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Caffarelli-Kohn-Nirenberg. More precisely, we treat the space-periodic case in three

space dimensions and consider a full discretization in which the classical
Crank=Nicolson method (8-method with @ = 1/2) is used to discretize the time
variable. In contrast, in the space variables, we consider finite elements. The
convective term is discretized in several implicit, semi-implicit, and explicit ways. In
particular, we focus on proving (possibly conditional) convergence of the discrete
solutions toward weak solutions (satisfying a precise local energy balance) without
extra regularity assumptions on the limit problem. We do not prove orders of
convergence, but our analysis identifies some numerical schemes, providing alternate
proofs of the existence of “physically relevant” solutions in three space dimensions.
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1 Introduction

We consider the homogeneous incompressible 3D Navier—Stokes equations (NSE)

du—-vAu+w-Vu+Vp=0 in(0,T) x T3,

(1.1)
divu=0 in(0,T) x T3,
in the space periodic setting, with divergence-free initial datum
Ulpeo = o in T3, (1.2)

where T > 0 is arbitrary, v > 0 is given, and T? := (R/27Z)? is the three-dimensional flat
torus. Here, the unknowns are the velocity vector field # and the scalar pressure p with
zero mean values. The aim of this paper is to consider families of space-time discretization
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of the initial value problem (1.1)—(1.2), which are of the second order in time, and (as
the parameters of the discretization vanish) to prove the convergence toward the Leray—
Hopfweak solutions, satisfying, in addition, certain estimates on the pressure and the local
energy inequality

2 2 2
at(%> +div(<% +p>u> - \)A(%) +v|Vul*> <0 inD'(]0, T[xT?).

Leray—Hopf weak solutions satisfying certain extra properties on pressure and the local
energy inequality are known in the literature as suitable weak solutions, and they are of
fundamental importance from the theoretical point of view since they are those for which
partial regularity results hold true, see Scheffer [30] and Caffarelli-Kohn-Nirenberg [11].

Due to possible non-uniqueness of solutions in the 3D case, see, in particular, the recent
result in [1] for the case with external forces, it is not ensured that all schemes produce
weak solutions with the correct global and local balance. Moreover, from the applied point
of view, the local energy inequality is a sort of entropy condition. Even if it is not enough to
prove uniqueness, it seems a natural request to select physically relevant solutions, espe-
cially for turbulent or convection-dominated problems. For this reason, it is natural to ask,
in view of obtaining accurate simulations of turbulent flows, that the above local energy in-
equality has to be satisfied by solutions constructed by numerical methods. The interplay
between suitable weak solutions and numerical computations of turbulent flows has been
emphasized starting from the work of Guermond et al. [18, 19] and a recent overview
can be found in the monograph [4]. In this paper, we continue and extend some previ-
ous works in [3, 6-8], and especially [5] to analyze the difficulties arising when dealing
with full space-time discretization with second-order schemes in the time variable. The
aim of this paper is to extend the case 6 = 1/2, which corresponds to the Crank—Nicolson
method and could not be treated directly with the same proofs as in [5]. In particular, the
case 6 = 1/2 requires a coupling between the space and time mesh-size, which is neverthe-
less common to other second-order models. In fact, besides the Crank—Nicolson scheme
(CN) studied in Sect. 5, we will also consider in the final Sect. 6 other schemes involving
the Adams-Bashforth or the Linear-Extrapolation for the convective term.

To set up the problem, as in [16], we consider two sequences of discrete approximation
spaces {X;}, C Hy and {M;}, C H;, which satisfy — among other properties described
in Sect. 3 — an appropriate commutator property, see Definition 3.1. Then, given a net
tm := mAt, we consider the following implicit space-time discretization of the problem
(1.1)-(1.2): Set u}) = 7y, (uo), where 7y, is the projection over Xj,. For any m = 1,...,N and
given u)" ! € X, and p;"~! € My, find &}’ € Xj, and p” € M}, such that

(dtuZ‘,vh) + v(VuZ”m, Vvh) + by, (u:,"’l/z, u;,”’m,vh) - (p;,’f,div vh) =0,

(CN)
(divu)',qn) =0,
ul -l . . . . .
where d;u™ := =) — is the backward finite-difference approximation for the time-
derivative in the interval (¢,,1,%,) of constant length At; uZ”l/ 2.z %("‘Zl + u}’f’l) is the

average of values at consecutive time-steps; bh(uZ"l/z, uhm'l/ 2 v,) is a suitable discrete ap-

proximation of the non-linear term. Other notations, definitions, and properties regarding
(CN) will be given in Sects. 2-3. We refer to Quarteroni and Valli [29] and Thomée [32] for
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general properties of 0-schemes (not only for 6 = 1/2) for parabolic equations. Recall that
for the fully implicit Crank—Nicolson scheme, Heywood and Rannacher [22] proved that
it is almost unconditionally stable and convergent. For a two-step scheme with a semi-
implicit treatment for the nonlinear term, He and Li [20] gave the convergence condition:
Ath 12 < C,. For the Crank—Nicolson/Adams—Bashforth scheme in which the nonlin-
ear term is treated explicitly, Marion and Temam [28] provided the stability condition
Ath™* < Cy, and Tone [33] proved the convergence under the condition Ath27%2 < C,,
and in all cases, Cyp = Cy(v, 2, T, ug, f). The situation is different in two space dimensions,
cf. He and Sun [21], where more regularity of the solution can be used, but these results
are not applicable to genuine (turbulent) weak solutions in the three-dimensional case. We
observe that the value 0 = 1/2 makes the scheme more accurate in the time variable but,
on the other hand, introduces some “natural” or at least expected limitation on the mesh-
sizes. Other schemes will also be considered, to adapt the results to different second-order
schemes since the proof is rather flexible to handle several different discretizations of the
NSE.

As usual in time-discrete problem (see, for instance, [31]), to study the convergence to
the solutions of the continuous problem, it is useful to consider v;*, which is the linear

interpolation of {u}’ %:1 (over the net t,, = mAt), and u,ft and pﬁt, which are the time-
step functions such that on the interval [¢,,_1,,,) are equal to u;l”’l/ % and p}, respectively,

see (3.12).
The main result of the paper is the following; we refer to Sect. 2 for further details on
the notations.

Theorem 1.1 Let the finite element spaces (Xy, My,) satisfy the discrete commutator prop-
erty and the technical conditions described in Sect. 3.1. Let ug € H}, and fix At >0 and
h > 0 such that

Atlluoll3

W = 0(1), (1'3)

Let {(vyt, up, pi")y ae as in (3.12). Then, there exists
(u,p) € L™(0, T;LE,) NL*(0, T; Hy, ) x L*(0, T; L),
such that, up to a sub-sequence, as (At,h) — (0,0),

vl — u  strongly in L* ((0,T) x ']I‘s),
u,' —u  strongly in L*((0,T) x T%),
Vupt = Vu  weakly in L*((0, T) x T%),
ppt —p  weaklyin L*3((0,T) x T%).

Moreover, the couple (u,p) is a suitable weak solution of (1.1)—(1.2) in the sense of Defini-
tion 2.2.

Remark 1.2 Theorem 1.1 also holds in the presence of an external force f satisfying suit-
able bounds. For example, f € L2(0, T; L*(T?)) is enough.
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The proof of Theorem 1.1 is given in Sect. 5, and it is based on a compactness argument
as we previously developed in [5] and a precise analysis of the quantity "' — ] using
the assumptions linking the time and the spatial mesh size.

Plan of the paper. In Sect. 2, we fix the notation that will be used in the paper and re-
call the main definitions and tools applied. In Sect. 3, we introduce and give some details
about the space-time discretization methods. Finally, in Sect. 4, we prove the main a priori
estimates needed to study the convergence, and in Sect. 5, we prove Theorem 1.1. In the

final Sect. 6, we adapt the proofs to a couple of different second-order schemes.

2 Notations and preliminaries
In this section, we fix the notation that will be used in the paper; we also recall the main

definitions concerning weak solutions of incompressible NSE and a compactness result.

2.1 Notations

We introduce the notations typical of space-periodic problems. We will use the customary
Lebesgue spaces L7(T?) and Sobolev spaces W*?(T?), and we will denote their norms by
Il ll, and || - [ly#p. We will not distinguish between scalar and vector valued functions
since it will be clear from the context, which one has to be considered. In the case p = 2,
the L2(T?) scalar product is denoted by (-, ), we use the notation H*(T?3) := W*2(T?) and
define, for s > 0, the dual spaces H*(T?) := (H*(T?))". Moreover, we will consider always

sub-spaces of functions with zero mean value, and these will be denoted by

Ly = {weLP(ﬂr3):/3wdx=0}, 1<p=+oo,

T

and also by

Hj = H*(T°) N L.
As usual, we consider spaces of divergence-free vector fields defined as follows:

Lﬁiv = {w € (Lﬁ)3 cdivw = 0} and, for s > 0, H},, := H, ﬂLﬁiv.
Finally, given X a Banach space, L?(0, T; X) denotes the classical Bochner spaces of X val-
ued functions, endowed with its natural norm, denoted by || - [|z7(x). We denote by #(X)
the discrete counterpart for X-valued sequences {x”'}, defined on the net {mAt}, and with
weighted norm defined by ||x||1;,(x) = At an/lzo (Bl
2.2 Weak solutions and suitable weak solutions

We start by recalling the notion of weak solution (as introduced by Leray and Hopf) and

adapted to the space periodic setting.

Definition 2.1 The vector field u is a Leray—Hopf weak solution of (1.1)—(1.2) if

ueL™(0,T;L3,) NL*(0, T; HY,),
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and if u satisfies the NSE (1.1)—(1.2) in the weak sense, namely the integral equality

T
/0 [, 0:0) = v(Vir, V) — (st - Vi, )] ddt + (10, $(0)) = 0 (2.1)

holds true for all smooth, periodic, and divergence-free functions ¢ € C°([0, T); C*(T?)).
Moreover, the initial datum is attained in the strong L2-sense, that is

tlir(r)1+ ””(t) —Ho “2 =0,

and the following global energy inequality holds
1 2 ! 2 1 2
3 ||u(t) ||2 +v ||Vu(s) szs < 3 lluoll;, forallz e [0, T]. (2.2)
0

Suitable weak solutions are a particular subclass of Leray—Hopf weak solutions and the
definition is the following.

Definition 2.2 A pair (&, p) is a suitable weak solution to the Navier—Stokes equation (1.1)
if u is a Leray—Hopf weak solution, p € L*3(0, T; L2), and the local energy inequality

T ) T |M|2 |M|2
v/ / [Vu| qbdxdtf/ / |:—(3,5¢+UA¢))+ (— +p)u~V¢] dxdt (2.3)
o Jr3 o JmlL 2 2

holds for all ¢ € C3°(0, T; C*°(T?)) such that ¢ > 0.

Remark 2.3 The definition of suitable weak solution is usually stated with p € L>3((0, T) x
T3) while in Definition 2.2 p € L*3(0, T; L>(T?)). This is not an issue since, of course, we
have a bit less integrability in time, but we gain a full Z2-integrability in space. The main
property of suitable weak solutions is the fact that they satisfy the local energy inequality
(2.3), and weakening the requests on the pressure does not influence the validity of local
regularity results; see, for instance, discussion in Vasseur [34].

2.3 A compactness lemma

In this subsection, we recall the main compactness lemma, which allows us to prove the
strong convergence of the approximations. We remark that it is a particular case of a more
general lemma, whose statement and proof can be found in [27, Lemma 5.1]. Even if it is
a tool used for compressible equations most often, it is useful here to recall the special

version taken from [5].

Lemma 2.4 Let {f;)}en and {g,}nen be uniformly bounded in L>(0, T; L*(T®)), and let be
given f,g € L°(0, T; L*(T?)) such that

fo—~f weaklyinL? ((0,T) x ']I‘3),

gn—g weaklyin L*((0,T) x T?).

Let p > 1 and assume that

(@fuln CLP(O,TsHH(T?)),  {gudn € L2(0, T;H'(T?)),
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with uniform (with respect to n € N) bounds on the norms. Then,
Sugn —fg  weakly in L' ((0, T) x T?).

3 Setting of the numerical approximation
In this section, we introduce the space-time discretization of the initial value problem
(1.1)—(1.2). We start by introducing the space discretization by finite elements.

3.1 Space discretization
For the space discretization, we strictly follow the setting considered in [16]. Let 7T be
a non-degenerate (shape regular) simplicial subdivision of T?. Let {X;}ss0 C Hy be the
discrete space for approximate velocity and {M,}0 C L3 be that of approximate pressure.
To avoid further technicalities, we assume, as in [16], that M}, C H;.

We make the following (technical) assumptions on the spaces X, and M,:

1. Foranyve H} and for any q € L%, there exists {vj}, and {g,}, with v, € X}, and

qn € My, such that

vy, — v strongly in Hy as h — 0,
(3.1)
qn— q strongly in L2 as i — 0;

2. Letm,: L*(T3) — X, be the L-projection onto Xj. Then, there exists ¢ > 0
independent of / such that

Van e My |mn(Van)||, = clignllz (3.2)
3. There is ¢ independent of / such that for all v € Hj,
v =mwll, = inf. v =wils < chlvin,
a0 < ellvils
4. There exists ¢ independent of / (inverse inequality) such that
Vv € Xy, vallp < ch7[valla. (3.3)
Moreover, we assume that X, and M), satisfy the following discrete commutator property.
Definition 3.1 We say that Xj, (resp. Mj) has the discrete commutator property if there

exists an operator P, € L(H'; X},) (resp. Q, € L(L?; M})) such that for all ¢ € W (resp.
¢ € Wh®) and all v, € X, (resp. g, € My,)

[vnd = Puvnd) | 0 < B Hlvill pm | bl wms .00, (3.4)

|an® - Quland)|, < chlignll2llpllwice, (3.5)

forall0</<m<1.
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Remark 3.2 Explicit and relevant examples of couples (X}, M},) of finite element spaces
satisfying the commutator property are those employed in the MINI and Hood-Taylor
elements with quasi-uniform mesh, see [16]. In addition, similar approximation properties
of finite element functions multiplied by a smooth function are known in the literature as

superapproximation; see, e.g., Demlow, Guzmdn, and Schatz [13].

We recall from [16] that the coercivity hypothesis (3.2) allows us to define the map
Yy, : HZ — M), such that, for all ¢ € HZ, the function y,(q) is the unique solution to the
problem:

(n(VYn(@), V) = (Vq, Vry).

This map has the following properties: there exists ¢, independent of 4, such that for all
q € H2,

IV (¥n(@) - q) |, < chligle,

|7 V@1 < cliglipe-
Let us introduce the space of discretely divergence-free functions
Vi = {Vh € Xy :(divvy,qn) =0Vqy € Mh}.

The most common variational formulation (for the continuous problems) of the con-
vective term nl(u,v) := (u - V)vis

b(u,v,w) = / (u-V)v-wdkx,
T3

and the fact that b(u,v,v) =0 for u € Lﬁiv, Ve H; allows us to deduce, at least formally,
the energy inequality (2.2). This cancellation is based on the constraint div & = 0, and this
identity is not valid anymore in the case of discretely divergence-free functions in V},. To
have the basic energy estimate, we need to modify the non-linear term since V/, ;(_ Hc}iv
and the choice of the weak formulation becomes particularly relevant in the discrete case
since it leads to schemes with very different numerical properties.

To formulate the various schemes, we will consider which one corresponds to the Cases
1-2-3. We define the discrete tri-linear operator by(-, -, -) in different (but standard) ways.
This permits a sort of unified treatment: for instance, in all the three cases considered
below, it holds at least that ni, (1, v) — which is the discrete counterpart of nl(u, v) — satisfies
the following estimate

|l v) | s < Nualislvllzn Vu,v e Hy.

We will now detail the various different discrete formulations we will use.
Case 1: We use the most common option, which is a “symmetrized” operator

1
nly(u,v) = (u-V)r+ ivdiv u, (3.6)
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for the convective term, which leads to the tri-linear form

by(u,v,w) := <nlh(u, V), W>H,1 <HY (3.7)
such that
bu(u,v,v) =0 Vu,ve Hg, + Vj.
Moreover, this tri-linear operator can also be estimated as follows
1 .
|bi(u, v, W)| < llull6 | VY2l wlls + §||V||6|| divul2llwlis
(3.8)

1/2 1/2
= ClIVull2[IVVIIwl = VW™,

by means of the Sobolev embedding H'(T®) C L8(T?) and of the convex interpolation in-
equality.

”»
’

Case 2: Alternatively, we can consider the “rotational form without pressure,” as in Lay-

ton et al. [26], which corresponds to the formulation
nly(u,v) = (V x u) x v, (3.9)
and leads to the tri-linear form

bh(u, v, W) = <nlh(1/l, V)' W>H—1 XH;’

such that
bu(u,v,v) =0 Vu,veHy, + Vj.
Moreover, this term can be estimated as follows

|, v, w)| < IV < ull2llvll6liwlls
(3.10)
< ClIVul2 [ VI llwlly I Vw3

again by means of the Sobolev embedding and of the convex interpolation inequality. In
this case, one is hiding the Bernoulli pressure %Ivl2 into the kinematic pressure. It is well
documented that the scheme is easier to be handled but the under resolution of the pres-
sure has some effects on the accuracy; see Horiuti [23], Zang [35], and the discussion in
[26].

To overcome the numerical problems arising when using the operator from Case 2, other
computationally more expensive methods are considered, as the one below.

Case 3: We consider the rotational form with the approximation of the Bernoulli pres-

sure, as was studied in Guermond [16].

nly(u,v) = (V X u) X v+ %V(IC;,(V “u)),
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where K, is the L2 — M), projection operator, which is stable, linear and is defined as
(Kuu, vi) = (u,vy), for all u € L? and v, € Mj,. In this way, the tri-linear term is such that

bh(l/l, v, W) = <l’llh(u, V)r W>H—1 XH;’

such that
bu(u,v,v) =0 Vu,veHy, + Vj.

The first estimate, which is proved also in [16], is the following one:
(v, v, w)| < vl VI3l Wl

Here, to gain a better estimate from the presence of the projection of the Bernoulli pres-
sure, we use some improved properties of the L2-projection operator K, which are valid
in the case of quasi-uniform meshes. Indeed, for special meshes, one can also show the
WLP stability. The improved stability for the L2-projection has a long history; see Dou-
glas, Jr., Dupont, and Wahlbin [15], Bramble and Xu [9], and Carstensen [12]. Moreover,
in the recent work by Diening, Storn, and Tscherpel [14], it is also analyzed the stability
for highly adaptive meshes and the newest vertex bisection (NVB). In three-space dimen-
sions, their theory covers the range of exponents we consider, at least for Taylor—-Hood
elements. Here, we limit ourselves to consider quasi-uniform meshes, but combining the
cited results with our methods more general meshes could be probably handled. A dif-
ferent approach in Hilbert fractional spaces is used in [17], but we do not know whether
this applies to the estimates we use. Anyway, we could not find the detailed proof of the
required stability, which can be obtained using the L”-stability of the operator X;, the
inverse inequality, valid for the meshes we consider, and the W'?-stability and approx-
imation of the Scott—Zhang projection operator IT;, (see [10]) valid for f € W1#(Q), for
p € [1,00[. Just to sketch the argument, it is enough to use the following inequalities

IS Nlwre < ]| Ka(f = T iy + 1T Nl
< 7 Kulf = TLA|, + TS Tl
< ch7Hf = Tfllp + TS Nl

<clfllwre-

With this stability result, in Case 3, the nonlinear term can be estimated as follows

| v, w)| < [ VullaIvlisliwlls + || VICh(u - v) ”3,2||W||3
< (CIVull IVl + || Kne - v) || i) 1wl
v (3.11)
< (CIIVull Vv + llulislviis + 1 Vulalivile + lulesl VVi2) Iwlls

1/2 1/2
= ClIVaull2IVVIlwly = VW™,

by means of the Sobolev embedding H'(T?) c L°(T®) and of the convex interpolation in-
equality, exactly as in the first two cases.
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3.2 Time discretization

We now pass to the description of the time discretization. For the time variable ¢, we
define the mesh as follows: Given N € N the time-step 0 < At < T is defined as At := T/N.
Accordingly, we define the corresponding net {¢,,}_, by

to:=0, tywi=mAt, m=1,...,N.

We consider the Crank—Nicolson method (CN) (cf. [29, §5.6.2]). With a slight abuse of
notation, we consider At = T/N and 4, instead of (N, /1), as the indexes of the sequences
for which we prove the convergence. Then, the convergence will be proved in the limit as
(At, ) — (0,0). We stress that this does not affect the proofs since all the convergences
are proved up to sub-sequences.

Once (CN) is solved, we consider a continuous version useful to study the convergence.

To this end, we associate to the triple (u;,”’l/ 2, u)', p;') the functions

(Vﬁ‘, uﬁt,pﬁt) [0, T] x T2 > R® x R® x R,

defined as follows:

u;[”‘l + Elm= () - uh’”‘l) for t € (L1, tm),

Vﬁt(t) .= "’ At
uj, for t = ty,
m,1/2
u fort € [ty_1,tm),
UAOER S e (3.12)
u,’ for t = ty,

py fort e[ty 1,tm)
py fort=ty.

Then, the discrete equations (CN) can be rephrased as the following time-continuous sys-

tem:

(vt wi) + by (', uy wi) + v (Vuy, V) = (", divwy) =0,
(3.13)

(div uﬁt,qh) =0,

for all wy, € L*(0, T;X;) (with s > 4) and for all g, € L*(0, T;M;). We notice that the

divergence-free condition comes from the fact that ] is such that
(divu;,”,qh) =0 form=1,...,N,Vq, € Mj,.

4 A priori estimates
In this section, we prove the a priori estimates that we need to study the convergence of
solutions of (3.13) to suitable weak solutions of (1.1)—(1.2). We start with the following

discrete energy equality.

Page 10 of 25
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Lemma 4.1 Let N € Nand m =1,.,N. Then, for solutions to (CN), the following (global)
discrete energy-type equality holds true:

S 2= e 2) + vt 92 <o @)

; 1
Moreover, if uy € Hy,

iv?

there exists C > 0 depending on ||up||n such that

1
Z””h —up! 2<C<At+h]/2> (4.2)

Proof We start by proving the (global) discrete energy equality. For any m = 1,...,N take
wy = X[tm_htm)uh’"'l/z € L*°(0, T; X)) as test function in (3.13). Then, it follows

um_um—l
< h Ath ,uzn,1/2>+v||vu 1/2”2 0,

m,1/2

which holds true since u;""'* € X}, and p}' € Mj, we have that

()% u"?) =0 and  (p)f,divug ) = 0.
The term involving the discretization of the time-derivative reads as follows:

m—-1 m1/2)

1
(”h —Uy Uy E(uh — g g 1) (””h ||2 ””h 1|| )

Then, multiplying by At > 0, Eq. (4.1) holds true. In addition, summing over 1, we also
get

e a mz(2_ Ly op2
S+ vae S Gu 2 = 2 o

2)
m=0

which proves the [* (L )N (H, 1) uniform bound for the sequence {u/" it
To prove (4.2) take wy, = X116 (W) — U}~ 1)y € L*(0, T; X;,) in (3.13). Then, after multi-
plication by A¢, we get

VAt
— (Ve |* = v [)

|y =i 1”2
< At|bh(u;ln’7,u;n’%,uh —up )|

SN Nl H I e N R

where in the last line, (3.8) has been used. Using the inverse inequality (3.3) and summing
overm=1,...,N, we get

N
VAL
5 Ve 15+ 3w -

VAL )
< Ivals+ hmZIIV )
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VAL

0112 At N m,% 2 m m—1
< 20w+ AL g + L)

m=1

IA

VAL At Y 1
P g2 2l 2 Y v

m=1

VAL

2C|ul3
ST”WﬁHi* i

vhiz ’

where we used the l“(Lﬁ) N I*(H;) bounds coming from the energy equality and then
proving the thesis. O

Remark 4.2 At first glance the inequality (4.2) seems useless, being badly depending on /.
Recall that the convergence to zero of 25:1 lley" — uy™~ |13 is a required step to identify
the limits of v, and of ;. Nevertheless, the key step in the next section will be that of
combining this inequality with a standard restriction on the ratio between time and space
mesh-size, to enforce the equality of the two limiting functions.

The following lemma concerns the regularity of the pressure. Following the argument
in [16], we notice that we are essentially solving the standard discrete Poisson problem
associated with the pressure. It is for this result that the space-periodic setting is needed.

Lemma 4.3 There exists a constant ¢ > 0, independent of At and of h, such that
2], = el [+ o sl ) Sorm =1,
Proof The proof is exactly the same as in [5, Lemma 4.3]. O

We are now in position to prove the main a priori estimates on the approximate solutions
of (3.13).

Proposition 4.4 Let u, € Lgiv and assume that (1.3) holds. Then, there exists a constant

¢ > 0, independent of At and of h, such that
a) ||Vﬁt||L°°(L2) <c
b) ”uﬁt”LOO(LZ)ﬂLZ(Hl) =c
<) IIPﬁtllL4/3(L2) =q
d) ||8tVﬁt||L4/3(H71) <
Moreover, we also have the following estimate

TAt At |2 AtN m m-1|2
/0 P =y g il ¢ (43)
m=1

Proof The bound in L*(0, T;L3) N L*(0, T; Hy) for viy* follows from (3.12) and Lemma 4.1,
as well as the bounds on ;" in b). The bound on the pressure p;* follows again from
(3.12) and Lemma 4.3. Finally, the bound on the time derivative of vﬁt follows by (3.13)
and a standard comparison argument. Concerning (4.3), using the definitions in (3.12), we
get for ¢ € [t,-1,tm)

1 1 t—t,
Y (B s S )
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Then, evaluating the integrals, we have

’ At At |2 al m m—1112 tm 1 t—1tu1 2
[ Ve Sl - [ (5 )

At Y )
=13 Ll - .

5 Proof of the main theorem
In this section, we prove Theorem 1.1. We split the proof into two main steps: The first
concerns showing that discrete solutions converge to a Leray—Hopf weak solution, while

the second proves the constructed solutions are, in fact, suitable.

Proof of Theorem 1.1 We first prove the convergence of the numerical sequence to a
Leray—Hopf weak solution, mainly proving the correct balance of the global energy (2.2);
then, we prove that the weak solution constructed is suitable, namely that it satisfies the
local energy inequality (2.3).

Step 1: convergence toward a Leray—Hopf weak solution. We start by observing that from
asimple density argument, the test functions considered in (2.1) can be chosen in the space
L5(0, T; Héiv) NCcYo,T; L(znv), with s > 4. In particular, using (3.1) for any w € L*(0, T; H(}iv) N
CY(0, T;L%,) such that w(T, x) = 0, we can find a sequence {wj,};, C L(0, T; H;) N C(0, T; L?)
such that

wy — w  strongly in L°(0, T; Hy) as h — 0,
wy(0) > w(0) strongly in Lﬁ ash— 0, (5.1)

dwp — dw weakly in L*(0, T;L3) as 1 — 0.

Let {(vi, vi', 03} (ae i, defined as in (3.12), be a family of solutions of (3.13). By Propo-
sition 4.4a), we have that

{V,ft}(m’h) CL>(0,T;L;), with uniform bounds on the norms.

Then, by standard compactness arguments, there exists v € L>(0, T; L2) such that (up to

a sub-sequence)
vt = v weakly in L*(0, T; L}) as (At, ) — (0,0). (5.2)

Again using Proposition 4.4 b), there exists u € L*(0, T;L%) such that (up to a sub-

sequence)

up! 2u weakly* in L*(0, T;L;) as (At, h) — (0,0), 53)
5.3
u,t —u weakly in L*(0, T; Hy) as (At, ) — (0,0).



Berselli and Spirito Advances in Continuous and Discrete Models (2022) 2022:65 Page 14 of 25

Moreover, using (3.1), for any g € L*(0, T;L3), we can find a sequence {g,}, C L*(0, T;L3)
such that g;, € L2(0, T; Mj,) and

qn— q strongly in L* (0, T; Li) ash— 0.

Then, using (5.3) and (3.13), we have that

T T
0= / (divup’, qn) dt — / (divu,q)dt as (At,h) — (0,0),
0 0

hence u is divergence-free, since it belongs to H; . Let us consider (4.3), then

g At & At
[ -l < 3 S - < (a0 e 155 ), 50
m=1

where in the last inequality we used again Proposition 4.4 and the estimate (4.2). Then, the
integral fOT Vit — ut |13 dt vanishes as At — 0 if At = o(h'/?), that is if (1.3) is satisfied.
Then, from (5.2) and (5.3), it easily follows that v = u.

The rest of the proof follows the same as in [5], so we just sketch out the proof, referring
to [5] for complete details.

By Lemma 2.4 and the fact that u = v, we get that u},'v/)* — |u|*> weakly in L*((0, T) x T®)
as (At, h) — (0,0). In particular, using (5.4), we have that

vt up' —u  strongly in L*(0, T5L3) as (At, h) — (0,0). (5.5)

Concerning the pressure term the uniform bound in Proposition 4.4 d) ensures the exis-
tence of p € L*3(0, T;L2) such that (up to a sub-sequence)

pipt —p weaklyin L*3(0, T; L3) as (At, 1) — (0,0). (5.6)

Then, using (5.1) and (5.2), we have that

T T
lim dvyt,w dt:—/ u, d;w) dt — (o, w(0)),
(At,h)—>(0,0)/0 (3evia®, wn) A (1, 0,w) (10, w(0))

Next, using (5.3), (5.1), and (5.6), we also get

T T
lim / (Vup', Vwy) dt = / (Vu, Vw)dt,
(0,0) 0 0

(At,h)— (0,
T
/ (pﬁt,div wh) dt — 0 as (At h) — (0,0).
0
Concerning the non-linear term, let s > 4, with a standard compactness argument
nly (uht, up’) = u-Vu, inL°(0,T;H ) as (At,h) — (0,0).

Then, also from (5.1), it follows that

T T
/ by (uyt, uyt, wy) de — / ((u-V)u,w)dt as(At,h) — (0,0). (5.7)
0 0
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Finally, the energy inequality follows by Lemma 4.1, using the lower semi-continuity of the
L2-norm with respect to the weak convergence, since the estimate (4.1) can be rewritten
as

1 r 1
Sl / [ Va o) [ e = < ol
0

The treatment of the Case 2 and Case 3 can be done with minor changes, concerning the
tri-linear term, just using the estimate already proved in the previous section. The other

terms are unchanged, and the energy estimate remains the same.

Remark 5.1 The results for Case 2 and Case 3 can be easily adapted also to cover the 6-
scheme for 6 > 1/2, hence completing the results in [5], which were focusing only on the
treatment of Case 1.

Note that the tri-linear term based on the rotational formulation from Case 2 and Case 3
(V x up') x uj' converges exactly as in the previous step, since

(V x up?) x uftt = (V xu) xu, in L (0, T;H™Y)  as (At,h) — (0,0),
which implies (5.7), ending the proof in Case 2.

In Case 3, the term, which needs some care, is the projected Bernoulli pressure. In this

case, note that for Si* + % = S—l,,

T , T P
[ Vel ) o) e = [ -1

T
< [ =l ]
0

< ”uﬁt—u

20 (195 | sy + Nl

This shows that
Ki(|up ) = Ku(1wl?)  in L7 (0, T;12(T?)).

Moreover, since Kj(|w|?) — |w|? in L*(T®) for a.e. t € (0,T) and [|KC,(jw|?)[2 < w3,

by Lebesgue dominated convergence, we have C;,(|w|%) — |w|? in L* (0, T; L*(T?)), finally
showing that

T T
/ (Kh(|u£t|2),divv) dt — / (|u|2,divv) dt.
0 0

This proves, after integration by parts, that

T T
/ by (uy’, uyt w) dt — / (- Vu,w)dt.
0 0

Note also that since in all cases, it holds that

1 r 1
Sz / Va0 de < 3 ol (5.8)
0
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a standard lower semi-continuity argument is enough to infer that the weak solution

u=v=_lim wup'= Tlim v
(AD—(0,0) (AD—(0,0)

At

also satisfies the global energy inequality (2.2).

Step 2: proof of the local energy inequality. In order to conclude the proof of Theorem 1.1,
we need to prove that the Leray—Hopf weak solution constructed in Step 1 is suitable.
According to Definition 2.2, this requires just to prove the local energy inequality. To this
end, let us consider a smooth, periodic in the space variable function ¢ > 0, vanishing for
t=0,T; we use Py(u;"$) as test function in the momentum equation in (3.13).

The term involving the time-derivative is treated as in [5].
T
| ot puiie)) ae
0
T T
= / (vt up' ) dt + / (0evy", Pu(uy ') — up' ) dt =2 I + L.
0 0

Concerning the term /;, we have that

T T
=/ (Btvﬁt,vﬁt¢)dt+/ (Bevyy, (upt = vi")@) dt =: Iy + Ina.
0 0

Let us first consider I;;. By splitting the integral over [0, T] as the sum of integrals over

[tm-1,tm] and by integration by parts, we get

T
/ (vt vyt ) dt
0

N oty

Z/ (Ovi vt o) dt—Z/ ( vt o )dt

m=1 tim-1

li Dt %)) = (|| ¢ Z ’28¢ dt
2 m» h tyu-1,% - » Ot

-1
where we used that Btvﬁ‘(t) . u" , for t € [t,,-1,tm[. Next, since the sum telescopes

and ¢ is with compact support in (0, T), we get

T A T 1 A2
/0 (Oevy vyt o) dt /0 <5|vht ,8t¢>dt

By the strong convergence of vi* — u in L*(0, T;L}), we can conclude that

0

T T
1
li ) At’ di = — 1 2,8 ”
(Bt (00) (0", vi'9) /0 <2|M| X

Page 16 of 25
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Then, we consider the term I;,. Since uﬁt is constant on the interval [t,,_1, %[, we can

write
T N tm
[ o - v)g)dr == 3 [ @), (03 - ) s
m=1" tm-1
N tm A2
2 ()
m=1" tm-1

since the sum telescopes. Hence, we have that ”h - Vh * vanishes (strongly) in L%(0, T; L2 W)
provided that At = o(4'/2). Then, I} — 0 as (At, 1) — (0,0).

Remark 5.2 It is at this point that the coupling between /1 and At plays a role. For the con-
vergence of the other terms, the discrete commutator property is needed. We are skipping
some details from the other proofs because they are very close to that in the cited refer-
ences.

We have that the I, — 0 as (At, 1) — (0,0). Indeed, by the discrete commutator property
(3.4), Proposition 4.4, and the inverse inequality (3.3), we can infer

T
1= [ ] 1Pa(0) e e

1/2 1/2

0 (L2) ” up! ||L2 HY) = ch'™.

12| 5 At At

= o |00y | s 6"
Hence, this term also vanishes as # — 0, ending the analysis of the term involving the
time-derivative.

Concerning the viscous term, we write

1
(5, Vi 0)) = (Vi ) ~ (510 20 ) + R

with the “viscous remainder” R := (Vup,!, V[Py(u)'$) — uj'$]). Since u;* converges to
u weakly in L2(0, T; H;) and strongly in L*(0, T;L3),

T
) dtz/ (IVul?, ¢) dt
0

T
g, |, (09
1 T
) /(; (L7

For the remainder R, using again the discrete commutator property from Definition 3.1,

T
2, A¢)dt — %/ (lul?, Ap) dt
0

we have that

T
‘/ Rvisc dt
0

We consider now the nonlinear term b;,. We have

T
fch/ |Vudt|2dt—0 as (AL, ) — (0,0).
0

bh(uh ,uh Ph(u ¢)) =by (uh ,uh ,uh ¢) + Ry (5.9)

Page 17 of 25
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The “nonlinear remainder” R,;; := by (u},", uy’, Py(ujy' ) — ujy' ¢) can be estimated using the
discrete commutator property, (3.3), and (3.8), (3.10), (3.11) for the choices of the nonlin-
ear term approximation in Case 1, Case 2, and Case 3, respectively. Indeed, we have

Rl < (2, 16) |1 [P (1470) = "0 o0 < i o [ (5:10)
hence, by integrating over time
T
/0‘ R, dt — 0 as(At,h)— (0,0).
The last term we consider is that involving the pressure. By integrating by parts, we have
(pp', div Py (up ) = (py uy", V@) + Ryt + Ryo.
where the two “pressure remainders” are defined as follows
Ry1 = (p; 5 div(Pu(up'e) —u;'9)) and Ry := (¢p),", divuy,”).
Using again the discrete commutator property (3.5) and (3.3), we easily get

IRp1l = chlpp ||| 1

which implies
T
/ Ryidt — 0 as (At h) — (0,0).
0

The term R,, can be treated in the same way but now using the discrete commutator

property for the projector over Qy

/ /
|"‘I§t ||i22(H1) H U’ ”25@2)’

IRl = | Qu(pir'9) = pi* ¢ i ¢l = ™ |23 ey

and finally this implies that
T
/ Rypdt — 0 as (At h) — (0,0).
0

The convergence

T T
/0 (pp ", Vo) — fo (pu, Vo)

is an easy consequence of (5.5), (5.6) and Proposition 4.4 b). These steps are common to
the three cases.

We now treat the inertial term. In Case 1, the definition of n/}, in (3.6) allows us to handle
the first term on the right-hand side in (5.9) with some integration by parts as follows:

1 2
t

- , Vo ).
3o

b ) = —(uhA e
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By arguing as in [5], it can be proved that

1 1
uﬁ£§|uﬁt|2 — u§|u|2 strongly in LI(O, T;Ll), as (At, h) — (0,0),

and one shows that
T T 1
/ by (uy’, uyt up' @) dt — —/ <u§ lu|?, V¢> dt as (At h) — (0,0).
0 0

In Case 2, the result is much simpler since by direct computations, one shows that for
smooth enough w, we have (by a point-wise equality, where €, the totally anti-symmetric

tensor)

[(V xw) x w]-(¢pw) = Z(fjki — €jim) W Wi Wi

ijk,l

=¢ Z Wi e WiWw; — w;0;wiwy = 0.
ik

Hence, we get
At At At
bh(uh Juy Uy, q)) =0,

and there are no terms to be estimated.
In Case 3, we get instead (cf. [16, Lemma 4.1])

1
b 9) =~ (o) v ()

2,V¢)) +R1 +R2

-

with

1

Ryt= = (a6 () - i, V9) and Rye= L (@) v,

The strong L* (0, T; L?)-convergence of Ky (|u2|> implies that fOT |R| dt — 0. While using
the discrete commutator property for R,, we estimate

Rl = LK) - Quloa (i ) civ i)

< K| ) | o < el

e 1 W 17 %
which shows that foT |Ry| dt — 0. O

6 Extension to other second-order schemes

The techniques developed in the previous sections are general enough to be used to han-
dle with minor changes, also some more general second-order schemes, as, for instance,
the Crank—Nicolson with Linear Extrapolation (CNLE) and the Crank-Nicholson/Adams-
Bashforth (CNAB), as reported below. We have the following result.
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Theorem 6.1 Let the same assumptions of Theorem 1.1 be satisfied, and let replace as-
sumption (1.3) with (6.2) for the (CNLE) algorithm and replace assumption (1.3) with (6.4)
for the (CNAB) algorithm. Then, solutions of both schemes converge to a suitable weak so-
lution of the NSE.

The proofs are in the same spirit as in the previous section, after the corresponding
estimates (independent of 71) have been proved. For this reason, we simply include the
changes related to the proofs of the other cases previously treated.

Crank—Nicolson with Linear Extrapolation (CNLE). Another scheme that is similar to
the Crank—Nicolson (CN) in terms of theory, but performs better in terms of numeri-
cal properties is the Crank—Nicolson with Linear Extrapolation as introduced by Baker
[2] and studied by Ingram [24], especially in the context of non-homogeneous Dirichlet
problems.

In this case, the scheme is defined, for m > 2, by

(dyui), vi) + v(VuZ”l/z, Vi)
+ %bh (314;,"_1 - uZ"’z,uZ”'l/z,vh) - (pi,diV vh) =0, (CNLE)
(div uy'sqn) =0,

where the operator by,(-, -, -) is the same as in Case 1 (see the previous section), and for m =
1, the scheme is replaced by (CN) to be consistent with second-order time-discretization.
Scheme (CNLE) is linearly implicit, unconditionally, and nonlinearly stable, and second-
order accurate [2, 24, 25]. In [25], it is shown that no time-step restriction is required for
the convergence (but with mild assumptions on the pressure), and additionally, it is proved
the optimal convergence for smoother solutions.

Here, we prove the following result that is not assuming any extra-assumption neither
on the Leray—Hopf weak solution # nor on the pressure p and can be used to prove the
local energy inequality, reasoning as in the previous sections.

Lemma 6.2 LetN € Nandm =1,.,N. Then, for (CNLE) the following discrete energy-type

equality holds true:
1. .02 1112 mi 2
Sl = [ ) + vae| Vi, |, = 0. (6.1)

Moreover, if uy € H;, there exists C > 0 such that if

h3 2
At < ;—6min{h2, ol }, (6.2)

4C?

then

N
>l -y, <c.
m=2

Proof The first part of Lemma 6.2 can be proved in a direct way simply using uh””l/ % as test

function, obtaining (6.1); the proof of the second estimate requires some additional work
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in the spirit of [28, Sect. 19]. To this end, let us define

m-1
uy — uj,

8=
L 2
Using 2At u}" as test function in (CNLE), we get

A e L B A R A 7

= —20AL(V8), V™) — At by (3uy ™t —ul 2w, ),

m m m-1 m-2 uh +”Zn ! m
= —20AL(V8]!, Vi) - Atby( 3u) ™ —u)] Ty ),

Hence, the right-hand side can be estimated as follows

|2vAL(V8}!, Vu™) + Athy(3Vuy ™ — V2,8, uf))|

=2vat|vap|, | vur,

1/2 ” 1/2

+ A3V |, + [V ) [Vl 85, Ve

_ 241 m y CAL il 1o
e A S e (] R P B A WA
. (At) .

< I+ Va3 + 31671
8C(AL)?

—5 32+ ) | Ve
h

Next, using the uniform estimate on |||l coming from the previous step, we get

~ 1 8At 32C%At
I - Lo e 1oy 1 o vt w31 (2 3 - o) <o,

and under the restriction on At and / from (6.2), we obtain

o 15 = a1 + —||5h |5 +vae|va|; <o,

which ends the proof by summation over m.

The convergence to a weak solution satisfying the global and the local energy inequality
follows in the same manner as in [5] and the results from the previous section. Once the

estimated are proven, one has just to rewrite word-by-word the proof in Case 1.

Crank-Nicolson/Adams—Bashforth In the same spirit of Case 1, we can also consider
the Crank—Nicolson scheme for the linear part and the Adams—Bashforth for the inertial
one, as it is studied, for instance, in [28, Sect. 19]. The algorithm reads as follows: solve for

m=>2

(daal, i) + v(Va)" ', V) + ;bh ()~ u ™ o)

(divu)',qn) =0,

— =by (w2 u) 2, v) — (p), divvy) =0, (CNAB)

Page 21 of 25
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where by (-, -, -) is defined by means of (3.6)—(3.7), while again u,lz is obtained by an iteration
of (CN). This method is explicit in the nonlinear term and only conditionally stable [21,
28]. The (CNAB) method is popular for approximating Navier—Stokes flows because it is
fast and easy to implement. For example, it is used to model turbulent flows induced by
wind turbine motion, turbulent flows transporting particles, and reacting flows in complex
geometries; see Ingram [25].

First, observe that it is possible to prove, with a direct argument, a sort of energy balance
for the scheme, namely an inequality of this kind

1 2 2 1
1 1/2 2
Shuly +vad| v, = S luol,
but nevertheless, from the above estimate, one can also obtain by means of the inverse

inequality

At

1 v At
Sl + = 1vul; < S luoli3 +

At 1
UT |V, Hi = (5 + ]:L?) lluoll3 := K3, (6.3)

1
2
with K3 independent of Atz and /. The estimate for 7 > 1 is obtained by a induction argu-

ment in [28, Lemma 19.1]. The proved result is the following.

Lemma 6.3 Assume that ug € L(zﬁv, and (6.3) holds. Then, there exists Ky independent of

At and h such that if
4c? At 1
At < jaal and — <max —,2 s (6.4)
v h3 32v Ky
then
i), < Ka.

N
S ey - upt|; < 32K,
m=1

N
arY|[vup | < 4,

m=1

We just comment that the proof is obtained by showing (with the same estimates em-

ployed in the previous case) that

At ~ 1 -
(1055 e <ot wheres™s= | g -

and then applying an inductive argument. This is enough to prove the standard result ] €
[°(L?) N 2(H') from which one deduces the estimates also on the pressure. Next passage
to the limit is again standard showing that the linear interpolated sequence converges to
a distributional solution of the NSE.

A nontrivial point is to justify the global energy inequality because, in this case, the
estimate (5.8) does not hold. The functions v, and u,"’ have the requested regularity but
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do not satisfy the correct energy balance, since
§b m-1  m-1 _m lb m=2  m-2 _m 0
B n (1™ ’Mh)_z (= =2 uy) #0.

The correct energy balance is satisfied only in the limit (%, Af) — (0,0), but this cannot be
deduced at this stage. As usual the global energy inequality cannot be proved by means of
testing with the solution itself, but only after a limiting process, cf. [4].

The way of obtaining it passes through the verification that (i, p) is a suitable weak solu-
tion. The validity of the local energy inequality can be done as in [5] and results in Case 1,
once the (conditional) estimate in (6.5), is obtained. Note that in this case, the restriction
on the relative size of At and / is needed already for the first a priori estimate.

Next, by adapting a well-known argument in [11, Section 2C], we can deduce it from
(2.3). In fact, it is enough to replace ¢ by the product of ¢ and y. (which is a mollification
of x[s,1,](£), the characteristic function of [£;, £;]) and pass to the limit as € — 0 to get

T
/|u(t2)|2¢(t2)dx+v/ / \Vul*¢ dxdt
T3 o Jr3

T 2 2
< [ e Potaxs [ /w[%«w VAG) + (% +P>u - v¢] dxdt,

and the above formula is particularly significant if ¢(z,x) # 0 in (1, 2). Next, in the above
formula, one can take a sequence ¢, of smooth functions converging to the function ¢ =1
and at least in the whole space or in the space periodic setting, one gets the global energy
inequality (2.2) as is explained at the beginning of [11, Sect. 8]. Moreover, the same argu-

ment applied to arbitrary time intervals also shows that
1 2 2 2 1 2
S+ v/tl Va9 ds = 5 Jue]2 forallo=s <t,=<T.

Hence, the strong global energy inequality holds true.

7 Conclusion

In this paper, we analyzed several second-order (in time) numerical methods for the un-
steady Navier—Stokes equations. We proved that numerical solutions converge to physi-
cally relevant solutions under mild assumptions on the discretization parameters (in space
and time). The analysis is performed for several different discretizations of the convective
term, and the methods applied, for their generality, can also be adapted to different situa-
tions provided that simple stability estimates are at hand.
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