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available at the end of the article kernel. We investigate the nonlinear behavior of multi-component plasma. For this
effective approach, named homotopy perturbation, transformation approach is
suggested. This scheme of nonlinear model generally occurs as a characterization of
waves in traffic flow, multi-component plasmas, electrodynamics, electromagnetism,
shallow water waves, elastic media, etc. The main objective of this study is to provide
a new class of methods, which requires not using small variables for finding estimated
solution of fractional coupled frameworks and unrealistic factors and eliminate
linearization. Analytical simulation represents that the suggested method is effective,
accurate, and straightforward to use to a wide range of physical frameworks. This
analysis indicates that analytical simulation obtained by the homotopy perturbation
transform method is very efficient and precise for evaluation of the nonlinear
behavior of the scheme. This result also suggests that the homotopy perturbation
transform method is much simpler and easier, more convenient and effective than
other available mathematical techniques.
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1 Introduction

Many researchers have been working on various aspects of fractional derivatives in re-
cent years. Caputo and Fabrizio modified the existing Caputo derivative to develop the
Caputo—Fabrizio fractional derivative [1-5] based on a nonsingular kernel. Because of
its advantages, numerous researchers utilized this operator to investigate various types
of fractional-order partial differential equations [6-9]. To address this issue, Atangana
and Baleanu proposed a new fractional operator called Atangana—Baleanu derivative,
which combines Caputo and Riemann-Liouville derivatives. Because of the existence of
the Mittag-Leffler kernel, which is a generalization of the exponential kernel, this new
Atangana—Baleanu derivative has a long memory. Moreover, the Atangana—Baleanu op-
erator outperforms other operators, and different scientific models have been successfully
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solved. Many advances have been made in fractional calculus over the last few years by
borrowing ideas from classical calculus, but it does not remain easy. Scholars have the
main concern to obtain a numerical solution; for this, numerous efficient methodologies
have been constructed for fractional differential equations, such as the Adomian decom-
position transform method [10], variational iteration transform method [11, 12], optimal
homotopy asymptotic method [13], the homotopy perturbation method [14, 15], etc.

Fractional coupled systems are widely applied to study complex behavior of plasma con-
tains multi components such as ions, free electrons, atoms, etc. Many researchers made ef-
forts to study this behavior numerically. In this direction, recently Paul Kersten and Joseph
Krasil'shchik studied KdV equation and modified KdV equation and proposed absolute
complexity between coupled KdV-mKdV nonlinear systems for studying the behavior of
nonlinear systems [16—19]. Numerous variations of this Kersten—Krasil'shchik coupled
KdV-mKdV nonlinear system have been introduced by many researchers [20-27]. Among
these variations, the mathematical model for describing the behavior of multi-component
plasma for waves propagating in positive x axis, known as nonlinear fractional Kersten—
Krasil'shchik coupled KdV-mKdV system, is given by

ABCDT W + Y3y — 6y + B3, + 3oy — By
+6ypp, =0, 1n>0,x€R0<0 =<1, 1)
APCDIG + oy — 3070, —3Y¢, +3Y,6 =0, n>0,x€R0<0 <1,
where 7 is temporal coordinate and y is spatial coordinate. The factor o represents order

of the fractional operator. This operator is studied in the Caputo form. When o =1, a
fractional coupled system converts to the classical system as follows:

Yy + Vsy — 6 Wy +3¢s, + 30, oy — Y d> +6Ydd, =0, 1n>0,x €R,
Gy + B3y — 3%, — 3V, + 3¢, =0, n>0,x€R.

2)

If we put ¢ = 0, then the Kersten—Krasil’shchik coupled KdV-mKdV system converts into
the well-known KdV system

wn + %X - 61”1”)( =0, n> OrX €R. (3)

If we put ¢ = 0, then the Kersten—Krasil'shchik coupled KdV-mKdV system converts into
the well-known modified KdV system

¢y + P3, —30°¢, =0, n>0,x €R. @)

In view of that, the Kersten—Krasil'shchik coupled KdV-mKdV system can be assumed to
be a combination of a KdV system and a mKdV system represented by (2) to (4).

In this study, we also consider a fractional nonlinear two component homogeneous time
fractional coupled third-order KdV system as follows:

Dgw_]/kﬁ)(_]//l/f)(_(ﬁ(px:or 77>0,X€R,0<O’§1,

Di¢ +2¢3 —¥dy =0, n>0,x€R0<0 <],
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where 7 is temporal coordinate and y is spatial coordinate, o is a factor representing the
order of the fractional operator. This operator is studied in the Caputo form. When o =1,

a fractional coupled system converts to the classical system

wn_lp3x_lpl//)(_¢¢x=01 TI>0»X€R,
¢n+2¢3)(_w¢)(:0’ 71>O»X€R

(6)

He [28-30] proposed the homotopy perturbation method for solving numerous linear and
nonlinear initial and boundary value problems. Several researchers have looked into us-
ing the homotopy perturbation method to solve nonlinear equations in engineering and
science [31-33]. Because of the difficulties caused by nonlinear terms, the Laplace trans-
form is completely incapable of handling nonlinear equations. Recently, various methods
for dealing with such nonlinearities, such as the Laplace decomposition algorithm [34, 35]
and the homotopy perturbation transform method (HPTM) [36, 37], have been proposed
to produce highly effective techniques for solving many nonlinear problems. The primary
goal of this paper is to use an effective homotopy perturbation method modification to
overcome the deficiency. For solving the system of KdV equations, we use the homotopy
perturbation transform method. All conditions can be met using this method. One or two
iteration steps also yield very accurate results over a wide range. The proposed homotopy
perturbation transform method provides the solution in a rapid convergent series, which
may lead to a closed solution [38—41].

2 Basic definitions
Definition 2.1 The fractional-order Caputo derivative is defined by

1 J
Cno o~ _ X _ L\yr—o-1lgn _
DZ {f(ms)} = 7”" p /0 (I-k) (k)dk, wheren—-1<o <mmneN.

Definition 2.2 The Laplace transformation connected with fractional Caputo derivative
LCDZ{f ()} is expressed by

1

SVI—O’

L{DZF )} }6) = —["LIF @)} () - " F(%,0) = - — L (x,0)].

Definition 2.3 In the Caputo sense the Atangana—Baleanu derivative is defined as

A J
gl =4 [ a1 - |a

where A(o) is a normalization function such that A(0) = A(1) = 1, f € H(a,b), b>a, o €
[0,1] and E, represents the Mittag-Leffler function.

Definition 2.4 The Atangana—Baleanu derivative in the Riemann-Liouville sense is de-
fined as

Alo) d (3
ABCD% {f(S)} _ (0) %‘/ﬂ; f(k)Ea [_%(1 _k)a]dk

l1-o0
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Definition 2.5 The Laplace transform connected with the Atangana—Baleanu operator
is defined as

_ ALY R))6) - S”‘lf(O)'

(1-0)(s" +1%)

AEDE{F()}(s)

Definition 2.6 Consider 0 < o < 1, and f is a function of o, then the fractional-order in-
tegral operator of o is given as

ABCjo ~ _1__6 X g ° X _ o-1
{f(3)) = A(g)f(m)+ AT e / Fk)(S = k)L dk.

3 The general methodology of HPTM
In this section, the HPTM for the general form of FPDEs

DYy (x,m) + My (x,n) + Ny (x,n) =h(x,n), n>00<0<1, @)

with the initial condition

‘W(X’O):g(X)’ (8)

where is DJy(x, 1) = % the Caputo fractional derivative of order o, M, and N, are lin-
ear and nonlinear functions, respectively, and /% is a source operator. Using the Laplace

transform of Eq. (7), we have

LDy ¥ (x,n) + My (x,n) + Ny (x,n)] =L[a(x,m], n>0,0<0 <1,

L[ Gon] = ra00 + CE20)

~ s°1-0)+0)

N

L{h(x,m] )
L[My(x,n) + Ny (x,m)].

Now, by taking the inverse Laplace transform, we get

w0 =17 200 + CEED D )|

—L‘l[(sa(l_sif)ml{Mw(x,n)+N1ﬁ(x,n)}} (10)

where

V0o =800+ LI[WLUI(XW)]}

_L_1|:(s"(1 —-0)+0)

SU

LM )+ NY G} | )

Now, the perturbation method parameter p is defined as

YOO =Y P i), (12)

i=0

where perturbation term p € [0, 1].
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The nonlinear functions can be defined as

Ny (x,m) =Y P Hi(), (13)
i=0
where H; are He’s polynomials of v, ¥1, Y5, ..., ¥; and can be determined as
1 9 = ,
H(Wo, Y1, W) = = o= | N[ D p'vs , i=0,1,2,.... (14)
il ap! = o
i= p=

Putting equations (13) and (14) in equation (11), we have
o0
> P vilx.m)
i=0

:g(X) + L_I[WL[

h(x, n)]] (15)

B [L_I{WL[MZ#%(X’U) + ZPiHi(I/fi)] H

i=0 i=0

Both sides comparison coefficient of p, we have

PP ivom) =) + L7 [WLW% n)]],
. (16)
PG =Lt [ML(MI/’O(X,W) +H0(1/f))],
P va(xn)=L" [ML(M%(X, n)+ Hl(w))],
(17)

s°Q-0)+0)

s L(Ml/fi—l(X7ﬂ)+Hi-1(W)):|: i>0,i€N.

Pvi(x,n) =1L1[

4 Numerical experiments
Example 4.1 Assume that the time fractional Kersten—Krasil'shchik coupled KdAV-mKdV

nonlinear system is as follows:

Dy + @3y — 60, +3U s, +3Y, Yoy — 3¢, Y
+60Y Y, =0, n>0,xeR0<0 <1, (18)

DYy + Yray — 392y, — 3y, + 3¢, =0,
with the initial conditions

&(x,0) = c—2csech®(v/cx), ¢>0,
¥ (x,0) = 24/csech(y/cx).

(19)
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Using the Laplace transform on Eq. (18) by the application of the initial condition given
by Eq. (19), we get

s°(1-0)+0)

L{o(x,n)] = %{c —2csech’(vex)} - (

S(T
X L¢3, — 6@, +3Yrsy + 3y, Vay =30, ¥” + 60Y ¥, ],
1

L[y Gom] = < {2Vesech(Vex))

S Dy 30y, 360, +30,0]

S(T

(20)

Applying the inverse Laplace transform, we get

(s°(1-0)+0)

SU

®(x,n) = c - 2csech’(Vex) - L’l[

X L[¢3X b 6¢¢X + waBX + 31&)( 1/’2;( - 3¢X l[fz + 6¢1/fw)(]:|’ (21)

¥ (x,n) =2+/csech(v/cx)
~ L_l[(s”(l —0)+0)

SG

L[¥3y = 39°¥, =3¢, + 36, 1#]]

Using HPM on Eq. (21), we get

> Pt
i=0

=c—2csech?(y/cx)

_ [L*{i“a(l s +")L<<Zp"¢,-(x,n)) . (prH,.<¢))) ”
n-0 3x i=0

Zpivfi(xr 77)

i=0

= 2/csech(v/ex)

- [U{WL((ZMW)) + (prHm/f))) H
i=0 3y i=0

Nonlinear steps given by He’s polynomials H;(¢) and H;(y) are given as

(22)

N PH$) = 60, + 39, + 30y — 36,07 + 66U,
i=0
(23)

D PH(Y) = =39, — 3¢y + 3,1
i=0
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Values of components of He’s polynomials are given by

Ho(¢) = —6¢0(¢0) + 3v0(Wo)zx + 3(W0) (Wo)ay — 3(0)x (¥0)* + 6(dh0) Vo (Vo)
—6¢1(d0)y — 6¢0(P1)y + 31 (Wo)3y + 3Wo(W1)3y + 3(Wo), (¥1)ay
+3(0)ay (V1) — 3(d1)x (¥0)* + 6(eho) x Yot + 6(bo) ¥1 (Yo)

Hy(¢p) =

Hy(¢) =

H3(¢) =

and

Hy(y) =

Hy(y) =

+6(¢o) Yo (Y1)

x 6(¢1)¥o(Vo)

—6¢2(0)xi — 6¢1(P1) — 6¢0(P2) + 32 (Yo)sy
+3Y1(Y1)sy + 3v0(Va)3y

+3(Y0)x (V2)ay +3(W1)yx (W1)ay + 3(¥2)y (Y0)ay
= 3(¢h2) (Y0)* = 6(6h1) Vo1

= 6(¢1) Vo2 + 6(d2)Yo(Yo)y +6(d1)¥ (Vo)y
+6(¢2)Vo(o) . + 6(do) ¥ (Y1),
+6(h1)Yo(Y¥1)y + 6(do)Vo(¥2)ys

—6¢5(0) — 62(1)y — 6¢1(¢h2) — 60 (3
+3Y3(Vo)sy + 3¥2(V1)sy

+3Y1(Y2)sy + 3Y0(W3)3y, + 3(Wo)y (¥3)2y

+ 31 (Y2)ay + 3(2)y (W1)2y

X 3(173) (Wo)ay = 3(e3) V5 — 6(d2) ¥y
~6(¢1) Vo2~ 3(e), Ui

+ do¥3 (Vo) +6(d1)V2(Vo)y +6(d1)¥2(v0)y
+6(@3)Y0(o)y + 6(do)Ya(¥1),
+6(P1)¥1(Y1)y + 6(d2)Yo(¥r1) + 6(do) ¥ (W)
+6(¢1)Vo(V2)y + 6(do)Vo(¥r3),

=3(¥0)*(Yo)x — 3d0(Wo) , +3(0)x Yo,
=3(0)* (Y1) — 6¥ov1 (Vo) — 3¢1(Yo),

= 3¢o(y1) +3(B1)x Vo + 3(¢ho) Y1,
=3(¥0)*(Y2) — 6% (Y1), — 6% (Y1),
= 3(¥2)* (Yo)x — 3¢a(V0)

=3¢1(¥1)y — 3do(V¥2)y + 3(do)y V2 — 3(1)y Y1 — 3(2) Yo

Page 7 of 20
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(25)
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Ha () = =3(¥0)*(¥3), — 6Y0¥1 () — 6%ova (Y1),
= 6v0s(Vo)y — 6¥192(o)y
= 3(¥3)*(¥3), — 3¢5 (Vo) — 302 (Y1), — 31 (¥12), — Bpo(¥3) ¢ + B(o) , V13
+3(h1)x W2 + 3(d2) 1 + 3(dh3) Yo

Comparing the coefficients of the same powers of p, we have

P°:do(x,n) = c— 2csech?(Vey),

(s°Q-0)+ O’)L[
SU

pl : ¢1 (X, 77) = _L_1|: (¢0)3x + HO(¢)]:|

= 8¢3 sinh(v/cx) SechB(\/ZX)<(1 —o)+ F(Zn: 1))’
W-o)ra)y
SU

P25¢2(X: T)) =_H4—1|: (¢1)3X +H1(¢)]i|

= -16c* [2 cosh?(y/cx) — 3]

\ , o 20-0)on°
x sech (ﬁx)((l—o) "TRo+1) T+l )

PPids(x,m) = —L‘l[ -

L[(¢2)3y + H2(¢)]:|

= 128172 [cosh®(v/cx) — 3] sinh(y/cx)

o

Ui
I'o+1)

X sechs(ﬁx){(l -0l +o(l-0)(1+0 +207)

362(1-0)n* o320 + 1)n*
I'2o +1) 'Go +1)

and

P°:vo(x,n) = 24/csech(v/ex),

(s°1-0)+ CF)]L[
SU

pl : wl(X’ 77) = _]L1|: (w0)3x + Ho(lﬁ)]i|,

= —4c*sinh(+/cx) SeChz(x/EX)<(1 —0)+ F((:l: 1))’

(s°(1-0)+ o)L[

Priva(x,n) = —L_l[ = (Y1)sy + Hl(llf)]:|

-8¢3 [cosh?(vex) - 2]

; , 0¥ 2(0-o0)on°
x sech («/EX)<(1_G) "Teo+1) ' T+1) )’

(26)

(27)

(28)

Page 8 of 20
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3.
P’ ys(x.m)
(71 -0)+0)
=-L"! |:S75L[(1/f2)3x + Hz(l/f)]

= —16¢*[cosh®(v/cx) — 6] sinh(v/cx)

a

Ui
I'o+1)

X sech“(ﬁx){(l -0l +o(l-0)(1+0 +20?)

302(1-0)n* o3T(20 +1)p°°
+ ’
I +1) TGo +1)

Hence a series solution is given by

¢0O6m = Y dilx,m)

i=0

=c¢—2csech®(W/ex) + 8¢h sinh(\/Ex)sechS(\/Ex)((l —o)+ on’ )
I'o+1)

— 16¢*[2cosh®(v/cx) - 3]

X sech4(ﬁx)<(1 _o)+ o’n* 21— cr)an”)

F2o+1)  T(o+1)
+128¢"?[cosh?(v/cx) - 3]

a

n
I'loc +1)

X sinh(\/Ex)sechS(\/Ex){(l -0l +o(l-0)(1+0 +20?)

oo o eur)
and
v (x,m) = i%(x,n)
= 2;/5 sech(v/cx) — 4c* sinh(v/cx)

x sechz(ﬁx)((l —o)+ F(anl)) +8c3cosh®(v/ex) - 2]
< sechg(x/EX)<(1 0P+ FZ’;’TI) X &“j‘if)
— 16¢*[cosh®(V/cx) - 6] sinh(v/cx) sech*(v/cx)
x {(1 —0)P+o(l-0)(1+0 +20?) r(:i 5

o, o)

Page 9 of 20
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Putting o = 1 in (29) and (30), we get the solution of the problem
o(x,n) = c—2csech®(Vey) + 8776% sinh(v/cx) sech®(/cx) — 8n%c
x [2cosh*(v/cx) - 3] sech*(v/cx)
64
+ S e eosh(Vex) - 3] sinh(ex) 6
5 32 4 4 2
x sech®(y/cx) - She [ZCosh (v/cx) = 15cosh?(+/cx) + 15]

x sech®(Vex) +-- -,

and

¥ (6, m) = 2v/esech(v/cx) — 4nc? sinh(v/cx) sech® (v/ex)
+ 4n2c% [cosh?(v/ex) - 2]
x sech(v/cx) - §n3c2 [coshs(\/z)() - 6] (32)
x sinh(v/cx) sech*(Vex) + = n4613/2

x [cosh*(v/cx) — 20 cosh®(v/cx) + 24] sech®(v/ex) — -+ - .

The solution represented by Eqs. (31) and (32) is similar to the exact solution in a closed
form as follows:

®(x,n) = ¢ 2csech®(Ve(x +2¢n)),

(33)
Y000 m) = 2/@sech(va(x + 2en).

In Figs. 1 and 3, the actual and HPTM solutions of ¢(x,n) and ¥ (x,n) are calculated
at o = 1. In Figs. 2 and 4, the 3D graphs for ¢(x,7n) and ¥ (x,n) for different fractional
order show that the HPTM solutions derived are in a strong agreement with the actual

k(x, )

x\\\\\\n

l[,
lp,// ///‘ filyl}‘ ‘ll

Figure 1 The exact and analytical solutions graph at ¢(x, n) of Example 4.1

Page 10 of 20



Igbal et al. Advances in Continuous and Discrete Models (2022) 2022:37 Page 11 of 20

Figure 4 The different fractional-order figure ¥ (x, 1) for Example 4.1
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Table 1 Variation of the actual solution with HPTM solution of ¢ (x, 1) at n = 0.01

(2022) 2022:37

X Exact result HPTM result Absolute error
3.0 0.9810379547 0.9810379579 1.957810944E-09
25 0.9488741084 0.9488741131 4.588520200E-09
20 0.8640471736 0.8640471812 7.500972059E-09
1.5 0.6514628688 0.6514628649 3.864259000E-09
1.0 0.1853889664 0.1853888931 7.330837940E-08
0.5 -0.543605397 0-0.5436054423 4.527637000E-08
0.0 —-0.999200213 0-0.9992000000 2.130000000E-07

-0.5 -0.601733281 0-0.6017333223 4.129203000E-08

-1.0 0.1342165142 0.1342164396 7.470826874E-08

-15 0.6252890662 0.6252890617 4.510941000E-09

-20 0.8531473885 0.8531473961 7.543603848E-09

-25 0.9446752749 0.9446752795 4.629439800E-09

-3.0 0.9794667886 0.9794667902 1.994434944E-09

Table 2 Variation of the exact result with HPTM solution of ¥ (x, n) at n = 0.01

X Exact result HPTM result Absolute error
3.0 0.1947410861 0.1947410860 1.001455080E-10
25 0.3197683274 0.3197683273 1.358172040E-10
20 05214457334 05214457333 6.868329502E-11
1.5 0.8349097330 0.8349097328 2.056274600E-10
1.0 1.2764098350 12764098350 3.489344755E-10
0.5 1.7570460420 1.7570460420 6.046615540E-10
0.0 1.9996000670 1.9996000670 3.333333500E-10

-05 1.7898230530 1.7898230520 4.983904460E-10

-1.0 13158901820 13158901820 3.908333123E-10

-15 0.8656915546 0.8656915546 3.031660000E-12

=20 0.5419457750 05419457750 7.044098959E-11

-25 0.3326401212 0.3326401213 5.249600400E-11

-3.0 0.2026485202 0.2026485201 2472076832E-10

and the approximate solution. This comparison shows that the HPTM and the actual so-
lutions are very close. As a result, the HPTM is a dependable new study that requires less
computation of computations, is adaptable, and simple to use. In Tables 1 and 2, the exact
result and HPTM solution of different fractional order of ¢(x,n) and ¥ (x,n) at n = 0.01

are given.

Example 4.2 Assume homogeneous two-component time fractional coupled third-order

KdV system as follows:

D;¢_¢3X_¢¢X_ww)(:0: 77>0,X€R,0<0517

(34)
DYy + 243, — ¢y =0,
with the initial condition
d(x,0)=3— 6tanh2<§),
(35)

1//(x,0)=—3c«/§tanh<§).

Page 12 of 20
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Using the Laplace transform on Eq. (34) by the application of initial condition given by
Eq. (35), we get

SU

Lot - 1 {3- snn( £ )} + 2D nkon, - g0, - v

(36)
L[y (x,n)] = { 3cftanh( ) } - W}L[ng — oy, .
Applying the inverse Laplace transform, we get
(o) 1 _
9 =3~ 6tanh2<§) D D g, -,
i (37)
W) ==3evBtann(£) -1 [T Dy, ).
Using HPM on Eq. (37), we get
> Peilxm)
i=0
- 3 6tanh? (%) (38)
+ [ {(3(7 ((Zp oi(x, n)) (Zp"Hi(qb))) H
3y i=0
> pilon)
i=0
= -3c¢v/2 tanh<§) (39)
1 <.
- []L {7( Loy ( (ZP Vilxom ) - (Zp‘Hi(I/f)»”.
57 3x i=0
Nonlinear steps given by He’s polynomials H;(¢) and H;(/) are given as follows:
> PHi() = ¢y + Yy,
0 (40)

Y PH) =

i=0

Values of factors of He’s polynomials are given as follows:

Ho() = go(do)y + Yo(to)y

Hy(¢) = ¢1(do)y + dol@1)y + ¥1(Vo)y + Yo(¥1)ys

Hy () = ¢a(do)y + 1(d1)y + Po(2) + Va(Yo)y + Y1 (1) + Yo(¥2)y (41)
Hs(p) = ¢3(do)y + da(d1)y + P1(2)y + Po(ds)y + Ys(Wo)y + ¥a(V1)y

Page 13 of 20



Igbal et al. Advances in Continuous and Discrete Models (2022) 2022:37 Page 14 of 20

+ U1 (Yra)y + Yo(¥s)y,

and

Ho(y) = =¢o(¥0)

Hy(¥) = =¢1(¥0) = do(¥r1)

Hy () = =¢2(0) — d1(¥1)y — po(¥2)x (42)
Hs () = =¢3(Y0) — d2(¥1)y — d1(¥2)x — do(¥3)

Comparing coefficients of the same powers of p, we have

P’ igo(x,m) = 3—6tanh2(§),

pipi(om =L [WL[(%)M + Ho(¢)]}

- 2 X X _ on’
= 6sech <2>tanh<2)((1 a)+F(a+1)>’

pZ : ¢2(X’ 77)

:L_l[wl‘[wbl)%( +H1(¢)]]r (43)

=3|2 + 7sech? X —15sech* X
2 2

of X 9 o’n* 2(1-0)on®
x sech (5) ((1_“) "T@o+1)  T(o+1) )

(s°(1-0)+ a)L[
SU

p3 :¢3(Xr Tl) =]Ll|: (¢2)3X +H2(¢)]i|r

and

PP Yo(x,m) = —3c~/§tanh<§>,

(s°1-0)+ O')L[
SU

pl : 1/f1(X, 77) = _]L’1|: 2(w0)3x —Ho(¢)]i|,

- 2 X X _ on’
= 3¢cv/2sech (2>tanh(2)((l a)+F(a+1)>'

P> va(xn)
[(s"(l —-0)+ O')]L[
S(7

=-L* 2(Y1)3y — Hl(lﬁ)]:|, (44)
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3ca/2
= V2 2 + 21 sech? X 24 sech* X
2 2 2

2 , . o 2(1-0)on?
XSGCh( ><(1_ S Tee D Te+D )
1[(S"(1—0)+cr)

SU

]93 : W3(X, 77) =-L L[2(1ﬁ2)3x —Hz(lﬂ)]}

Hence a series solution is given by

é(x,m)

=Y ¢ilxn),
i=0

2 , o' 2(1-o)on’
x sech <2><(1 Ve D) T+ )‘ 5)

Y (x,n)

=Y ilon)
i=0

:—SCx/Etanh(§> + 3cv/2 sech? ( )tanh( )((1_(,)+ %)
+ 3cv/2 |:2 +21 sech2(£> - 24sech4(ﬁ)i|
2 2 2

2 2 9 2 -o0)on”
x sech <2><(1 VoD TerD >+

Putting o = 1 in (45), we get the solution of the problem

o(x,n)=3- 6tanh2<2)+6nsech2<2>tanh<2>
3
n> 2 + 7 sech® X - 15sech* X sech? X —,
2 2 2

v(x,n) = —3cx/§tanh<§> + 3ncx/§sech2( 5 ) tanh< 2)

3cv/2
+ Cfnz 2+ 21sech?( £ ) —24sech( L) [sech?( £ ) + ...
4 2 2 2

(46)
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u(x, )

Figure 5 The exact and HPTM solution figure at ¢p(x, ) of Example 4.2 foro =1

The solution given by Eq. (46) is similar to a closed form solution

¢(x,m) =3- 6tanh2<XT+n),
(47)

Y(x,n) = —SCﬁtanh(XTJrn).

In Figs. 5 and 7, the actual and HPTM solutions of ¢(x,n) and ¥ (x,n) are calculated
at o = 1. In Figs. 6 and 8, the 3D graphs for ¢(x,7n) and ¥ (x,n) for different fractional
order show that the HPTM approximated solutions derived are in a strong agreement
with the actual and the approximate solution. This comparison shows that the HPTM and
the actual solutions are very close. As a result, the HPTM is a dependable new study that
requires less computation of computations, is adaptable, and simple to use. In Tables 3 and
4, the exact result and HPTM solution of different fractional order of ¢(x,n) and ¥ (x,n)
at n =0.01 are given.

5 Conclusions

In this paper, we calculated the fractional-order Kersten—Krasil'shchik coupled KdV—-
mKdV nonlinear system using the Laplace transform and the Atangana—Baleanu deriva-
tive. The suggested method is applied to obtain the solution of the given two problems.
The HPTM solution is in close contact with the exact result of the given problems. The
present scenario also calculated the results of the given problems with fractional-order
derivatives. The figures of the fractional-order results achieved have shown the conver-
gence towards the results of integer order. Furthermore, the present method is simple,
straightforward and required less computational cost; the current technique can be mod-

ified to solve other fractional-order partial differential equations.
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u(x, )

o(x, )

Figure 7 The exact and HPTM solution figure at ¥ (x,n) and ¥ (x,n) of Example 4.2 at o =1

AN
N

?(x, Q)

H
W

Figure 8 The different fractional-order figure of ¥ (), n) for Example 4.2
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Table 3 Variation of the exact result with HPTM solution of ¢(x,n) at n =0.01

(2022) 2022:37

X Exact result HPTM result Absolute error
5 —-2.840462381 -2.840462380 1.444186835E-09
4 -2.576135914 -2.576135916 7.505047070E-10
3 —-1.915858303 -1.915858299 4.760423501E-09
2 -0.480345856 -0.480345845 1.127798505E-08
1 1.718468335 1.718468318 1.736182461E-08
0 2999999985 2.999999910 7.500000002E-08
-1 1718904452 1.718904435 1.715811279E-08
-2 -0.479962035 -0.479962025 1.021909119E-08
-3 -1.9156620237 -1.915662020 4.383116417E-09
-4 -2.576054184 -2.576054186 1.160759310E-10
-5 —-2.840430898 -2.840430897 5.811609752E-10

Table 4 The comparison of the exact solution with HPTM solution of ¥ (x, 1) at n = 0.01

Exact result

HPTM result

Absolute error

-0.00003128920578
-0.00002953283553
-0.00002464651012
-0.00001563187126
-0.000009064576442
-1.060578884000000
-0.000008032738383
-0.00001648493229
-0.00002345262104
-0.00002833704423
-0.00003218607047

-0.00005018707030
-0.00003941505303
-0.00002354262325
-0.00001368571425
-0.000008133706541
-1.050550263000000
-0.000008064752114
-0.00001351283541
-0.00002565550250
-0.00002832282225
-0.00003218920551

1.889786452E-09
9.882217500E-09
1.103886870E-08
1.946157010E-08
9.3086990E-08

1.769181166E-07
3.080452365E-08
2.711411868E-08
1.387225658E-08
5.778090290E-09
2.226059143E-09
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