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1 Introduction

Multiagent systems have been a hot topic in the past decades, due to their wide appli-
cations in many different fields, such as unmanned aerial vehicles, multirobot forma-
tions, distributed optimization, etc. There are some results reflecting that modeling by
fractional-order differential equations would produce more accurate descriptions, for ex-
ample, underwater robots that work on the ocean floor where microbes and sticky matter
abound. Li has studied the consensus behavior of fractional-order multiagent systems in
[1] and [2]. Since then, many results have focused on consensus of fractional-order mul-
tiagent systems (FOMASs), see for example [3—7] and references therein.

In a networked environment, communications among agents often block the channel
under a continuous-transmission mechanism. Thus, discontinuous transmission mech-
anisms of information of agents have attracted much attention, in which, both time-
triggered and event-triggered methods have produced many significant results [8—10].
There are several kinds of time-triggered methods, such as impulsive control, intermittent
control, sampled-data control, etc. All of them have been widely applied in the fractional-
order multiagent systems. See, for example [11-13] and references therein. The event-
triggered control method has been proposed by Tabuada in [14], and was first used for
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fractional-order multiagent systems in [15]. Many outstanding results have been pub-
lished recently [16-18].

Impulsive control makes the controlled systems convert their orbits just in some discrete
instants and has extremely low cost. Noting that most of the existing results about impul-
sive control are time triggered, i.e., agents will change their states at some determined
moments (periodic or aperiodic). A natural question is can we design the impulsive con-
trollers based on an event-triggered mechanism? In other words, agents will change their
states at some moments when the preset events occur. The so-called “Event-Triggered Im-
pulsive Control (ETIC)” has aroused more and more attention in the last few years [19-21].
However, there is little research about ETIC for fractional-order systems [22, 23].

In networked systems, the mismatched parameters for the subsystems are difficult to
avoid. This phenomenon caused the heterogeneous multiagent systems to be widely inves-
tigated by researchers. For the fractional-order multiagent systems, there are also a num-
ber of papers about heterogeneous models [24—26]. According to the discussion above,
this paper will consider the quasiconsensus problem of fractional-order heterogeneous
multiagent systems via the ETIC method. The main contributions of this manuscript can
be summarized as follows:

(1) This manuscript studies the consensus problem of fractional-order heterogeneous
multiagent systems using event-triggered impulsive control, while most existing works
about cooperative control for fractional-order multiagent systems did not consider that
the multiagent systems are heterogeneous.

(2) For the controllers given in this paper, the impulsive controllers based on an event-
triggered mechanism are provided, which can avoid the situation that impulsive instants
for all agents should be always identical. Furthermore, Zeno behavior is successfully ex-
cluded.

(3) Distributed impulsive controllers are used, which can reduce channel blocking, un-
der which, the bounded consensus criteria are given by some lower-dimensional matrix
inequalities and scalar inequalities and a prescribed error bound is given.

The remainder of this paper is organized as follows. The preliminaries of fractional-
order calculus and problem formulation are introduced in Sect. 2. The quasiconsensus
criteria for the considered fractional-order multiagent systems are derived in Sect. 3. In
Sect. 4, the effectiveness and feasibility of the developed methods are shown by two nu-

merical examples. A concise discussion is given in Sect. 5.

Notations Throughout this paper, I, denotes an n-dimensional identity matrix. R” de-
notes the n-dimensional Euclidean space. R”*" is the set of m X n real matrices. * stands
for the symmetrical part in a matrix. diag{...} stands for a diagonal matrix. |x| denotes the
absolute value of x. || - || denotes the Euclidean norm of the vector. Ay (P) and A, (P)
stand for the largest eigenvalue and smallest eigenvalue of matrix P, respectively. opax (P)
stands for the maximum singular value of matrix P.

2 Preliminaries and problem formulation
2.1 The Caputo fractional operator and Mittag-Leffler function
Definition 1 ([27]) The « > 0 order integral is defined as:

e 1 [T F)
Do) = F(a)/g (£ — )1 ds
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Definition 2 ([27]) Caputo’s « > 0 order derivative is defined as:

Coppy_ L ‘)
Qth(t) - I'(n-a) 0 (t_s)1+a—n ds,

wheren—1<a<nm,neN.
In the following, we will consider Caputo’s operation, by simply denoting:
JDf () = g DEf ().

We just consider the case that 0 < « < 1, then, one has:

P Lf(s)
D () = m_a)/g G=p ds.

Noting that, for any constant C, one has ,D*C = 0. The Mittag—Leffler function is the
basis function of fractional calculus, as the exponential function is to the integer-order

calculus, which is defined as follows.

Definition 3 ([27]) The two-parameter Mittag—Leftler function is defined as:

Ea,ﬂ(z) = ; m,

where o >0, 8 >0, I'(.) is the Gamma function.

Definition 4 ([27]) The one-parameter Mittag—Leffler function is defined as:

Eu@) = Ean@) =Y

= Ioi+1)
In the particular case when « = 1, one has E;(z) = exp(z).

Lemma 1 ([28]) Let x(t) € R" be a vector of differentiable functions. Then, for any time
instant t > o, the following relationship holds

oD (& (0)Px(t)) < 25" ()P, D*x(t), Vo €(0,1),Vt > o,
where P € R"™" s a constant, square, symmetric, and positive-definite matrix.

Lemma 2 ([29]) Suppose that V() is a continuous function satisfying , Dy V (t) < 6V (¢)
for t > ty, then,

V(t) < V(t)E (0t - 8)*), &>t

where 0 < a < 1 and 0 is a constant.
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2.2 Model formulation
Consider the nonlinear FOMASs consisting of N followers (labeled by 1,2,...,N), which
are described by

tkD“xi(t) :Aixi(t) +Big(xi(t)) + Lll'(t), i= 1,2,...,N, (1)

where x;(£) = [x;1(£), x2(2), ..., %:,(£)]T € R” denotes the state of the ith follower, A; and B;
are constant matrices, g(x;(£)) = [g1(x;(£)), @2(x:()), ..., g, (x:(£))]” is a vector value function
with gx(-) : R” — R, and u;(¢) is the communication protocol, which will be designed later.
The dynamics of the leader (labeled by 0) is described by

1 D%0(2) = Agxo(£) + Bof (x0(2)), 2)

where xo(£) = [x01(2), %02(2), ..., %0.(t)]T € R” denotes the state of the leader, xo(t) may be
an equilibrium point, a periodic orbit or event a chaotic orbit.
The distributed impulsive control protocol is designed as

]

= Z |:—C]/]( Z lljx] —cd; )/k xt( ) (t))j|6(t - tk)’ (3)

k=1

where c¢ is the coupling strength, d; > 0 are the gain between leader and the ith follower,
i=1,2,...,N, when d; = 0, there is no directed path from the leader to the ith follower.
Consequently, it can be seen as a pinning control method. §(-) is the Dirac delta function,
and 8(¢) = lim,_,q x (¢) with x (¢) = % when 0 <t < r,and y () = 0 otherwise. yx is the impul-
sive gain in the kth impulsive moment; more information about the impulsive sequence
{tx} and impulsive gain y, will be given later.

Let e;(£) = x;(t) — x0(t), e(t) = [e1(t), ex(t),...,en(t)]T, then, the error dynamics can be
described by

4 D%ei(t) = Ajei(t) + Bif (ei(t), x0(2)) + i(x0(2)) + ui(2), (4)

where f(e;(£), %0(2)) = g(ei(£) +x0(£)) — g(xo(£)) and i(x0(2)) = (A; — A)xo(£) + (B; — B)g(%0(2)).
Meanwhile, the control protocol can be rewritten as

oo N
wit) = [—cyk > liei(t) - cdiy(k)e,-u)} 8(t - te).
k=1 j=1

According to [30], let Ae;(tx) = e;(t]) —ei(t; ), and e; (k) = ;(¢;) = limy_.o+ €;(ty — h), one can
obtain the following error system:

uDei(t) = A'ei(t) + Bif (ei(t), x0(2)) + @i(xo(2)), £ € (f-1, 8],
Aei(tr) = 1+a [ Z} 1 l}e](tk) + cdiei(t)].

(5)

Throughout this paper, the nonlinear FOMASs are assumed to satisfy the following as-
sumptions.
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Assumption 1 There are nonnegative constants g;; (i,j = 1,2,...,#) such that, for any x =
[%1,%2,...,%,] €R" and y = [y1,92,...,9u] € R, |gi(x) = g(®)| < 37, g3l — -

Assumption 2 x,(t) is bounded, that is, for any initial value x¢(0), there is T (x0(0)) such
that for any ¢ > T(x0(0)), l%o(2)|| < 0, where g isa positive constant.

Assumption 3 There is a directed spanning tree with the leader as the root in the com-

munication topology of the FOMAS, that is, the leader has a path to every follower.

Remark 1 Let Q = (q;)uxn- Then, for any diagonal matrices A, > 0, Assumption 1 implies
that (x —y)TQTAgQ(x -y > (gx) —g(y))TAg(g(x) —g(»)). Also, note that there are many
systems that can be satisfied, such as Chua’s circuit, and some chaotic neural networks. In
addition, according to Assumption 1 and Assumption 2, ¢;(x(¢)) is also bounded, that is,
max,. 7 [|¢i(xo(£))|| = @;, where @; > 0,i=1,2,...,N, are constants.

2.3 The design of the event-triggered impulsive controller (EIFC)

In this subsection, we will design the event-triggered impulsive controller. In the impulsive
control method, the states of the system will be jumped at some determined moment
tx, however, when the states are converging at some impulsive moment, the states are
unnecessary to jump. Therefore, the event-triggered mechanism will be adopted in this
paper, which is related with the states of the system.

Let T > 0 be the check period and 0 = £y, V(¢) = Zf\il el (t)Pe;(t) and P € R"™" is a
positive-definite matrix, 6; > 1 and 6, < 1. Then, the kth jumped moment and impulsive
gain y (k) are determined by the following algorithm (k = 1,2,...):

Under the above EIFC, let D = diag{d,d>,...,dx} be the pinning control matrix, one

can rewrite the error dynamics in a matrix form when ¢ =

cihy
t)=(In—-———L+D)®], k), =1,2,3. 6
e(tf) (N F(1+a)( + )®n>e(k) v (6)
3 Main results

In this section, we will prove that there is no Zeno behavior for the considered FOMAS

with the EIFC. Then, some impulsive quasiconsensus criteria are established for FOMAS

(1).

Theorem 1 Consider the FOMAS (1) with the checked period T > 0, impulsive instants
i for k = 1,2,... determined by the Algorithm 1. If Assumptions 1-3 hold, and there are

Algorithm 1 Algorithm to determine #, k=1,2,...
1: if 3t € (ty_1, tx—1 + T such that V() > 0,V (t;_,) then

2 tr=inf{t € (Gor, oy + TV () = 0, V({_})} and y (k) = iy
3: else if 3t € (fx_1, &1 + T such that V(¢) > 6,V (¢{_,) then
4 tr=ty1 + T and y (k) = us
5
6
7

. else
ti=ti1+Tand y(k)=u3=0
. end if
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positive matrices P, Wy;, Vy;, By, Eo; and constants a;, positive constants §;,i=1,2,...,N,
such that

Wy < Wy, (7)

Eoi <&, (8)

Then, there is no Zeno behavior for the concerned FOMAS, that is, there is a constant T > 0
such that inf{t;y — t;_1} > t > 0, where

PA;+AIP+QTA,Q PB; P
Wy, = * —Ag o 1,
* * B
aP 0 0
Uy=] x O 0 ’
* ok —Hy;

and a = maxi<;<y{a;}, Q and A, are defined in Remark 1.

Proof Choose a Lyapunov function as V(t) = Zl el (t)Pe;(t), according to Lemma 1 and
Remark 1 for any ¢ € (tx_1,t], k= 1,2,..., one has

N

5 D*V(t)l5) <2 Z e ()P[Asei(t) + Bif (ei(0)) + ¢i(%0(0)) ]

i=1

)
N
X Z ) Wimi(t) + @] (%0(2)) Brigi(%0(0)) ],
i=1
where 7;(t) = [e] (), f T (e:(2)), o] (x0(2))]T, according to (7) and (8), one has
N
WDV <aV()+ ) &), (10)

i=1

Noting that, ;, D*C = 0 for any constant C, then, we have

N . 2
D“<V(t)+ 72,»:15113, ) ( (£) + X 1& )
According to Lemma 2, one has
N gor2 N &2
V() < -2 500 (v(t,:l) + M)Ea (alt-t1)"), te(tntl. A1)
a a

Taking any (Z_1, %], let us consider the event at ¢ = t;. Based on Algorithm 1, if the first
condition “3¢ € (fx-1, tx—1 + T'] such that V/(£) > 0, V(¢;_,)” is not met, then tx —;_1 = T > 0,

it is obvious that there is no Zeno behavior. Consequently, we should investigate the case
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that “3¢ € (ty_1, tx1 + T such that V(t) > 6, V(¢{_,)’, if this event occurs at f;, we have
V() = 01V (t;_,), combined with 6; > 1 and (11), we have

V(t,) +

N & 2
Zi:la&@ <O V() +

N
D i1 g,-wf
a

N ¢ 2
< (V(t,j_l) + %)Ea (altr — tr1)”).

Thus, we have E, (a(tx — tx_1)*) > 1, then, we obtain #; — t;_; > 0. That is, Zeno behavior is
excluded for the system. The proof is completed. O

Theorem 2 Counsider the FOMAS (1) with the checked period T > 0, impulsive instants ty,
fork =1,2,...determined by Algorithm 1. If Assumptions 1-3, (7), (8) hold, and parameters
of the FOMAS are satisfied by

2 Chv T
Iy - L+D <p, =12, 12
o,mx(N Farp L )>_p v (12)

pb1 < 6, (13)
then, the trajectory of the error system (5) can exponentially converge into a ball M with a

[onsN ew? . .
convergence rate %, where M = {e(t)||le(®)| < %}, in which,

Ey(at*) a<0,

E (aT%) a>0.

}7:

Proof Choose a Lyapunov function as V(t) = Zﬁl eiT (t)Pe;(t). If “3t € (tg_1,tx—1 + T] such
that V/(¢) > 61 V(¢_,)’ according to (12) and definition of #, we have

V(&) = e (&) Un @ Pe(ty)

T
= eT(tk)((IN - F(CA(L + D)) ® In) (IN®P)

o+1)

CU1
X ((IN - m(L + D)) ® In)e(tk)
= pe’ () (((IN - %(L + D)T)

(9251
X (IN - W(L + D))) ® P)e(tk)

= ar%lax (IN - F(Zlui 1) (L + D)T)eT(tk)(IN ® P)e(tk)

<pV(t) < ptrV () <6V (8y).

If “At € (fx—1, tx-1 + T] such that V(£) > 6, V(¢{_,)” is not met, but “3¢ € (tx_1, {1 + T] such
that V(¢) > 6, V(¢_,)’ similarly, we have

V() <6V (60)-
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If“3t € (f—1, tk-1 + T] such that V/(£) > 6, V(£;_,)” is not met, and “3¢ € (£x_y, &1 + T] such
that V/(¢) > 6,V (¢{_,)” is also not met, one can conclude that

V(£) = V) <6V (8,).
According to (11), one has

V(t) =< nv(t[}rfl) + ;r te (tk—l!tk])
V(ty) < VI(t_,),

(14)

where ¢ =e(n-1),¢ = . By mathematical induction, we can derive that

N
25:1 Eiwiz
a

V() <nosV () +¢, te (bl

Noting that 7 < #; — tx_; < T and for any ¢, there must be k such that ¢ € (£;_;, tx], one has
% <k< f, which implies that

Infyp
V(i) <nV(0e T+,

Therefore, one can conclude that

[ nV(0) @y, ¢
“e(t) || = )"min(P)e oot )"min(P) ’

Then, as t — +00, the error e(f) converges exponentially into the ball M = {e(?)||le(?)|| <

YN w2
\/ %} at a convergence rate %. The proof is completed. d

Remark 2 Note that conditions in Theorem 1 are independent of the order «; however,

«a effects the value of E, (a(tx — tx_1)%), which implies that o will impact the time interval
of two successive triggers. In addition, E, (at®) is also related with «, which is significant
in Theorem 2. Consequently, the consensus results in this paper are closely related to the

order a.

Remark 3 In the above, the topology structure of the network is considered as a directed
graph. When the topology is undirected, one has a symmetric Laplacian matrix L, then, the
condition (12) can be replaced as A2 (Iy — e L+ D)T) < p. In addition, if the FOMAS

is homogeneous, which means that all nodes are identical, then it is easy to obtain @w; = 0,
i=1,2,...,N,according to the above, one can obtain the complete exponential consensus.

Remark 4 More detailed results about error estimation, optimization for quasiconsensus
of heterogeneous dynamic networks via distributed impulsive control have been discussed
in [31], in which, the pinning strategy also has been investigated. Some similar results also
can be derived in this paper, therefore, we omit them here.

Remark5 Compared with some existing results about impulsive control or the distributed
impulsive control method, this paper has considered the event-triggered mechanism.



Huang et al. Advances in Continuous and Discrete Models

(2022) 2022:63

Conditions in this manuscript are unrelated to the checked period 7, which is impor-
tant, the checked period T just effects the converge rate. Furthermore, due to the event-
triggered mechanism, some unnecessary impulsive jumping can be avoided, which would
be verified in the simulation part.

Remark 6 There are some results about impulsive control with an event-triggered mech-
anism. In [32-35], the event-based impulsive control method has been investigated, in
which, the impulsive instants are determined by a certain event. However, the feedback
controllers are also used in the systems, which is different from this paper. Distributed im-
pulsive control for heterogeneous multiagent systems based on an event-triggered scheme
has been studied in [36], compared with which, events and impulsive controllers are sim-
pler. Furthermore, this paper has discussed a FOMAS with fractional-order dynamics. Of
course, letting o = 1, the corresponding results about consensus of integer-order multia-
gent system can be obtained.

Remark7 The consensus problem has been analyzed in this paper, results about synchro-
nization of a coupled dynamical network or master—slave system can be derived easily.
For example, if there is only one follower, then the consensus problem converts to the
synchronization problem of a master—slave system directly, an example will be given in
the simulation part.

4 Numerical simulations

In this section, three examples will be given to show the effectiveness of the above theoret-
ical results. A master—slave system with mismatched parameters and a heterogeneous FO-
MAS will be studied in two examples. The predictor—corrector algorithm has been used
to simulate the fractional-order dynamical networks in this paper [37] with step 0.001.

Example 1 Consider N = 1, then, the consensus problem of a leader-following FOMAS
(1) becomes a synchronization problem between x; (£) and xy(t). Let # = 3, for any z € R3,

|zi + 1] — |z; - 1]

gi(2) = 5 ,
AO:_IB! A] 213,

125 -32 -32
By=|-32 11 -44]|,

-32 44 1

1 -3 -3
Bi=|l-3 1 4

-3 4 0

Without any control, the chaotic behavior of the leader x((¢) and the error response are
shown in Fig. 1 and Fig. 2, respectively. In which, the initial values are selected as x(0) =
[0.1,0.2,0.3]7 and x;(0) = [-1,3,-4]".

Consider the event-triggered impulsive controllers that have been designed in this paper,
onecanlet T =1, 6; =25,0, =09, P =13, u; = 0.8, o = 0.5, then, the consensus states
are shown in Fig. 3. Furthermore, the errors are shown in Fig. 4, and the event-triggered

Page 9 of 17
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x03(t)

Figure 1 Chaotic behavior of the leader xy(t)

x 10"

lle(®!l

Figure 2 Consensus error ||e(t)|| without any control

instants and the interval between this triggered moment and the next triggered moment
is shown in Fig. 5.

Example 2 Let us consider N =4, n = 3 in this example, for any

+1 =z -1 T
zeR?, gi(Z)=[—|Zl+| = l,o,o].

2
Also,
-25 10 O 6 0 O
Ay = 1 -1 1], By=]10 0 0],
0 -18 0 0 0 O
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Figure 3 Consensus states with control

10 T T T T T T T
Xos(t)
T X150 | ]
O E -
1 1 1 1 1 1 1
0 5 10 15 20 25 30 35

16 T
0.2
14 b
0.15
121 — i
i 0.1
10 b
_ 0.05
s |
- 0
30 32 34 36
6 t 1
4l
2l
0 . .
0 5 10

-25 10 1
A= 1 -1 11, B
0 -18 01
-25 5 0
Ay = 1 -05 1], By =
0 -17 0
-25 10
A3 = 1 _1 1 ’ BS =
0 -18

8§ 0 O
=10 0 0},
0 0 O
6 0 O
0 0 0],
0 0 O
55 0 0
0O 0 0},
0 0 O
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09

0.8

0.7

05

04r

03

The next triggered time interval

0.1

Figure 5 The release instants and release interval

x02(t) -1

Figure 6 Chaotic behavior of the leader xy(t)

-25 10 1 6 0 O
Ay = 1 -1 11, Bys=]10 0 O
1 -18 -1 0 0 O

Without any control, the chaotic behavior of the leader x,(¢) is shown in Fig. 6, and the
phase spaces of the followers can be seen in Fig. 7. One can see that the chaotic, stable,
unstable or periodic behaviors have been shown for the followers. Obviously, without any
control, the consensus can not be achieved, the error response is shown in Fig. 8.

The topology of the multiagent system is shown in Fig. 9, obviously, just the 1st and
2nd agents have been selected to be controlled. Let d; =dy =1, d3 =dys =0, T =1,
6 =12,6,=0.9, P=1I u, = 095, uy = 0.8, then, the consensus states are shown in
Fig. 10. Furthermore, the errors are shown in Fig. 11, and the event-triggered instants
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x10%°
1
€ 0 s 0
[
X‘_ 1 >(N 5
- -10,
2 2

25

llel

15[ 1

0.5 ]

0 5 10 15 20 25 30 35 40 45 50

Figure 8 Consensus error ||e(t)|| without any control

and the interval between this triggered moment and the next triggered moment is shown
in Fig. 12.

5 Conclusion

The quasiconsensus problem of a fractional-order multiagent system has been studied in
this paper, the heterogeneous case is considered for the multiagent system. By using the
designed event-triggered impulsive control protocol, the quasiconsensus can be reached
under some conditions that are formulated by a number of lower-dimensional matrix in-
equalities and scalar inequalities. The upper bound of the consensus error was estimated
precisely. Furthermore, Zeno behavior was excluded successfully. Numerical simulation
examples have been given to check the validity of the theoretical results. Noting that the

Page 13 of 17
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Figure 9 Topology of FOMASs in this example

Xo1 (t)
x4
Xy (t)
Xa (t)
*44(1)

Xo2 (t)
%45t
Xoy (t)
Xan (t)
*4o(0)

Figure 10 Consensus states with control

Xo3 (t)
%45(t)
Xoq (t)
Xgs (t)
X45(0)

10

lle(®l

Figure 11 Consensus error ||e(t)|| with control
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09

0.8
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Figure 12 The release instants and release interval

centralized control method has been used in this paper, however, the distributed strategy
will be more robust, thus, we will pay more attention to the distributed control methods in
our future works. As is known, time delays are difficult to avoid in real-world networked
systems, thus, the fractional-order multiagent system with time delays based on the con-
trol method in this manuscript will be researched in our future works.
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