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1 Introduction

Fractional differential equations have gained considerable significance during the past
decades. Compared with integer order differential equations, fractional differential equa-
tions have memory in time and genetic properties, which are more suitable for describing
many problems in anomalous diffusion, viscous fluid mechanics, porous media mechan-
ics, electrical engineering and bioengineering, etc. In [1-6], the authors are committed
to fractional differential equations with instantaneous impulsive effects, which can de-
scribe sudden changes at certain times such as earthquake, the closing of the switch in the
circuit, and so on. Meanwhile, fractional differential equations with non-instantaneous
impulses have currently been proven to be useful mathematical models to explain many
phenomena occurring in biology, dynamics, control model, etc. For instance, the release
and absorption of drugs in the bloodstream is a continuous and gradual process. As re-
cent developments on fractional differential equations with non-instantaneous impulses,
we mention the papers [7-16] and the references cited therein.

Cauchy problems for the abstract integer differential equations with non-instantaneous
impulses were initially investigated by E. Hernandez and D. O’Regan [7], Pierri et al. [8] as
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follows:

u'(t) = Au(t) + f(t,u(t)), te(s;,tiy1],i=0,1,2,...,m,
u(t) = gi(t, u(t)), te(tysli=1,2,...,m, (1.1)
u(0) = ug € E,

where A : D(A) C E — E is the generator of a Cy-semigroup {S(¢), £ > 0} on a Banach space
E, the prefixed numbers s;, ¢; satisfy 0 =sp <t; <s1 <ty <S9< <ty <SSy <lm1 =171,
f:[0,T] x E—~ Eand g;: (¢,s]] X E— E, i =1,2,...,m, are continuous functions, the
existence of PC-mild solutions has been proved by a fixed point theorem.

Wang and Li [9] studied periodic boundary value problems for differential equations
with non-instantaneous impulses via the fixed point theorem:

u'(t)=ft,u®), te(stuli=0,1,2,...,m,
ut) =git,u(t), te(t,sli=12,...,m, (1.2)
u(0) = u(T).

In [10-13], the authors studied the existence of solutions for non-instantaneous impul-
sive differential equations. Chen et al. [14] studied non-autonomous parabolic evolution
equations with non-instantaneous impulses and obtained the existence results of mild so-
lutions. Yu and Wang [15] investigated periodic boundary value problems for integer dif-
ferential equations with non-instantaneous memory impulses; the existence of PC-mild
solutions was established based on the theory of semigroup.

Inspired by these contributions, we consider the following periodic boundary value
problems for fractional semilinear nonautonomous differential equations with non-

instantaneous impulses:

DY x(t) = A(6)x(t) + f (&, %(0), [ g(t,5,%(5))ds), t€ (s5,6:1),i=0,1,2,...,m,
x(t) = h; + Ug(t, ;) ftfgi(s,x(s))ds, te(t,s)i=1,2,...,m, (1.3)
%(0) = x(T),

where CDf is the Caputo’s fractional derivative of order 8, 8 € (0,1], ] = [0, T], A(¢) is a
closed linear operator with domain D(A) defined on a Banach space E, f, g, and Uy are
to be specified later, the prefixed numbers s; and ¢; (i = 1,2,...,m) satisfy 0 = so < t; <
S1 <l < - <ty <Sy<tma=T,g:(ts)]xE—E, i=1,2,...,m, are continuous and
nonlinear functions, #; € E, i =1,2,...,m.

The rest of this paper is organized as follows. In Sect. 2, some basic definitions and aux-
iliary lemmas that will be needed in the remaining sections are collected. The existence of
PC-mild solutions is shown in Sect. 3 based on the theory of resolvent operators, measure
of noncompactness and various fixed point theorems. An example is presented to illus-
trate the main theorems in Sect. 4. Finally, Sect. 5 contains the summary of our results.

2 Auxiliary results
Let (E,| - ||) be a Banach space, J = [0, T] and 0 < T < +o00. C(J, E) is the collection of all
continuous functions from J into E equipped with the norm |x||¢ = max{||x(¢)|,¢ € J}.
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Let PC(J,E) = {x|x : ] = E : x € C((tx, tx+1], E), and there exist x(¢;) and x(¢{) with x(#) =
x(t),k =1,...,m} endowed with the PC-norm ||x|/pc = sup{|lx(®)|,£ € J}.

Definition 2.1 ([17, 18]) The Caputo fractional derivative of order 8 of a function f :
(0,00) — R is defined as

1 ! _ n-B-1r(n)
F(n—ﬂ)/o(t s) fY(s)ds

where n—1< B <n,neN,T(:)denotes the gamma function. The Laplace transform of

DIf(t) =

the Caputo fractional derivative of order g is given as

n-1

L(DIF®)s) =P (Lf)s) - Y "7 1xD(0), n-1<p<n,

j=1
where (Lf)(s) f e Stf (¢) dt is the Laplace transform of the function f(¢).

Definition 2.2 ([19, 20]) Let A(£) be a closed and linear operator with domain D(A) de-
fined on a Banach space E and 8 > 0. Let p[A(£)] be the resolvent set of A(£), A(¢) is called
the generator of a 8-resolvent family if there exist w > 0 and a strongly continuous func-
tion Ug : R? — B(E) such that {A# : Re » > w} C p(A) and

(M1 —A(s))flx = / e MU (L, s)xdt, Re(r)>w,x €E.
0

In this case, Ug(t,s) is called the B-resolvent family generated by A(t), denote M =

Mmaxo<s<«t<T ” uﬂ (t, S) ” .

Lemma 2.1 ([20, 21]) Ug(t,s) satisfies the following properties:
(i) Upg(s,s) =1, Ug(t,s) = Up(t,r)Ug(r,s) for0<s<r<t<a;
(ii) (t,5) = Ug(t,s) is strongly continuous for 0 <s <t < a;
(iii) If Ug(t,s) is compact for t,s > 0, then Ug(t,s) is continuous in the uniform operator
topology.

Definition 2.3 A function x € PC(J, E) is said to be a PC-mild solution of problem (1.3) if
x(t) satisfies the integral equation

Ug(t,0)[Up(T, $m)hm + Up(T, tm)f Zn(s,x(s)) ds
+ me Ug(T,s)f (s, s),fog s,0,%(0))do)ds]
+ [y Up(t,8)f (5,%(5), [y g(s,0,%(0)) do)ds, te[0,4],
©(t) =\ hi+ Up(t, 1) [, @ils,x(s)) ds, € (tisil,i=1,2,...,m, (2.1)
Ug(t,s;)h; + Ugl(t, t)f gi(s,x(5)) ds
+ f5i Up(t,5)f (5, %(5), [5 g(s,0,x(0)) do) ds,
te(s,til,i=1,2,...,m

Lemma 2.2 ([22]) Let B C C(J,E) be equicontinuous and bounded, then CoB C C(J,E) is
also equicontinuous and bounded.
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Lemma 2.3 ([22]) Let E be a Banach space and D C E be bounded, then there exists a
countable set Dy C D such that «(D) < 2a(Dy), where o denotes the measure of noncom-

pactness.

Lemma 2.4 ([23]) Let B C C(J,E) be equicontinuous and bounded, then o(B(t)) is contin-

uous on J and

ot(/]B(s) ds) < /](x(B(s)) ds, «a(B)= ntlealxa(B(t)).

3 Main results
First, we demonstrate the existence of PC-mild solutions for problem (1.3) based on the

measure of noncompactness and fixed point theorem.

Theorem 3.1 Ifthe following assumptions (Hy)—(Hs) are satisfied.
(H1) The function g : D x E — E is continuous, D = {(£,5)|0 < s < t < T}, there exists
h(t,-) € L'(J,R,) with hy = max;e(o,1) foth(t, s)ds for (t,s) € D, x € E such that

et < h(e,9)lxll.

(H2) The function f : ] x Tr x Tg — E is bounded and continuous for every R > 0 such
that
M@®) 1

11m su < —,
R—00 P R A

where M(R) = max{M;(R), M2(R)}, M1(R) = sup{||[f (£, x1,x2)|| : (£, %1,%2) €] X Tg X
Tz}, Ma(R) = sup{llgi(t, x)|l, (t,x) € ] x Tg,i =1,2,...,m}, Tp = {x € E : ||x|| < R},
A = max{M?ao(T - t,,) + Mtiag, Mao(tis, — t;),i=1,2,...,m}, ag = max{1, h}.

(H3) For all R >0, there exist nonnegative Lebesgue integrable functions Ly, Ly, Ly, L) €
LY(J,R,) (i = 1,2,...,m) for all countable and equicontinuous sets D,D; C T (i =
1,2) such that

a(g(t,s,D)) < Ly(t)a(D),
a(gi(t, D)) < Ly, (t)a(D),
and
a(f(t,D1,Dy)) < Ly (t)a(Dy) + Ly()ar(Dy).
Then problem (1.3) has at least one PC-mild solution on PC(J, E) provided that the resol-
vent operator Ug(t,s) is compact for t,s > 0 and p = max{2M? [ L, (s)ds+ 2M? fT (L' (s)+

L/z(s)fOTLé(U)dU)ds + 2Mft1 Li(s) + L s)fo L (O‘ Ydo) ds,ZMfSlL’ (s)ds + 2M x
STy (s) + Lys) Jy Li(o)do)ds,i=1,2,...,m} <1.
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Proof Consider an operator F : PC(J, E) — PC(J, E) defined by

Ug(t, 0)[Up(T, sy + Up(T, t,) tsy:”gm(s,x(s))ds

+ fsi U;;(T,s)f(s,x(s),fosg(s,a,x(a))da)ds]

+ fot Ug(t,8)f (s,%(5), [, g(s,0,x(0))do)ds, tel0,4],
(Fx)(@) = { h; + Up(t, ;) fég,»(s,x(s))ds, te(t,s),i=1,2,...,m,
Ug(t,si)h; + Ug(t, t;) f;’ gi(s,x(s)) ds

+ [ Up(t,9)f (5,x(s), [, g(s,0,%(0)) do) dis,

te(s,til,i=12,...,m.

It is easy to see that the operator F is well defined in PC(/, E).
According to condition (H;), there exist 0 < r < % and R, > 0 for every R > agR, such
that

M(R) < rR.

_ M| | L] M]\hg])
Let 7 = max{Ro, 13m0 oo T-hag515) T-Mrao i1 1=5)

B, ={xePC(J,E): llxllpc <n}, t € (si»ti+1],=0,1,...,m, then

,i=1,2,...,m}. For all x €

llxllpc <1 < agn,

which yields

t L
/ g(t,s,x)ds|| < / h(t,s)|xllpc ds < hon < agn.
0 0

First of all, we show that Fx € B,,.
Fort e [0, tl],

|F)O] < M2l + M / " g (s(5)) | ds

T s
+M2/ }j(s,x(s),/ g(s,a,x(a)) da)‘ ds
Sm 0
M ) ’ b bl d d
+ /0 }j(s x(s) /0 g(sax(a)) o)‘ s

< M|y || + MPraon(s, — tw) + M*ragn(T - s,,) + Mraont,

< M|l + (MPrao(T = t,n) + Mraoty)n < 1.

Forte (¢,s],i=1,2,...,m,

t
[(F2)@)| < 171 +M/ |gi(s,(5)) | ds < 1Bl + Mragn(s; — &) < n.
L
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Forte (s;ti1l,i=1,2,...,m,

|(Fo@]| < Mik] + M f N5, %)) | ds

+M/t }j(s,x(s), /Sg(s,a,x(a)) do)
i 0

< M|\l + Mraon(s; — t;) + Mraon(£.1 — i)

ds

< M||h;|| + Mraon(tiz1 — ;) < 1.
So F:B, — B,.
Furthermore, we prove that F : B, — B, is continuous. Let {x,};° with x, — x in B,.
For each t € [0, t;], we obtain

| (Fx)(@) = (Fo) (@)

< [ g (52009) .56 | s

+M2/T P(Lq,x,,(s), /Sg(s,cr,x,,(a)) do) —f(s,x(s),/sg(s,a,x(a)) dcr)
Sm 0 0

1 v ) ' yUsrAn d - ) ’ ' S} d
+M/0 }j(s %,(5) /0 g(s 0,X (a)) a) f(s x(s) /0 g(s o x(a)) o)

< M*(Sn — t) su})Hgm (5,%4(5)) = g (5,%(5)) |

‘f(s,x,,(s), /sg(s,o,xn(o)) da)
0

_f<s,x(s), /Osg(s, o,x(0)) do)

P(s,xn(s), /sg(s,cr,x,,(a)) dcr) —f(s,x(s),/sg(s,a,x(a)) dcr)
0 0

For each t € (¢,s;],i=1,2,...,m, we obtain

ds

ds

+ M*(T —s,,) sup

seJ

+ Mt; sup

seJ

|50~ Fao] <a [ i (559) - (5, 5) | s
<M(s; - t;) Sslg)Hgi (5,%u(5)) — gi(s,%(5)) | -
For each £ € (51 ti1], i = 1,2, .., m, we obtain
[(Fx)® - (F)0)|
< [ g(6m09) - (556 |

+M/:+l p(s,xn(s), /O‘Sg(s,o,xn(a)) do) —f(s,x(S),/Osg(sya,x(a)) dcr)

<M(s; —t;) SU}JHgi (5,%4(5)) — gi(s,x(5)) |

ds
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+ M(t;1 —s;) sup

seJ

_f<s,x(s), fosg(s, o,x(0)) do)

‘j(s,xn(s), /sg(s, 0,%,(0)) do)
0

Using the fact that the functions f :J x EXE— E,g:D x E— E and g; : (t;,s;] X E—~ E

(i=1,2,...,m) are continuous, we have

ot [smionie) oo s 0)
0 0

lim sup
n—>00 ¢cy

and

lim sup||gi(s,%4(5)) - gi(s,%(s)) | =0 (i=1,2,...,m).

n—00 te]

From the above, we deduce that || Fx, — Fx|pc = 0 as # — oo. This shows that 7 : B, —
B, is continuous.
Now we prove that F(B,) is equicontinuous.

For the interval [0,£], 0 < e; <ey <t1, x € B, we get

| (Fx)(es) = (Fa)(er) |

< ||tus(es,0) - Ug(er, 0) <M||hm|| +M

/ B gn(s,x(5)) ds

T s "’
/ f(s,x(s),/ g(s,a,x(a)) do) ds )
Sm 0

+M

ezu ) ) ) s ) ] d d

+ /el 8(e2 s)f(s x(S)-/Og(SGx(G)) 0) s

+ /l(uﬂ(ez,s)—Uﬁ(el,s))f(s,x(s),/ g(s,o,x(o))do) ds
0 0

< H Uﬁ(ez,O) — uﬁ(ely 0) ||M(||hm” +

/ " n (s,x(s)) ds

T s 5
/ f(s,x(s),/ g(s,0,x(0)) da) ds )
Sm 0

+ Mragn(ey — e1) + sup ||L[,3(62,S)—L[,g(el,s)”raontl.

s€[0,t1]

+

For the interval (t;,s;], i = 1,2,...,m, t; < e; < ey <s;, x € B,,, we get

|(Fx)(e2) = (Fx)(en) || <

Ug(ex, t;) /82 gi(sx(s)) ds

1

+

(Up(ex, ;) — Ug(er, 1)) / 1gi(s,x(S)) ds

i

< Mraon(es — e1) + |Up(er ;) — Ugl(er, ;) | raon(s: — t;).
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For interval (s;, ti11], i=1,2,...,m, s; < e; < ey < t;1, x € By, we get

| (Fx)(e2) = (Fa)(e)

< || Us(es,s0) — Ugler, si) | IVaill + ||Up(ea, 1) = Up(en, g,(s, 5)) ds
] U ’ , ’ s . d d
+ /EI s(e2 s)f(s x(s) ‘/0 g(s,0,x(0)) 0) s
+ / 1([,[,3(6’2’5) - L[,g(el,s))f(s,x(s),/ g(s,0,x(0)) do) ds
S 0

< |Ugles, s:) - Upler,s) | 1 il + | Uplea t:) — Up(en, &

i g (s,x(s)) ds
L

+Mragn(ey —e1) + sup |Up(ea,s) — Ugler,s)||raon(tis - s:).

se(sptis]

We deduce that ||(Fx)(ez) — (Fx)(e1)ll — 0 independently of x € B, as e; — ey, since
the compactness of Ug(t,s) (t,s > 0) implies the continuity in the uniform operator topol-
ogy. This shows that F(B,) is equicontinuous. In view of Lemma 2.2, CoF(B,) C B, is
equicontinuous and bounded.

It remains to prove that F : CoF (By) — CoF (B,) is a condensing operator. For any D C
a}'(B,]), by Lemma 2.3, there exists a countable set Dy = {x,} C D such that

a(F(D)) < 2a(F(Dp)).

Using the fact that CoF (By) is equicontinuous, Dy C CoF (B,) is equicontinuous. By (H3),
fors e (s;,t;1],i=0,1,...,m, then

S

a(f(s,Do(s), /Osg(s,a,Do(a)) )) < Li(s)ar(Do(s)) + L} (s)/o () (Do(0)) do

T
< (L/l(s)+L'2(s)/0 Li,(cr)dcr)a(D).
For each t € [0,#],

a(F(Do)(®))

Sm T s
<M (s,D d) M2 ( <,D , o Dol d )d)
< a(/tm Zn(5,Do(s)) ds | + M« /Smf s o(s)/og(scr o(0)) do ) ds
+ Mo (/tf<s,D0(S),/Sg(s,g,Do(U)) d0'> dS)
0 0

Sm T S
<M /t L, ()a(Do(s)) ds + M? / a(f(s,Do(s), /0 g(s,0,Do(0)) dG))UIS

+M/toc(f(s,D0(s), /sg(S,O‘,Do(O')) da)) ds
0 0

Page 8 of 16
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Sm T T
< <M2/t Lém(s)ds+M2/ <L’1(s)+L/2(s)/0 Lé,(cr)dcr) ds

f T
+M/0 (L/l(s)+L’2(s)/0 L;,(a)da) ds)a(D).

Foreachte (t;,s;],i=1,...,m,

a(f(Do)(t)) < Mo (/ gi(s,Do(s)) ds) < M/Si Lg,i(s) dsa (D).

Foreachte (s, t1],i=1,...,m,

o (]—'(Do)(t)) <Mu (/Si g (s, Dy (s)) ds)

+ Ma (/tf<s,Do(s), /Sg(s,o,Do(o)) do) ds)
S; 0

Si tiy1 T
< (Mf L"gl_(s) ds +M/ (L/l(s) + L/z(s)/ L;(o)do> ds)a(D).
t; Si 0

By Lemma 2.4,

a(F(Dy)) = r?glxa(f(Do)(t)).
Hence

a(F(D)) < pa(D) < (D).

These arguments enable us to infer that F : CoF (By) — CoF (B,) is a condensing op-
erator and by the fixed point theorem of Sadovskii, there exists one fixed point x* €
CoF(B,) C PC(J,E) for F.In conclusion, problem (1.3) has at least one PC-mild solution.
This completes the proof. d

Now we establish the existence results of PC-mild solutions for problem (1.3) via Kras-
noselskii’s fixed point theorem.

Theorem 3.2 Assume that (G1)—(Ga) hold and the resolvent operator Ug(t,s) is compact
fort,s>0.
(G1) The function f :] x E x E — E is continuous, there exist nonnegative Lebesgue in-
tegrable functions a,L,L, € L*(J,R,) for t € (s;, ;1] (i =0,1,...,m) and x,,%, € E
such that

f (& 21,%0) || < a(®) + L@l || + Lo (8) %2l

(Ga) The function g : D x E — E is continuous, D = {(t,s)|0 < s <t < T}, there exist
nonnegative Lebesgue integrable functions b, Lz € L*(J,R,) for (t,s) € D, x € E such
that

lg(t,s,%)| < bE) + L&) 1x]l.

Page 9 of 16
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(G3) There exists a function w;(t) with @; = Sup,,, s @i(t) < +00 for t € (t;,s] (i =
1,2,...,m) and x € E such that

lgi(t,2)| < wi®).

(Ga) There exist nonnegative constants Lg, > 0 for t € (t;,s;] (i =1,2,...,m) and x,x' € E
such that

lee) - a(6.%) | <Ly -],

Then problem (1.3) has at least one PC-mild solution on PC(J, E) provided that ¢ =
max{M? [} by(s)ds+M [, by(s)ds, M [\ by(5) ds, M*Lg,, (Sps — t), MLg,(5:~1:), i =
1,...,m} < 1, where by(s) = Li(s) + La(s) f, Ls(o)do.

Proof We decompose F as F = G + H, where

Uﬁ(t, 0)[U,B(T15m)hm + U/S(T: tm) /;Zn gm(S;x(S)) ds]r te [O; tl])
(Gx)(£) = { ; + Ug(t, 1) ftf gi(s,x(s))ds, te(tys)i=1,2,...,m,
uﬂ(t! Si)hi + uﬂ(tr tl) L/zl gi(S»x(S)) dS, te (Si! ti+1]! i=12,...,m,

and

U(t,0) [| Us(T,s5)f(5,x(s), [, g(s,0,x(0)) do) ds
+ f(f Up(t,)f (5,%(5), [y g(s,0,%(0)) do)ds, t€[0,4],
0, tel(t,sil,i=1,2,...,m,
fsi U (6, 5)f (5, %(5), [, g(s,0,x(0))do)ds, te(sytili=1,2,...,m.

(Hx)(2) =

Let us fix R* > 0 such that

M2|| By | + MP@ (S — ) + M2 [T ay(s) ds + M [ a1 (s) ds
R* > max Sm ,
- 1-9
MI\hill + Maoi(s; — ;) + M [  ay(s)ds
||hi||+Mwi(si_ti)) 1-0 : ,l:1,2,...,}’l’l )

where a;(s) = a(s) + Ly(s) fOT b(o)do.
We consider the set Br« = {x € PC(J,E) : ||x|[pc < R*} for any x € Bg+. From conditions
(G1) and (Gy), for all s € (s;,£,1],i=0,1,...,m, one can find that

Hj(s,x(s), /sg(s,o*,x(o*)) dcr)
0

<a(s) + Li(s)R* + Ly(s) /S(b(a) +L3(0)R") do
0

T
<af(s) +L2(s)/ b(o)do
0

T
+ <L1(S) +L2(S)/ Lg(()') dO’)R*
0

=ai1(s) + bi1(s)R*.

Page 10 of 16
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Obviously, a; (s) and b;(s) are nonnegative Lebesgue integrable functions.

According to condition (Gs) and the above inequities, for any ¢ € [0, #1], we obtain

01 = o0 ([Tl o0 | [ e 9)

)

+

T s
/ L[,g(T,S)f(S,x(s),/ g(s,a,x(a)) d0> ds
Sm 0

/t Uﬂ(t,s)f<s,x(s), /Sg(s,a,x(a)) da) ds
0 0

+

T
< M|\ Byl + M@y (Spn — E) + Mz/ (al(s) + bl(s)R*) ds

+M t a1(s) + b1 (s)R*) ds
X )

T t
< M|yl + M@ (s — ) +M2f a(s)ds +M/ ai(s)ds + OR*
Sm 0
<R

Forany ¢ € (¢;,s;],i=1,2,...,m, we have

[(Fo @ < 1mll +

Ut [ (s.309) ds

t
< |l + M f |gi(s,x(s)) | ds
t

< |l + My(s; — t;) < R*.

Forany ¢ € (s;,t41], i = 1,2,...,m, we have

|FD@] = [ Ustesohi] +

Ug(t, t,»)/ igi(s,x(s)) ds

L

/ﬁt L[,g(t,s)f(s,x(s), /Osg(s,a,x(a)) do) ds

+

t
< M||hi|| + Mwi(s; — t;) + M/ (al(s) + bl(s)R*) ds

tiv1
< M|} +Mwi(si—ti)+Mf ai(s)ds + 9 R* < R*.
Si

From the above inequities, we conclude Fx = Gx + Hx € Bg-.
Next we prove that the operator G is a contraction on Bg+. By (Ga), for x, x' € Bg«, for

any t € [0,£], we get

1(Gx)(8) - (G) (1) ]| < m? / m||gm(s,x(8)) —gu(5,4(9))] ds

tm

< MLy, [~ el 1)
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Foranyt € (t;,s;],i=1,2,...,m, we get

(@20~ (0x)(01] = [ as,5(9) (55 |

<MLy

x—x HPC(S,- —t).
Forany ¢t € (s;,tis1], i=1,2,...,m, we get

1G)0) - (Gx) )| <M f Nei(sx(5)) - gi(5,%'(5)) | ds

<MLy

x—x Hpc(si —t).

From the above inequities with ¥ < 1, we have ||Gx — Gx'||pc < [|x —x||pc. This implies that
g is a contraction.

To prove that H is completely continuous on Bgs, first we claim that H is continuous
applying the arguments employed in the proof of Theorem 3.1. Moreover, # is uniformly
bounded on B« since || Hx||pc < R*. Next we show that H(Bg+) is equicontinuous. To do

this, for x € Bg«, e1,e; € [0,£1] with e; < e, we have

[(Hx)(e2) — (Hx)(er) ||

ds

T
< | Up(er,0) - Ug(es,0) ||M/

}j(s,x(s), /sg(s, 0,x(0)) da)
0

/82 L[ﬂ(ez,s)f<s,x(s), /Osg(s,o,x(o)) dcr) ds

€1

+

+

/ 1(Uﬁ(62’s) - Uﬂ(el,s))f(s,x(s),f g(s,o,x(o)) do) ds
0 0

T
< |Ug(e2, 0) — Ug(er, 0) | M / (a1(s) + b1(s)R*) ds
+ M/e2 (al(s) + bl(s)R*) ds

+ sup]||uﬁ(e2,s)—uﬁ(el,s)|| / l(a1(5)+b1(s)R*)ds.
0

s€[0,t1

For ej,e; € (8;,s;] with ey < ey, i=1,2,...,m, we have
|(Hx)(e2) — (Hx)(er) | = .
For ey, ey € (s;, t;01] witheg < ey, i=1,2,...,m, we have

| (Hx)(e2) - (Hx)(e1)

5/6182 |Us(ens)| Hf(s,x(s),/Osg(s,a,x(o))da)‘

+ f:l [Us(ess) — Ug(er,s)| H/(s,x(s), /Osg(s,a,x(o)) da)‘

i

ds

ds

Page 12 0f 16
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< M‘/e2 (al(s) + bl(s)R*) ds

+ sup HU,_«;(e2,S)—LI,3(e1,s)|| /‘vl(al(s)+b1(s)R*)ds.

se(sitiv1l
By Lemma 2.1, the compactness of the resolvent operator Ug(t, s) implies the continuity
in the uniform operator topology and together with a;(s), b,(s) € L*(J,R,), we infer that
[[(Hx)(ez) — (Hx)(e1)|| — O as e; — e;. Consequently, H (Bg+) is equicontinuous.

Third, we prove that H(Bg+) is precompact.
Fort €[0,t1],0 < € <t, x € Bp+, define

T s
(Hex)(2) = Upglt, O)/ I,I,S(T,s)f(s,x(s),/0 g(s,o,x(o)) do) ds

+]0 L[,g(t,s)f(s,x(s),/o g(s,0,%(0)) da) ds.

Hence

|(H0)(0) - H )] <

/t L[,g(t,s)f(s,x(s),/Osg(s,a,x(a)) da) ds

= M‘/t (a1(s) + bi(s)R") dis.

Forte (t,s;],0<e<t,x €Bps,i=1,2,...,m, define (Hx)(¢) = 0.
Obviously, ||(Hx)(£) — (Hex)(2)] = 0.
Fort € (s;,t;;1],0<e <t,x € Bpe, i=1,2,...,m, define

(Hex)(t) = / - Ug(t, S)f<s,x(s), /Sg(s,a,x(a)) d0> ds.
i 0
Thus

|(Hx) (@) - (Hex)(0)]| <

/t L[,g(t,s)f<s,x(s), /Osg(s,a,x(a)) dcr) ds

< M/t (a1(s) + bi(s)R") dis.

Since Ug(t, s) is a compact resolvent operator, then the set Y () = {(Hx)(¢) : x € Bg+} is rel-
atively compact in E for every 0 < € < £. Thus Y (£) = {(Hx)(£) : x € Bg+} is totally bounded.
Hence, Y (t) is relatively compact in E, and so, with the help of the Arzeld—Ascoli theo-
rem, H is completely continuous on Bg-. Therefore, by Krasnoselskii’s fixed point theo-
rem, there exists a fixed point for F = G + H, which corresponds to a PC-mild solution of
problem (1.3) on PC(/, E). This completes the proof. O
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4 An application

In order to show the application of the main results, we consider the following problem:

2 I—s
CDfx(z, )= ta%x(z, £+ —t—x(z,t) + [ 2@ g

AM2(1+£2) 0 8M2e4
te[0,1)U(2,3],z€(0,1),
o) 9
2x(0,6) = Lx(1,£)=0, te[0,1)U(2,3], (4.1)
2z ) =yiz+ Up(t,1) [ g ds, te(1,2],z€(0,1),

x(0,t) =x(3,£), te(0,1),

where E = 12[0,3],0=¢ty =80, t; = 1, 81 = 2, CDtﬂ is the Caputo’s fractional derivative of
order 8, 0 < B < 1. The operator A : D(A) C E — E is defined as A(f)(z) = t%, where
D(A)={x € E:x" € E, x(0)=x(1) = 0}. It is well known that the operator A(t) generates a
B-resolvent family Ug(t,s) and maxo<se<7 |Up(t, s)|| <M, (M > 1).

By setting

|%(z, 5)|

x(t)(2) =x(z, 1), mz=y1z,  @(t,x(t))(2) = PYOE

L el=S|x(z,s)|

t t
f(t,x(t),/(; g(t,5,%(s)) ds)(z) = mx(z, t)+/0 st’

problem (4.1) can be rewritten as the following abstract form:

Dix(t) = A(t)x(t) + £ (&, x(0), [y gt 5,%(s))ds), t€[0,1)U(2,3],
x(8) =l + Up(t,1) [} g1(s,%(5)) ds, te(1,2], (4.2)
x(0) = x(3).

The function f : ] x T x T — E is bounded and continuous, for every R > 0, such that

M(R) 1
< )
R Maog(M + 1)

Rlergosup (4.3)
where M(R) = maX{Ml(R)’MZ(R)}! MI(R) = sup{Hf(trxler)” : (t:xlixZ) € ] X TR X TR}!

M>(R) = sup{llg1 (&, )|, (t,x) € ] x Tg,}, Tr = {x € E: ||x|| <R}, ap = max{1, ho}.
Let

e S
gt s,%)| < e

a(g(ts, D)) < ea(D),

1
a(gi(t,s,D)) < WW(D);

t t
Ol(f(t,Dl,Dg)) < ma(Dl) +e Ol(Dz).

Page 14 of 16
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Then

3 e

2 1 3
2M2/ 7d5+2M2/ ;+es/ ———do | ds
1 SM2(1 +5s) 9 \4M2(1 + s2) o SM32et

1 s 3 P
+2M/ +esf do |ds
o \4M3(1 +s2) o SM?2et

1 3 s 3 &0
2M —ds+2M/ —+eS/ ———do |ds
1 8M2(1 +5s) 5 \4M?2(1 + s2) o 8M?2et

We have
2 3 3 e
1 e’
0 = max 2M2/ 4ds+2M2/ ;+es/~ ———do | ds
1 8M2%(1 +3s) o \4AM?2(1 + s2) o SM32et
1 3 S—0
+2M/ ;+esv/ s ds,
o \4AM?2(1 +s2) o SM32et

2 1 3 s 3 e
2M/ 7ds+2M/ 7+es‘/ ———do |ds} < 1.
1 8M2(1 +s) 9 \4M3(1 + s2) o SM?2et

Therefore, problem (4.2) satisfies the conditions of Theorem 3.1, then problem (4.2) has a

PC-mild solution, which means that problem (4.1) has a mild solution.

5 Conclusion

In this paper, we demonstrate sufficient conditions on the existence of PC-mild solutions
for periodic boundary value problems for fractional semilinear nonautonomous differen-
tial equations with non-instantaneous impulses. For the proofs of the main theorems, we
use the measure of noncompactness together with Sadovskii’s fixed point theorem and
Krasnoselskii’s fixed point theorem. Finally, an example is given to illustrate the applica-

tion of our main results.
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