(δ)∑

n=1

λn exp

(

2λn

∫ T

t
L

(∥
∥∇uN ,δ(·, s)

∥
∥

L2 ,
∥
∥∇vN ,δ(·, s)

∥
∥

L2
)

ds
)

〈
f δ – f , en

〉2

≤
N(δ)∑

n=1

λN(δ) exp(2M1TλN(δ))
N(δ)∑

n=1

〈
f δ – f , en

〉2

≤ λN(δ) exp(2M1TλN(δ))
∥
∥f δ – f

∥
∥2 ≤ λN(δ) exp(2M1TλN(δ))δ2, (4.14)

which allows us to derive that

‖Error1‖H1(�) ≤ √
λN(δ) exp(M1TλN(δ))δ. (4.15)

Next, we treat Error2. Using Parseval’s equality, by the inequality |ec – ed| ≤ |c – d|max(ec,
ed), we get

‖Error2‖2
H1(�) ≤

N(δ)∑

n=1

〈f , en〉2λne2M1Tλn

×
(∫ T

t
L

(∥
∥∇uN ,δ(·, s)

∥
∥

L2 ,
∥
∥∇vN ,δ(·, s)

∥
∥

L2
)

ds
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–
∫ T

t
L

(∥
∥∇u(·, s)

∥
∥

L2 ,
∥
∥∇v(·, s)

∥
∥

L2
)

ds
)2

≤
(∫ T

t
L

(∥
∥∇uN ,δ(·, s)

∥
∥

L2 ,
∥
∥∇vN ,δ(·, s)

∥
∥

L2
)

ds

–
∫ T

t
L

(∥
∥∇u(·, s)

∥
∥

L2 ,
∥
∥∇v(·, s)

∥
∥

L2
)

ds
)2

E, (4.16)

where we used that

N(δ)∑

n=1

〈f , en〉2λne2M1Tλn ≤
∞∑

n=1

〈f , en〉2λne2M1Tλn ≤ λ
–γ
1 E,

exp

(

2λn

∫ T

t
L

(∥
∥∇uN ,δ(·, s)

∥
∥

L2 ,
∥
∥∇vN ,δ(·, s)

∥
∥

L2
)

ds
)

≤ exp

(

2λn

∫ T

t
M1 ds

)

≤ e2M1Tλn ,

(4.17)

and

exp

(

λn

∫ T

t
L

(∥
∥∇uN ,δ(·, s)

∥
∥

L2 ,
∥
∥∇vN ,δ(·, s)

∥
∥

L2
)

ds
)

) ≤ exp

(

2λn

∫ T

t
M1 ds

)

≤ e2M1Tλn . (4.18)

Using Lemma (2.1), we get that

∣
∣
∣
∣

∫ T

t
L

(∥
∥∇uN ,δ(·, s)

∥
∥

L2 ,
∥
∥∇vN ,δ(·, s)

∥
∥

L2
)

ds –
∫ T

t
L

(∥
∥∇u(·, s)

∥
∥

L2 ,
∥
∥∇v(·, s)

∥
∥

L2
)

ds
∣
∣
∣
∣

≤ Kl

∫ T

t

(∥
∥∇uN ,δ(·, s) – ∇u(·, s)

∥
∥

L2 +
∥
∥∇vN ,δ(·, s) – ∇v(·, s)

∥
∥

L2
)
, (4.19)

and from the inequality (c + d)2 ≤ 2c2 + 2d2, c, d ≥ 0, it follows that

(∫ T

t
L

(∥
∥∇uN ,δ(·, s)

∥
∥

L2 ,
∥
∥∇vN ,δ(·, s)

∥
∥

L2
)

ds –
∫ T

t
L

(∥
∥∇u(·, s)

∥
∥

L2 ,
∥
∥∇v(·, s)

∥
∥

L2
)

ds
)2

≤ 2Kl

(∫ T

t

∥
∥∇uN ,δ(·, s) – ∇u(·, s)

∥
∥

L2 ds +
∫ T

t

∥
∥∇vN ,δ(·, s) – ∇v(·, s)

∥
∥

L2 ds
)

. (4.20)

Combining (4.16) and (4.20), we arrive at

‖Error2‖2
H1(�) ≤ 2Klλ

–γ
1 E

(∫ T

t

∥
∥∇uN ,δ(·, s) – ∇u(·, s)

∥
∥

L2 ds

+
∫ T

t

∥
∥∇vN ,δ(·, s) – ∇v(·, s)

∥
∥

L2 ds
)

. (4.21)

The term Error3 is bounded by

‖Error3‖2
H1(�)

=
∞∑

n>N(δ)

λn exp

(

2λn

∫ T

t
L

(∥
∥∇u(·, s)

∥
∥

L2 ,
∥
∥∇v(·, s)

∥
∥

L2
)

ds
)

〈f , en〉2
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≤ (
N(δ)

)–γ
∞∑

n>N(δ)

λ1+γ
n exp

(

2λn

∫ T

t
L

(∥
∥∇u(·, s)

∥
∥

L2 ,
∥
∥∇v(·, s)

∥
∥

L2
)

ds
)

〈f , en〉2

≤ E
(
N(δ)

)–γ . (4.22)

Combining (4.14), (4.21), and (4.22), we find that

∥
∥uN ,δ(·, t) – u(·, t)

∥
∥2

H1(�)

≤ 3‖Error1‖2
H1(�) + 3‖Error2‖2

H1(�) + 3‖Error3‖2
H1(�)

≤ 3λN(δ) exp(2M1TλN(δ))δ2 + 3E
(
N(δ)

)–γ

+ 6Klλ
–γ
1 E

(∫ T

t

∥
∥∇uN ,δ(·, s) – ∇u(·, s)

∥
∥

L2 ds

+
∫ T

t

∥
∥∇vN ,δ(·, s) – ∇v(·, s)

∥
∥

L2 ds
)

. (4.23)

By a similar argument we also get that

∥
∥vN ,δ(·, t) – v(·, t)

∥
∥2

H1(�)

≤ 3λN(δ) exp(2M1TλN(δ))δ2 + 3E
(
N(δ)

)–γ

+ 6Klλ
–γ
1 E

(∫ T

t

∥
∥∇uN ,δ(·, s) – ∇u(·, s)

∥
∥

L2 ds

+
∫ T

t

∥
∥∇vN ,δ(·, s) – ∇v(·, s)

∥
∥

L2 ds
)

. (4.24)

By the previous to equations, recalling that ‖∇ψ‖L2(�) ≤ C‖ψ‖H1(�), we obtain the esti-
mate

∥
∥uN ,δ(·, t) – u(·, t)

∥
∥2

H1(�) +
∥
∥vN ,δ(·, t) – v(·, t)

∥
∥2

H1(�)

≤ 6λN(δ) exp(2M1TλN(δ))δ2 + 6E
(
N(δ)

)–γ

+ 6Klλ
–γ
1 EC

∫ T

t

(∥
∥uN ,δ(·, s) – u(·, s)

∥
∥2

H1(�) +
∥
∥vN ,δ(·, s) – v(·, s)

∥
∥2

H1(�)

)
ds. (4.25)

By applying Grönwall’s inequality we deduce that

∥
∥uN ,δ(·, t) – u(·, t)

∥
∥2

H1(�) +
∥
∥vN ,δ(·, t) – v(·, t)

∥
∥2

H1(�)

≤ (
6λN(δ) exp(2M1TλN(δ))δ2 + 6E

(
N(δ)

)–γ )
exp

(
6Klλ

–γ
1 EC(T – t)

)
. (4.26)

�

Acknowledgements
This work was completed while the author was a PhD student under the guidance of Prof. Nguyen Huy Tuan.

Funding
This research is funded by Vietnam National University Ho Chi Minh City (VNU-HCM) under grant number B2020-18-03.



Nam Advances in Difference Equations        (2021) 2021:512 Page 14 of 15

Availability of data and materials
Not applicable.

Declarations

Competing interests
The author declares that they have no competing interests.

Authors’ contributions
The author read and approved the final manuscript.

Author details
1Department of Mathematics and Computer Science, University of Science, Ho Chi Minh City, Vietnam. 2Vietnam
National University, Ho Chi Minh City, Vietnam. 3Division of Applied Mathematics, Thu Dau Mot University, Binh Duong
Province, Vietnam.

Publisher’s Note
Springer Nature remains neutral with regard to jurisdictional claims in published maps and institutional affiliations.

Received: 25 August 2021 Accepted: 2 November 2021

References
1. Gobbino, M.: Quasilinear degenerate parabolic equations of Kirchhoff type. Math. Methods Appl. Sci. 22(5), 375–388

(1999)
2. Gonnino, M.: Quasilinear degenerate parabolic equation of Kirchhoff type. Math. Methods Appl. Sci. 22, 375–388

(1999)
3. Tudorascu, A., Wunsch, M.: On a nonlinear, nonlocal parabolic problem with conservation of mass, mean and

variance. Commun. Partial Differ. Equ. 36, 1426–1454 (2011)
4. Ghist, M., Gobbino, M.: Hyperbolic-parabolic singular perturbation for mildly degenerate Kirchhoff equations:

time-decay estimates. J. Differ. Equ. 245, 2979–3007 (2008)
5. Hashimoto, M., Yamazaki, T.: Hyperbolic–parabolic singular perturbation for quasilinear equations of Kirchhoff type. J.

Differ. Equ. 237, 491–525 (2007)
6. Autuori, G., Pucci, P., Salvatori, M.C.: Asymptotic stability for anisotropic Kirchhoff systems. J. Math. Anal. Appl. 352,

149–165 (2009)
7. Figueiredo, M.G., Ikoma, S.N., Santos, R.J.J.: Existence and concentration result for the Kirchhoff type equations with

general nonlinearities. Arch. Ration. Mech. Anal. 213(3), 931–979 (2014)
8. Fu, Y., Xiang, M.: Existence of solutions for parabolic equations of Kirchhoff type involving variable exponent. Appl.

Anal. 95(3), 524–544 (2016)
9. Tuan, N.H., Au, V.V., Khoa, V.A., Lesnic, D.: Identification of the population density of a species model with nonlocal

diffusion and nonlinear reaction. Inverse Probl. 33(5), 055019 (2017)
10. Chipot, M., Lovat, B.: Some remarks on nonlocal elliptic and parabolic problems. Nonlinear Anal., Theory Methods

Appl. 30, 4619–4627 (1997)
11. Chang, N.H., Chipot, M.: Nonlinear nonlocal evolution problems. Rev. R. Acad. Cienc. Exactas Fís. Nat., Ser. A Mat. 97,

393–415 (2003)
12. Volodymyr, S.I., Nytrebych, Z.M., Pukach, P.Y.: Boundary-value problems with integral conditions for a system of Lamé

equations in the space of almost periodic functions. Electron. J. Differ. Equ. 2016(304), 1 (2016)
13. Pulkina, S.L., Savenkova, A.E.: A problem with a nonlocal, with respect to time, condition for multidimensional

hyperbolic equations. Russ. Math. 60(10), 33–43 (2016)
14. Chen, C., Kuo, Y., Wu, T.: The Nehari manifold for a Kirchhoff type problem involving sign-changing weight functions.

J. Differ. Equ. 250(4), 1876–1908 (2011)
15. Phuong, N.D., Binh, T.T., Luc, N.H.: On a final value problem for parabolic equation on the sphere with linear and

nonlinear source. Adv. Theory Nonlinear Anal. Appl. 4(3), 143–151 (2020)
16. Almeida, R.M.P., Antonsev, S.N., Duque, J.C.M., Ferreira, J.: A reaction–diffusion for the nonlocal coupled system:

existence, uniqueness, long-time behaviour and localization properties of solutions. IMA J. Appl. Math. 81, 344–364
(2016)

17. Ferreira Jorge, J., de Oliveira, H.B.: Parabolic reaction–diffusion systems with nonlocal coupled diffusivity terms.
Discrete Contin. Dyn. Syst. 37(5), 2431–2453 (2017)

18. Tuan, N.H., Baleanu, D., Thach, T.N., O’Regan, D., Can, N.H.: Final value problem for nonlinear time fractional
reaction–diffusion equation with discrete data. J. Comput. Appl. Math. 376, 112883 (2020)

19. Tuan, N.H., Nam, D.H.Q., Nhat, V.T.M.: On a backward problem for the Kirchhoff’s model of parabolic type. Comput.
Math. Appl. 77(1), 15–33 (2019)

20. Tuan, N.H., Thanh, B.L.T., Kirane, M., Van, P.T.K.: Regularization and error estimate for an initial inverse nonlocal diffusion
problem. Comput. Math. Appl. 79(12), 3331–3352 (2020)

21. Triet, N.A., Binh, T.T., Phuong, N.D., Baleanu, D., Can, N.H.: Recovering the initial value for a system of nonlocal diffusion
equations with random noise on the measurements. Math. Methods Appl. Sci. 44(6), 5188–5209 (2021)

22. Phuong, N.D.: Note on a Allen–Cahn equation with Caputo–Fabrizio derivative. Results Nonlinear Anal. 4(3), 179–185
(2021)

23. Lazreg, J.E., Abbas, S., Benchohra, M., Karapınar, E.: Impulsive Caputo–Fabrizio fractional differential equations in
b-metric spaces. Open Math. 19, 363–372 (2021)



Nam Advances in Difference Equations        (2021) 2021:512 Page 15 of 15

24. Adiguzel, R.S., Aksoy, U., Karapinar, E., Erhan, I.M.: On the solutions of fractional differential equations via Geraghty
type hybrid contractions. Appl. Comput. Math. 20(2), 313–333 (2021)

25. Adiguzel, R.S., Aksoy, U., Karapinar, E., Erhan, I.M.: On the solution of a boundary value problem associated with a
fractional differential equation. Math. Methods Appl. Sci., 15p (2020)

26. Adiguzel, R.S., Aksoy, U., Karapinar, E., Erhan, I.M.: Uniqueness of solution for higher-order nonlinear fractional
differential equations with multi-point and integral boundary conditions. Rev. R. Acad. Cienc. Exactas Fís. Nat., Ser. A
Mat. 115, 155 (2021)

27. Thach, T.N., Huy, T.N., Tam, P.T.M., Minh, M.N., Can, N.H.: Identification of an inverse source problem for time-fractional
diffusion equation with random noise. Math. Methods Appl. Sci. 42(1), 204–218 (2019)

28. Phuong, N.D., Hoan, L.V.C., Karapinar, E., Singh, J., Binh, H.D., Can, N.H.: Fractional order continuity of a time semi-linear
fractional diffusion-wave system. Alex. Eng. J. 59(6), 4959–4968 (2020)

29. Tuan, N.H., Baleanu, D., Thach, T.N., O’Regan, D., Can, N.H.: Approximate solution for a 2-D fractional differential
equation with discrete random noise. Chaos Solitons Fractals 133, 109650 (2020)

30. Luc, N.H., Baleanu, D., Can, N.H.: Reconstructing the right-hand side of a fractional subdiffusion equation from the
final data. J. Inequal. Appl. 2020(1), 1 (2020)

31. Kumari, S., Karapinar, E., Atagana, A.: A numerical schemes and comparisons for fixed point results with applications
to solutions of Volterra integral equations in d-metric space. Alex. Eng. J. 59(2), 815–827 (2020)

32. Alqahtani, B., Aydi, H., Karapinar, E., Rakocevic, V.: A solution for Volterra fractional integral equations by hybrid
contractions. Mathematics 7, 694 (2019)

33. Abdeljawad, T., Agarwal, R.P., Karapinar, E., Kumari, P.S.: Solutions of the nonlinear integral equation and fractional
differential equation using the technique of a fixed point with a numerical experiment in extended b-metric space.
Symmetry 11, 686 (2019)


	On initial inverse problem for nonlinear couple heat with Kirchhoff type
	Abstract
	MSC
	Keywords

	Introduction
	Some preliminaries and the mild solution of problem (1.1)-(1.2)
	The existence and ill-posedness of our backward problem
	Fourier truncation method and error estimate
	Acknowledgements
	Funding
	Availability of data and materials
	Declarations
	Competing interests
	Authors' contributions
	Author details
	Publisher's Note
	References


