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1 Introduction

As an important part of ecology, population models have been widely studied and ex-
plored because of their rich dynamic behaviors, aiming to provide theoretical guidance
for the protection, development, and utilization of biological resources [1]. Among the
most important population models, the predator—prey model plays an important role in
understanding the interactions of different species in unstable natural environments and
has been extensively studied [2—4].

In the past few decades, most studies have only considered the direct effects of preda-
tor species on prey species, because the effect is easy to observe in any case. However,
some actual data suggest that indirect effects of predator species on prey species also have
a significant effect on population dynamics, and in some cases are even greater than di-
rect predation [5-7]. Although we only observe direct predation behavior in nature, any
prey will respond to perceived predation risk and therefore exhibit different types of anti-
predation behaviors such as new selection of habitat, foraging behaviors, vigilance, and
several psychological changes [8—11]. This activity against predators can be thought of as
beneficial to adult survival, but the long-term cost will reduce the prey’s basic reproduc-
tion. In addition, when some prey are fully aware of impending predation risks, the choice
of a new habitat can sometimes negatively affect an individual’s lifetime reproductive suc-
cess. Poor habitat selection, i.e., poor quality of new habitat, affects not only adult repro-
duction, but also adult survival [4]. In 2011, experiments by Zanette et al. [12] showed that
song sparrows (Melospiza Melodia) produced 40% less offspring due to fear of predators.
This reduction is due to the effect of anti-predator behavior on both the birth rate and the
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survival of offspring. Thus, theoretical biologists and evolutionary ecologists have realized
that it is not only the direct killing or shock that needs to be taken into account, but also
the indirect shock or fear costs that must be incorporated into the model of predator and
prey populations.

The behavioral characteristics of predation can be called functional responses, which
play a dominant role in some complex dynamical behaviors, such as the steady states,
bistability, periodic oscillations, chaos, and bifurcation phenomena. The functional re-
sponse depends on many factors, such as different prey densities, the efficiency with
which predators search for and kill prey, processing time, competition between preda-
tors, etc. The most typical prey-dependent functional responses are (i) Lotka—Volterra
type; g(x) = px (linear); (ii) Holling type II, g(x) = % (concave increasing); (iii) Holling

type I1L, g(x) = 2 ’;22 (sigmoid increasing), where x is the density of prey, p is the maximum
predation rate, and c is the half-satiation constant. However, prey-dependent functional
responses fail to mimic predator—predator interference and face challenges from biolog-
ical and physiological communities. Some biologists have argued that in many cases, es-
pecially when predators must search for food (and therefore must share or compete for
food), the functional response in the predator—prey model should be predator-dependent,
and numerous experiments and observations have shown this to be the case. In order to
reconcile the theoretical and experimental views, Beddington and DeAngelis et al. con-
sidered a functional form of prey consumption rate and proposed the following form:

glx,y) = axf ;yw, which is similar to Holling-type II functional response, but there is an

extra term “by” in the denominator, which is interpreted as an interference between preda-

23
ax+by+c

where x and y represent the populations of prey and predator, respectively [13—15].

tors. The function g(x,y) =

is called the Beddington—DeAngelis function response,

Let x(t) be the prey density at time ¢ and y(¢) be the predator population density at
time ¢. It is assumed that the predator preys on prey according to the functional response
of Beddington—DeAngelis. In the presence of direct predation and fear factor, the prey
population follows a logical growth, then we get the following differential system:

dx _ ax 1.2 _ Bxy

dt ~ 1l+ky bx 1+mx+ny’ (1.1)
dy _ 2, _0Bxy )
dr — —Cy—dy + 1+mx+ny’

where o, b, ¢, d, 0, B, m, n are positive constants, « is the intrinsic growth rate of prey, c
is the natural death rate of the predator, b and d respectively represent the mortality rates
of the prey and predator species due to intraspecific competition between individuals.
The constants m, n, 6, and B are the half-saturation constant of prey, the half-saturation

constant of predator, the conversion rate of prey biomass to predator biomass, and the

1
1+ky

which stands for the cost of anti-predator defence of prey due to fear induced by predator,

rate of predation, respectively [16, 17]. Function g(k, y) = represents the fear function,
and k is the level of fear. The function g(k, y) has some special properties, as several field
data show that the effect of fear reduces the reproductive process of prey species. For more
details on the fear function g(k, ), see [18].

On the other hand, population dynamics in the real world is inevitably affected by en-
vironmental noise. To capture how environmental fluctuations affect system (1.1), it is
necessary to take into account the stochastic differential equation model corresponding
to the deterministic model (1.1) [19-22]. Applying the technique used in [23] to include
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stochastic effects, we can obtain the stochastic version of model (1.1) as follows (the proof
can be shown by the similar procedure as in [4]):

dx(t) = {585 - ba?(t) - o PO dt + 01x(t) dBy (1),

dy(t) = {—cy(t) — dy*(t) + L} dt + oy(t) dB(t),

1+mx(t)+ny(z

(1.2)

where sz(j = 1,2) stands for the intensity of white noise. Throughout this paper, let
(2, F,{Ft}t=0,P) be a complete probability space with a filtration {F;};>¢ satisfying the
usual conditions (i.e. it is right continuous and JF, contains all P — mull sets) and B;(£)(t >
0)(j = 1,2) be a scalar standard Brownian motion defined on this probability space.

Furthermore, the population system may suffer sudden environmental shocks, e.g.,
earthquakes, hurricanes, epidemics, etc. However, the stochastic Lotka—Volterra model
(1.2) cannot explain such phenomena [24-26]. Just as Scheffer et al. [27] pointed out that
studies on lakes, coral reefs, oceans, forests, and arid lands had shown that smooth change
could be interrupted by sudden drastic switches to a contrasting state. For example, an
abrupt climate change, whether warming or cooling, wetting or drying, could have lasting
and profound impacts on natural ecosystems [28]. Zhou et al. [29] studied the dynamics
of a stochastic SIS models with Lévy jumps and found that Lévy noise could suppress dis-
ease outbreak. Zhao et al. [30] analyzed a two-species Lotka—Volterra competition model
in an impulsive polluted environment and showed that Lévy noise could change the per-
sistence and extinction of each species significantly, and the Lévy noise was harmful to the
survival of one of the species and was advantageous to the survival of the other. Therefore
it is interesting and beneficial to treat differential systems with Lévy noise. In this paper,
we develop a stochastic predator—prey model with Beddington—DeAngelis functional re-
sponse, fear effect, and Lévy noise as follows:

— bx(t) - L] dt + o1dB(t)}

1+mx(t)+ny(t)

dax(t) = x(t){[wy
+ [ )N (dt, du),
dy(t) = y(O){[—c - dy(t) + Tk s] dt + 0y dBy (b))

1+mx(t)+ny(t)

+ [, v2()y(e)N(dt, du),

(1.3)

with initial data X(0) = (x(0), 7(0)) € R?, where x(¢~) and y(¢) represent the left limit of x(z)
and y(¢), respectively; N is a Poisson counting measure with compensator N and char-
acteristic measure A on a measurable subset Z of (0,00) with A(Z) < co and N(dt, du) =
N(dt, du) — M(du) dt. The parameter y;(u) characterizes the effect of Lévy noise on the ith
species. For biological reasons, we suppose that 1 + y;(#) > 0, where y;(x) > 0 means the
increasing of the species (e.g., planting) and -1 < y;(u#) < 0 means the decreasing of the
species (e.g., harvesting and epidemics), 4 € Z,i = 1,2. For more details of the Lévy jumps,
see [31]. The Brownian motion and Lévy jumps are assumed to be mutually independent.

Based on the above discussion, this paper intends to study the dynamical properties
of (1.3). The organization of this paper is as follows. In the next section, we present some
necessary notations and preliminary results of model (1.3). In Sect. 3, we prove the exis-
tence and boundedness of global positive unique solutions. Then, in Sect. 4, we establish
some sufficient conditions for the persistence and extinction of both species. We further
investigate the stability in distribution of our system in Sect. 5. Some numerical simula-
tions are carried out in Sect. 6. We close the paper with a conclusion in Sect. 7.
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2 Preliminaries
In this section, we begin with the introduction of the generalized It formula with jumps.
Let x(¢) € R” be a solution of the following stochastic differential equation with Lévy

jumps:
dx(t) = F(x(t7),t7) dt + G(x(t7),t") dB(t) + /H £, u)N(dt, du), (2.1)

where F:R" x R, - R", G:R" x R, - R”,and H: R” x R, x Z — R" are measurable
functions. Given V € C*}(R” x R,;R), we define the operator LV by

LV (x,t) = Vi(x, t) + Vi(x, £)F(x, t) + %trace[GT(x, t) Vi (x, £) G(x, t)]

+ / { V(x + H(x, t, u), t) Vix, £) — Vi(x, ) H(x, t, u)} (du), (2.2)
Z

where V,(x,£) = 2058, V, (x,1) = (424, 20l vxx(x,t)_(“’df;;f )uxn Then the gen-

eralized It6 formula with jumps is as follows:

dV(x,t) = LV (x,t) dt + V,(x,£)G(x, t) dB(t)

+ / {V(x + H(x, t,u), t) - Vix, t)}N(dt, du). (2.3)
z

For more details on It6’s formula with jumps, see, e.g., Reference [32].
From now on, we make the following fundamental assumptions on the jump-diffusion
coefficients of model (1.3).

Assumption 1 For any p >0 and i = 1,2, there exist constants K > 0 (j = 1,2, 3) such that

/Z{|y,~(u)i2 v [In(1 + 7)) ]} (du) < K < o0,
/{y,»(u) - ln(l + y,'(u))})»(du) <K, <00,

Z

fZ (14 1)’ — 1 - pyila)}2du) < Ky < 00,

which implies that the intensity of Lévy noise cannot be too strong, otherwise the solution

of system (1.3) may explode in some finite time.

For the continuous and bounded function f(¢) defined on [0, +00), we cite the following
notions:

(o)) = / f&ds, @) = limsuplf(@),  {f(), = lim inflf(0).

3 Existence and boundedness of solutions
In this section, under Assumption 1, we show that the solution of system (1.3) is globally

nonnegative, and for any z > 0, the solution admits a uniformly finite #th moment.



Xue et al. Advances in Continuous and Discrete Models (2022) 2022:72 Page 5 of 24

Theorem 3.1 Let Assumption 1 hold. Then, for any given initial value (xo,yo) € R?, sys-
tem (1.3) will possess a unique solution (x(t), y(t)) for all t > 0, and the solution will remain
in R? with probability 1.

Proof Since the coefficients of (1.3) are locally Lipschitz continuous, for any given initial
condition (xo,o) € R?, there is a unique local solution (x(¢), y(¢)) for ¢ € [0, 7,), where 7, is
the explosion time (see [33]). To show that the solution is global, we need to prove 7, = 0o
a.s. Let ko > 0 be sufficiently large such that xy and y, are lying within the interval [1/k, ko].
For each integer k > ko, we define the stopping time by

T = inf{t €[0,7.): x(¢) ¢ (%,k) or y(t) ¢ (%,k) },

where inf ¥ = co (as usual, ¥ denotes the empty set). Denote 7o, = limi_, o, Tk, and since 7
is nondecreasing as k — 00, then 75, < 7, a.s. Now we show that 7o, = co a.s. If not, then
there exist T > 0 and ¢ € (0, 1) such that P{r., < T} > ¢. Thus, by denoting §2; = {rx < T},
there exists k; > ko such that

P($2¢) > ¢ forall k > k. (3.1)

Definea C2-function V:R? — R2 by V/(x,y) = x—1-Inx +y—1-Iny, which is nonnegative.
If (x(2), y(2)) € ]Rf, by using Itd’s formula, we get

dVix,y) = LV (x,y) dt + o1(x — 1) dB1(2) + 02(y — 1) dB;(¢)

+ /Z{[yl(u)x ~In(1+y1@)] + [y - In(1 + 1) ]|N(dt, du),  (3.2)

where
Wy = @1 -2 —pp — PV
1+ky 1+mx+ny
1 0 2 2
+(1——)ﬂ-(y—1)(c+dy)+M
y)1l1+mx+ny 2

+/[y1(u) —ln(l + yl(u))]k(du) +/[y2(u)—1n(1 + yz(u))]k(du)
z z

<x Y px- by - al —bx—L
1+ky 1+ mx+ny 1+ky 1+ mx+ny

—y(c+dy) + (c+dy)

0Bxy ol +o0}

+/[y1(u) —ln(l + yl(u))]k(du)
z

1+mx+ny 2

+/[y2(u) —ln(l + yz(u))]k(du)
z

2] 2 2
—bx2+(a+b)x—dy2+(d—c+,3+—ﬂ>y+c+%+21<g
m

IA

0
- (Ol;—bb)Z N (d—c;§+£)2+c+of+022

+ 2](2
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=K>0, (3.3)
where K is a positive constant. Thus

dVi(x,y) < Kdt+o1(x —1)dB;(t) + o2(y — 1) dBy(t)

[ [t 1+ 3200 Nt
+ fZ [12@)y = In(1 + y2()) [N (dt, du). (3.4)

Integrating both sides of (3.4) from 0 to 7; A T, we obtain

AT AT AT AT
/ av (x(2),y(t)) < / Kdt+ / o1(x —1)dB(2) + / 02(y — 1) dBs(2)
0 0 0 0
AT 5
+ / /[yl(u)x ~In(1+ yl(u))]N(dt, du)
0 z
W AT B
+ / /[yz(u)y - ln(l + yz(u))]N(dt, du).
0 z
Taking expectations of the above inequality leads to
EV (X nT» Y1) < V%0, ¥0) + KE(ti A T) < V(x0,50) + KT.

On the other hand, by (3.1), we get P(£2;) > . Noting that, for every w € £, either x, (®)

or yr, (w) equals either k or 1/k, we have

V(x,kAT(a)),y,kAT(a))) >e(k—1-Ink) A (% -1+ lnk).
Setting k — oo leads to the contradiction
00 > V(x0,y0) + KT = oo.
Therefore, we have 7., = 0o a.s. The proof is complete. 0

Now we prove the boundedness of the moments of x(¢) and y(t).

Theorem 3.2 Let X(¢) = (x(¢), y(¢)) be a solution of system (1.3). For any initial value X, =
(%0, 0) € R2, then for n > 1 we have

1+y _
n+1[ +3l/1n +o+ HTIGIZ]n+1

hn

E(x”(t)) <Mi(n), whereM(n)= (n Z 1)

Also, forn>1,

n+l 1497 0B n-1__21n+1
n > (22 4+ =2 + 0y

m 2
+1

E(y"(t)) <My (n), where M(n) = <n T
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Proof Applying It0’s formula to the first equation of (1.3), we can easily obtain

A = oty LT V1 a By(t) n-1,
d(e'x"(t)) = ne'x (t)|: T v —bx(t) - Lo ) + 0@ + ol]dt
+ netx"(t)o1 dBi(t) + 2" (t) / [(1+71(w)" - 1]N(dt, du), (3.5)
Z

where yy, = fZ{(l +y1(1))" — 1 — ny1 () }A(du). Integrating the two sides of (3.5) and taking
expectations leads to

E(e'x"(2))
_ ‘ S 1+J711’l (o4 ﬂ}’(t) n-1 2
_x0+n/0 {E(” (S))[ n vk 1+mat) +m() 2 “l]
- bE(eSx””(s))}ds

t 147, 1
<%+ ”/ {E(esx"(s))[ ML 5 012:| — bE(e'x"*\(s)) } ds
0 n

Now let &(x) = x”{[% +o+ ”7_1012] — bx}. In order to find the maximum value of /(x),

we first calculate /'(x) and obtain

1+ V1, -1
H(x) = nx”‘l{[ +n)/1 ta+ 612] —bx} +x"(=b)

2
l+y n-1
=x”1{n|: L af]—b(n+1)x}.
n 2
h _ n[%wﬁ%laf] h itical int b . W _ E h .
When x = DD , we get the critical point by getting /'(x) = 0. Further, we notice

that /" (x) < 0 at the critical point, and maximum value at the critical point is given by

1+7 _

P n\" [ —An +0(+”2—1012 n+l

max — | 7~ .
b n+1

Therefore,

t " 1+V1n+a+ 12 n+l
E(efx"(t)) < &' + nE S| = —n 2 - d
(ex())_x0+n /Oe(b)( 1 ) s

17147 -1
" no\"FE o+ Bl ;
<xg+ (¢ -1),
n+1 b

ie.,

n+l 1+)/1n 2 n+l
n [—22 + o + S07]
E(x"(1) < {xg— (n+1> b” }e—t

n n+l [1+J/1n ra+ nzl 2]n+1
+ .
n+1 /4

Page 7 of 24
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It is clear that E(x"(t)) = g if £ = 0, and if t — oo, then

1+¥1n o+ n_—1012]n+1
2

n+l
E(x”(zf))s(ﬂi) = o = My(n).

Therefore, we conclude that E(x"(t)) < My(n) for n > 1.
Similarly for predator species, we have

d(ety"(t)) = ﬂety”(t)[% —c—dy(®) + 0B8x(t) N n—1 2i| "

1+ mx(t) + ny(t) 2 %

+ ne'y" (t)o, dBy(t) + €'y (t) /Z[(l +y2(w))" - 1]N(dt, du), (3.6)

where 75, = [,{(1 + y2(u))" — 1 — ny,(u)}A(du). Integrating both sides of (3.6) from 0 to ¢
and taking expectation, we have

E(e"y'(2))

=ys+n /0 tE(esyn(S))[l +n;72n ey + 6Bx(t) n-1 2] N

1+ mx(t) + ny(t) 2 2

n ! S 1+)72n 6:3 n-1 2
§y0+”/0 E(ey(S))” et 02]—dy(t)}ds

1+7 ) _
n ! s n ! +;)1/2n + Eﬁ-'-nTlez el
<yot+nE | €| - ds
0 d n+1

" n+l1 [1+Z2n + % + n;21022]n+1 .
<yj+ (¢ -1).
n+1 dar

That is,

m 2

dn

1+y 0 —
" )n+1 [ +Vom 0B + n_1022]n+1 }
n e—t

E(y"(t)) < {yg _ <n 1

1+y: [ —
n n+l [ +Von 0B + n_10_22]n+1
+ n m 2
n+1 ar

By a similar reason as above, we have

m

I =My(n), n>1.

| e

" n
E(y'(®) < <n+ -

The proof is now complete. O

4 Stochastic persistence and extinction scenarios

In this current section we are motivated to investigate the persistence and extinction crite-
rion of system (1.3). Before going to the main results, we want to highlight some frequently
used definitions and lemmas [34].

Definition 4.1 For system (1.3), we say that:
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(a) The population x(£) goes to extinction if lim;_, o x(¢) = 0;
(b) The population x(£) is nonpersistent in mean if (x(¢))* = 0;
(c) The population x(z) is weakly persistent in mean if (x(¢))* > 0.

For later applications, we cite a strong law of large numbers for local martingales as the
first lemma below, see Theorem 1 in [35].

Lemma 4.1 Let J(t)(¢ > 0) be a local martingale vanishing at time 0 and define

[t d)s)
py(8) := NPT t=0,

where (J)(t) := (J,])(¢t) is Meyer’s angle bracket process. Then

J(©)

lim el Oa.s. provided that tlim py(t) <ooa.s.
—00

t—00

Lemma4.2 For the solution (x(t),y(t)) of system (1.3) initiated from (xo, yo) € R?, the below
mentioned properties hold:

lim sup <0 almost surely.

t—00

Inx(¢ Iny(t
nx(t) <0 and lim sup ny(©)

t t—00 t
Proof The proof can be shown by a similar procedure as in Cheng [36]. So we omit it
here. g

Lemma 4.3 (See Lemma 7.3 in [18]) Let x(t) € C[22 x R,,R%], where R :={r:r>0,r €
R}.
(1) Ifitis possible to find positive constants ag, T, o0 > 0 such that

Inx(t) <aT — oy /tx(s) ds + Z Bi(t)B(2)
0 i=1

fort > T, where Bi(t) (1 <i < n) are continuous bounded functions on R, and B;(t)
are independent standard Brownian motions, then we have (x(£))* < ;_o almost
surely.

(2) Ifitis possible to find positive constants ag, T, o0 > 0 such that

Inx(t) > aT - g /tx(s) ds + Z Bi(t)B;(¢t)
0

i=1

fort> T, where B;(t)(1 <i < n) are continuous bounded functions on R, and B;(t)
are independent standard Brownian motions, then we have (x(t)). > ;—0 almost

surely.

Now we are going to present the main results of this section. Applying Itd’s formula

to (1.3) results in

By(t) o}

dlnx = -
nx 1+ mx(t) + ny(t) 2

o
[0
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+ / [In(1 + () - yl(u)]k(du)} dt
z

+ovdBy (D) + / In(1 + y1 ()N (dt, du), (4.1)
Z

6px(t)

o3
T+ mx) +my() 2 /Z [In(1 + y2()) - Vz(u)])»(du)} dt

dlny = {—c —dy(t) +
+ 09 dBo(t) + / ln(l + yz(u))N(dt, du). (4.2)
z

For convenience, we denote

Q o} Q o} Q o ol
o -—, =—Cc—-—=, = —
! 2 2 2 STl kMy(1) 2
(L7 + Gy . . .
where M5(1) = 17— Q2 < 0. We give the dynamics of prey population x(¢) of (1.3)
as follows.

Theorem 4.1 For the prey population x(t) of (1.3), we have the following properties:
(1) If Q1 <0, then x(t) goes to extinction almost surely.
(2) If Q1 =0, then x(t) is nonpersistent in the mean almost surely.
(3) If Qs > 0, then x(¢) is weakly persistent in the mean almost surely.

Proof Now we prove them point by point.
(1) Integrating both sides of (4.1) from 0 to ¢ leads to

By(s)

1 + mx(s) + ny(s)

Inx(t) —Inxg < /t{Q1 — bx(s) -
0

- /Z[yl(u) - ln(l + yl(u))]k(du)} ds + Py (t), (4.3)

where P (t) = [y 01dBi(s) + [; [, In(1 + y1(u))N(ds, du). From (4.3) we get
Inx(¢) — Inxy < tQq + P (¢).

By Lemma 4.1 and the strong law of large numbers, we obtain

t

1 1 [t -
lim — | 01dBi(s)=0 and lim n / / ln(l + yl(u))N(ds, du)=0 a.s,
0 Jz

t—oo 0 t—00

ie.,

lim PO o s, (4.4)
Thus

Inx(t) - Inxo _ Qi+ Plt(t)‘ (4.5)

¢ =

Page 10 of 24
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By taking the superior limit on both sides of (4.5), we get

lim sup
t—00

Inx(t)
. <Q;<0.

So limy_, o, x(£) = 0.
(2) From (4.3) we get

Inx(¢) — Inxg
t

< Q1 - blx(e) + 2O,

(4.6)
By the specific property of the superior limit and from (4.4), we can easily notice that for

arbitrarily given and sufficiently small € > 0, there exists T > 0 such that P;(¢)/t < ¢ for all
t > T. Now, by substituting the above inequality in (4.6), we have

Inx(¢) —Inxg < (Q1 + &)t — b/[x(s) ds.
0

Under the condition that Q; = 0, we have

t
In @ <et— bx()/ ) ds.
X0 0

%0
As b > 0, we derive from Lemma 4.3 that

(x(e))" <

S| ™

By the arbitrariness of ¢, due to the fact that the solution of (1.3) is nonnegative, we have
(x(£))* = 0. From Definition 4.1, the prey species x(¢) is nonpersistent in the mean a.s.
(3) By Definition 4.1, we only need to show that there exists a constant m1; > 0 such that

(x(t))* = m
for any solution (x(¢), y(£)) of (1.3) with initial value (xo, 7o) € R? almost surely. If not, then

for any arbitrary &; > 0, there exists a solution (x(¢), y(¢)) with positive initial values X, > 0
and ¥, > 0 satisfying P{(x(¢))* < &1} > 0. Let &; be sufficiently small so that

Q3 — be1 >0, (4.7)
Q, +6Be? <0.
From (4.2) we have
M < Qo —dlj(o) + 9plE(0) + - Zt(t ) (48)

where Py(t) = fot 02 dBy(s) + fot J,In(1 + y2(u))N(ds, du), then we get (¢ Iny(&))* = Q, +
0Be1 < 0. Therefore,

lim ¥(¢) = 0. (4.9)

t—>00
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From (4.3) we have

Py(2)
t

Inx(¢) — Inxg
t

> Qs — b(x(t)) - B(H()) +

Taking the superior limit on both sides of the above inequality and using (4.4), (4.7),
and (4.9), we get

(£ In&()" = Qs — bey > 0.

Now we have shown that P{(t"!Inx(¢))* > 0} > 0, which contradicts Lemma 4.2. Hence
(x(£))* > 0, that is, the prey population x(¢) is weakly persistent in the mean almost surely.
The proof is complete. 0

In the case of predator species of system (1.3), we have the following theorem.

Theorem 4.2 For the predator population of system (1.3), we have the following properties:
(1) IfbQy +0BQ1 <0, then y(t) goes to extinction almost surely.
(2) IfbQy +6BQ1 =0, then y(¢) is nonpersistent in the mean almost surely.
(3) If Qy + (M)* > 0, then y(t) is weakly persistent in the mean almost surely,

1+mix(t)+ny(t)
where x(t) and y(t) are defined later.

Proof We prove them point by point as follows.

(1) If bQ, + 6BQ1 < 0, because Q) = —¢ — %22 < 0 is known and b,0, 8 are all positive
constants, we consider the following two cases of Q;.

If Q; <0, then it follows from Theorem 4.1 that (x(¢))* = 0. On the other hand, by us-
ing (4.2), we have

Iny(¢) — Inyo
t

Py(2)
_

< Q2 +0B(x(t)) +

Then we get [t~ Iny(£)]* < Q, <0, and hence lim,_, » ¥(¢) = 0 holds.
If Q; > 0, from the properties of the superior and inferior limits combined with (4.4), we
obtain that there exists a constant 7" > 0 such that
Inx(t) — Inxg

. <Q:- b(x(t)) te

for arbitrarily sufficiently small ¢ > 0 and ¢ > T.. Applying Lemma 4.3 and the arbitrariness
of ¢, we have

Q

(@) =< > (4.10)
Now by (4.2) we get
(tIny()" < Qa + 95%. (4.11)

By the condition bQ, + 88Q; < 0, we have

bQy +6BQ: .
b

(¢t lny(t))* < 0.

Therefore, lim;_, o, ¥(£) = 0 almost surely.
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(2) In the previous case we have shown that lim,_, «, y(£) = 0 under the condition Q; <0,
so we only need to show that (y(£))* = 0 if Q; > 0. If not, then (y(¢))* > 0 under Q; > 0. By
Lemma 4.3 and (4.11), we have

[£'Iny@®)]" < Q2 +0B(x(0)". (4.12)

For any arbitrarily small ¢ > 0, we get T > 0 such that, for any ¢ > T, the following inequal-
ities hold:

(0Bx(0) < 0B(x(0)" + g

Py(t)
t

<

N ™

Substituting them in (4.2) leads to

Iny(£) — Inyg

; <Q+e+0B(x(0) —dly@) ve>T.

We can obtain from Lemma 4.3 and (4.12) that

Qa +&+0f(x(1)"

b)) < y

Since ¢ is arbitrarily small, we get from (4.10) that

< bQy +6BQ;

@) =

:O,

which is a contradiction. Therefore, (y(£))* = 0 holds almost surely.

(3) By Definition 4.1, we only need to show that (y(¢))* > 0 almost surely. If it is not true,
then for any arbitrarily small e, > 0, there exists a solution (x(¢), y(¢)) of system (1.3), with
positive initial value, (X0, yo) € R? such that (j(¢))* < &,. Let &, be sufficiently small so that

0px(t) : 0B (ka +6p)
Q2+<W> ” (d ’ T)S% (8.13)

where (x(t), y(¢)) is the solution of the following system:

dx(t) = x(t)(a — bx(t)) dt + o1%(t) dB, (2),

(4.14)
dy(t) = y)(2£ — dy(t)) dt + o25(t) dBs(2),

with initial value Xy > 0 and y, > 0. By the comparison theorem, we have x(¢) < x(¢£), y(¢) <
y(t) as. for t € [0,00). From (4.2), we have

)~ (a5c0) - 22

0B (t) 0Bx()
<1 +mx(t) + ny(t) 1+ mx(t) + ny(t) >

Iny(¢) — Inyo B 0Bx(t)
@ < 1+ m(e) + (D)
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Then

0Bx(t) B 0px(t) _ 0B (x(¢) - x(2)) + OBn(x(6)y(2) — x(2)y(2))
1+ mx(t) + ny(t) 1+ mx(t) + ny(t) T+ mE@) + ny(£))(1 + mx(t) + ny(t))
_ 0B((2) — x(2)) + 6Bn(x(t) — X(¢))y(¢)
T (1 + mx(t) + ny(2))(1 + mx(t) + ny(t))
_ _9B&() - %)) ‘

- m

After calculation we get

Iny(£) — Inyg 08x(t)
;=@ < 1+ mx(t) + ny(2)

>—(d&<t>) iU <95(5€(” "N‘(t))>. (@15)
t m

Consider the Lyapunov function V;(£) = |Inx(¢t) — Inx(¢)|. Obviously, V,(t) is a positive
function on R, . After using Itd’s formula and by (4.14) and (4.15), we get

d* Vz(t) = |:(Ol - %12 - b;C(t)) dt + o1 dBl(t)]

@ o - 083 (t)
B [(1 T kj(e) 5T bx(t) - W) dt + o1 dB1(t):|

< [(ka + 0B)3(2) — b(%(¢) - &(z))] dt. (4.16)

Integrating first both sides of (4.16) from 0 to ¢ and then dividing by ¢, we have

Va(£) — Vo (0)

, < (ka +6B)(5(2)) - b{E(®) - X(2)).

Using V,(t)/t > 0 and V,(0) = 0 yields

ka + 0P

(x(r) - x(t)) < -

(@),
We can derive from the above inequality and (4.15) that

o, PO 0B(ka+6p)
)- (o) 222 - PE D ),

Iny(£) — Inyg 0Bx(t)
P =@ < 1+ mx0) + 50

Taking the superior limit of the above inequality and by (4.13), we obtain

[t 1“5’@)]* >Q+ < opx() >* - <d + M)& >0,

1 + mx(t) + ny(t) mb

which contradicts Lemma 4.2. Therefore (y(£))* > 0 almost surely. This implies that y(¢) is

weakly persistent in the mean almost surely. The proof is now complete. O

5 Stability in distribution
In this section, let us turn to establishing sufficient criteria for the stability in distribution
of system (1.3). First we give the following important lemmas [37, 38].

Page 14 of 24
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Lemma 5.1 Let X(t) be an n-dimensional stochastic process on t > 0. Suppose that there
exist positive constants &, B,§ such that

E[X(6) - X(s)|* <Elt—s""F, 0<s,t<00.

Then there exists a continuous modification X(2) of X(t), and almost every sample path
of X(t) is local but uniformly Holder continuous with exponent K < % In other words, the

continuous modification X (t) of X(t) has the property that, for every k € (0, %),

sup < —
0<|t-s]<f(¢),0<s,t<00 |t —s|* 1-2*

X(t,¢)-X(s, 2
ofs: DER N
Lemma 5.2 Letf(t) be a nonnegative function defined on [0, 0o) such that f (t) is integrable
on [0, 00) and is uniformly continuous on [0, 00), then lim;_, , f(¢) = 0.

Definition 5.1 Let X;(¢) = (x1(¢),y1(¢)) be a positive solution of (1.3) with initial value
X1(0) € R2. X, (¢) is said to be globally asymptotically stable in expectation if for any other
solution Xo(t) = (x2(2), y2(¢)) of (1.3), we have

P{tgﬂnooEOXl(t) ~X(0)]) = 0} -1

Theorem 5.1 If b — 0B — (Bm + 68n)Gy > 0 and d — ak — B — (Bm + 6fn)G; > 0, then
system (1.3) is asymptotically stable in distribution, where G, and G, are defined later.
That is, there exists a unique probability measure u(-) such that, for any initial value X (0) =
(%(0), ¥(0)), the transition probability p(t, X(0), -) of X(t) weakly converges to ju(-) as t — oo.

Proof Consider the following stochastic integral equation of (1.3):

i} P T - A ‘
x(t)—x(0)+/o x(s)[1+ky bx 1+mx+ny:| ds+/0 x(s)o1 dB(s)

+/0 /%x(s)yl(u)N(ds,du).

Letf; = x(t)[%y(t) — bx(t) - %],gl = x(t)o1, 1 = x(t)y1(u). By Theorem 3.2, there is a
positive constant M; (n) such that E(x"(¢)) < M;(n) on ¢t > 0. Then we can derive that

E@(s) + - E[(L bl ﬂy—(ﬂ)”}
2 1+ ky(s) 1 + mx(s) + ny(s)

E(xz” (s)) + 222 (E(a - bx(s))zn + (ﬁ)Z"E(yZ” (s)))

By(s)

o
1+ mx(s) + ny(s)

T k) 20

E(1AI") = E(x”(s)

IA

IA

(5.1)

IA

E(xZVI(S)) +24n—3(a2n +b2nE(x2n(s))) + 22n—2(ﬁ)2nE(y2n(S))

IA
NONIR N= NR N

My (2n) + 2% (@™ + B¥ M, (2n)) + 2772(B)" M (21)

1(n)
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and
E(lg1l") = E(x"()o]") = o E(x"(£)) < o7 M;(n) := Ry(n). (5.2)

We assume 7z > 2. For 0 < s < ¢ < 00, the moment inequality (cf. Friedman [39]) on (5.2)
leads to

/tgl dB(v)

S

E

< [”(”2‘ 1’]7(1:_5)”72 [ e aso. (53)

s

Under the conditions of Theorem 5.1, with Kunita’s inequalities (see Lemma 2.3, [40]), we
have

t \ n n-1 ¢ 2 %
E|:|/S /Zth(dv,du)l i|§2 {E[/S /Z’x(S)yl(u)| A(du)dvi|
+E[/ /Z|x(s)y1(u)|"k(du)dv]} (5.4)

< 2" H(t - 5) 2K My (n) + (¢ — $)K3 My (m)).
LetO<s<T<oo,t—s<1, % +1/q =1, then from (5.1)—(5.4), we obtain

n

E|x(t) - x(s)|

nel ¢ " utl 4 n 1 t B n
<2 E(/; [f1|dv> +2 E(/(; |g1|dB(v)) +2 E(./s /Zth(dv,du) )
<ot ([thdv)qE</stMI"dv> +2"-1[L”2‘ l)r(t_s)"f /stEIgllndB(v)

#2720 (¢ - ) B K My () + 278 — )KL My ()

= 2"t — )" DR, () + 277 [@} ' (t=5)"7 " Ry(n)

n_ 1 4
+ 2" 2"t - ) 2K My (n) + 2" (& — $)K3 M (p) }

n(n-1)
2

p
<2" Yt -5)2 {(t —8) 3Ry (n) + [ ] Ry(n) + 2"_1K3%M1 (n)

+ 2 - s)ﬁKfMl(n)}

< 2" (¢ -5)2R(n),

where R(n) = (¢ — 5)2 R (n) + [@]%RQ(H) + 2"‘11(3%M1(n) + 271t - s)%l(g%Ml(n) < 00.
Then it follows from Lemma 5.1 that almost every sample path of x(¢) is locally but uni-
formly Holder continuous with exponent « for every k € (0, (n—2)/(2n)). Therefore almost
every sample path of x(¢) is uniformly continuous on ¢ > 0. From a similar discussion about
E)y(t) — y(s)|", we can conclude that almost every sample path of x(¢) and y(¢) is uniformly
continuous on ¢ > 0. Next, let X7 (¢) = (x1(£), y1(¢)) and X5(¢) = (x2(£), ¥2(£)) be any two solu-
tions of system (1.3) with positive initial data. Consider a Lyapunov function V3(t) defined
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Vs(t) = Ilnxl(t) — lnxz(t)| + Ilnyl(t) - lnyg(t)|, t>0. (5.5)
Making use of Itd’s formula with jumps for (5.5), one can deduce that

1 1
T+ky(0)  1+kya(e)

d* V3(t) = sgn(x1(t) - x2(0)) {a ( ) = b(x1(2) - x2(0))

a ,3( y1(2) _ ¥2(2) ) }
1+mxi(t) + ny1(t) 1+ mxy(t) + ny,(t)

+sgn(y1(2) - 2(2)) { —d(y1(t) - y2(2))

t t
+9ﬂ( x1(2) B %(2) ) it
1+mxi(t) + ny1(t) 1+ mxa(t) + nya(t)
Integrating from 0 to ¢ and taking expectations yields
E(V3(l’)) - E(Vg(O))

= E/ {sgn(xl(S) —x2(s)) [Ol( ! ! ) = b(x1(s) — x2(5))
0

1+ kyy(s) 1+ kya(s)

~ ( y1(8) B ¥2(s) ):|
1+ mxi(s) + ny1(s) 1+ mxa(s) + nya(s)

+sgn(y1(s) — y2(s)) [—d (y1(s) = y2(s))

x1(5) x(8)
+op ( 1+ mxy(s) + nyy(s) 14 mxo(s) + nyz(s))] } ds.

Thus,

1 1
Tiky(f) 1+ kyz(t)) = BE(|x1(t) = %2(6) ) = dE([31(8) - 72(8)])

—ﬂE( y1(2) ¥2(2) )

1+ mx(6) + my1(£) 1+ maxy(t) + nys(t)

dE(V() < aE(

N Q,BE( x1(t) x2(2) )

1+ mx(t) +myr(8) 1+ maxs(t) + nys(t)

< akE(|y1(2) = y2(8)|) = BE(|x1(2) — %2(2)|) — dE(|y1(2) - y2(0)])
+ BE(|y1(8) = y2(0)|) + BmE(|22(0)y1(2) — 21 (0)3(8) )
+OBE(|x1(£) = %2(8)|) + OBRE (|1 (£)y2(8) — %2(E)y1(2)))

<(~b+0B+ (Bm +0Bn)E(n (1)) E(|x1(2) — %2(2)|)
+ (~d +ak + B+ (Bm + 60BmE(x1(9))E(|y1(2) - 32(8)])

< (~b+ 0B + (Bm + OBmE(R(D) ) E(jx:(6) - x(0))

v (cd+ak+ B+ (Bm+ 0BWEE®) HE(y(0) - 12(0)).
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By Theorem 3.2, we have

E((0)° < G +b“ roll’ g,

E(i®)* < e +;,f rofl! G»
So,

dE(V3(2))

= =(<b+ 6B + (B + 0Bm)Ga)E(|:1(6) ~ x:(0)])

+(=d + ak + B+ (Bm + 0Bn)G1)E(|y1 () - y2(1)]).

By the condition of Theorem 5.1,

E(V3(8)) < V3(0) - (b- 6B — (Bm + 68n)G>) /O E(|x1(8) = x2(8)]) ds

—(d-ak-f - (Bm + 9B)G)) / E(|y:(t) - y2(0)|) ds

0

< Q.

According to V/(£) > 0, E|x1(£) — x2(2)| € L'[0, 00) and E|y, () — y2(¢)| € L'[0, 00), therefore,

E(|(1(0,510)) = (20, 320) ) =E{ (|1 0) = 520> + [31(6) = m2®)[2) )
<E(|x1(0) - 2:0)]) + E(|y1(0) - 7))

eL'[0,00).

Then, by Lemma 5.1 and X (£) = (x1(¢), y1(¢)) is uniformly continuous on ¢ > 0, we have
Jim E(|X3(5) - Xx(8)]) = 0. (5.6)

And finally, let p(t,X(0), ) denote the transition probability of the event X (£ X(0)) € B,
where B is a Borel measurable set of R?. Let P(IR?) denote all probability measures on R2.

For any Py, P, € P(R?), we define metric ds. as follows:

’

dpc(P1,P2) = sup
geBL

/ 2P (AxX) - / 2 Pa(dx)
R2 R2

where BL = {g:R? —> R |g(X) -g(Y)| < || X - Y|, |g(-) < 1}. First, we prove p((¢,X(0), B) :
t > 0) is Cauchy in the space P(R?) with metric dp.. According to Theorem 3.2 and

Page 18 of 24
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Chebyshev inequality, p((t, X(0), B) : t > 0) is tight. For any g € BL and ¢, s > 0, we have

|Eg(X(X(0); £ +5)) — Eg(X(X(0); )|
= |E[E(g(X(X(0); +5))1F) ] - Eg(X (X(0); 1)) |

/R , Eg(X(X(0);¢))p(s, X(0),dX(0)) — Eg(X(X(0);¢))
< /R ) |Eg(X(X(0);£)) — Eg(X(X(0);£)) Ip(s, X(0), dX(0)).

It follows from (5.6) that there is a constant T' > 0 such that

sup |Eg(X(X(0);£)) - Eg(X(X(0);¢t))| <&, Vt>T.
geBL

Thanks to the arbitrariness of g, we have

sup|Eg(X(0);t +5) —Eg(X(O);t)} <e, Vi>T,s>0. (5.7)
BL

(5.7) is equivalent to
dgc(p(t+5,X(0),-),p(t,X(0),-)) <&, Ve=T,s>0.
Therefore, the transition probability p((¢, X(0),-) : £ > 0) of the solution of system (1.3) is

Cauchy in the space P(R?) with metric ds.. So there is a unique probability measure (-)
such that

tlilgo dBE (P(tr 0, ')¢ PL()) 0. (58)

Then, for any fixed X(0) € R?, combining with (5.7) and (5.8), we have

Jim dis (P(£,X(0),), 1)) < lim [die (P(£,0,), 1)) +ds (P(£,0,), P (5, X(0), )]
That is,

}i}go dB,C (P(t:X(O)r '), ,LL()) =0.
The proof is complete. d
6 Numerical simulations
In this section, computer-based simulations are performed to validate our analytical find-
ings obtained in the previous sections. The numerical simulations and figures have been

done using MATLAB R2013a. In this section, we always take the following parameter val-

ues:

k=01, p=04, 6=07  m=15 (6.1)
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Figure 1 Mean weakly persistent images of two species in system (1.3). (@) and (b) represent the trajectories
for the prey and predator populations respectively of the stochastic system (1.3)

n=20.5, 1 =2 =0.15,

and Z = (0, +00), A(Z) = 1 with initial value (x(0), (0)) = (0.6, 0.6). First, we chose 01 = 03 =
0.08, then verified that Qs = 0.7364 > 0, i.e., the condition of weak persistence of prey of
Theorem 4.1 holds here. Similarly, the condition of weak persistence of predator species
of Theorem 4.2 also holds. Hence system (1.3) is weakly persistent. Figure 1 depicts the
fact.

Secondly, in order to obtain deep insights of the influences of Lévy noise, we keep the
model parameter values the same but let y; = y, = 0, that is, without Lévy jumps. We can
obtain that system (1.3) is persistent. Comparing Fig. 1 with Fig. 2, it is found that the Lévy
jumps promote the survival of both prey and predator populations to a certain extent. In
the absence of Lévy noise, the number of predator populations remains at a low level and
the fluctuation frequency is small.

Now we consider some other cases. We consider system (1.3) with the intensity of white
noise as o7 = 1.5, 05 = 0.5 and keep the rest of the parameters consistent with (6.1). Then
we get Q; = —0.125 < 0and bQy +0BQ; = —0.1025 < 0. So the conditions of prey and preda-
tor extinction in Theorems 4.1 and 4.2 are satisfied. We exhibit the fact by Fig. 3.

Next, in order to illustrate the influence of fear effect on model (1.3) through numerical
simulation, we choose different values of k, say k = 0, k = 0.5, and k = 1. For the remaining
parameter values, we keep them the same as in (6.1). We can check that these parameters
satisfy the condition of population persistence, which is depicted in Fig. 4. From Fig. 4 we
find that the increase of fear effect will reduce the density of prey, the number of predators
also decreased, but the magnitude of the change was less than that of the prey.

Finally, we numerically simulate the stability in distribution of system (1.3). We choose
the parameters « = 0.8, b= 0.5, d = 1, 0 = 0.5, m = 0.5, and for the remaining parameter
values, we keep them the same as in (6.1). We can compute that b — 08 — (Bm + 68n)G, =
0.1574>0and d —ak - B - (Bm+68n)Gy = 0.0198 > 0, which means that these parameters
satisfy the condition of Theorem 5.1. So we obtain that system (1.3) is asymptotically stable
in distribution by Theorem 5.1, shown in Fig. 5.
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Figure 2 Population state diagram of system (1.2). (@) and (b) represent time evolution of the prey and
predator populations respectively of system (1.2); the only difference from system (1.3) is that there is no Lévy
noise. Compared with Fig. 1, we can find that Lévy noise promotes the survival of species

1.4 0.7
Density of Prey population Density of Predator population
12 0.6
1 0.5
0.8 1 0.4
1 =
0.6 1 0.3
04 1 0.2
0.2 1 0.1
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0 5 10 15 20 25 30 0 5 10 15 20 25 30
t t
(a) (b)

Figure 3 Time evolution of the stochastic predator—prey system (1.3) when the intensity of noise is high.
These figures clearly show that high intensity of noise leads to the extinction of both species

7 Conclusion

This paper focuses on a stochastic Beddington—DeAngelis prey—predator model with fear
effect and Lévy noise. Mathematically, we have shown that the solution of the stochastic
system will not explode at a finite time, and without any parametric restriction the system
will possess a unique global solution starting from any interior of the positive quadrant.
We also establish some sufficient conditions for the stochastic persistence and the extinc-
tion of both species in view of parametric restrictions and noise intensity. The sufficient
criteria for the asymptotic stability in distribution of the model have been obtained (see

Theorem 5.1 and Fig. 5). Ecologically, we get the following conclusions:
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Figure 4 Population state diagrams under different fear levels. (a) and (b) represent the numerical simulation
for model (1.3) with initial value (x(0), y(0)) = (0.6,0.6) and different k = 0, k = 0.5, and k = 1, respectively. Other
parameters are taken as in (6.1)

9
Distribution of x(t)
8 Distribution of y(t)
7
6
5 5 2
2 =%
[ 4 £ 1s
3
1
2
0.5
1
0 0 -
0 20 40 60 80 100 0 100 200 300 400 500
t t
(a) (b)

Figure 5 The population dynamics of system (1.3), which shows that (1.3) is asymptotically stable in
distribution when the condition of Theorem 5.1 is satisfied. The parameters @ =0.8,b=05,d=1,0 =05,
m = 0.5, others are the same as in (6.1)

(1) By Theorems 4.1 and 4.2, a random disturbance may change the dynamical
behaviors of the population. Especially when the noise is large, it may lead to the
extinction of the prey and predator populations, see Fig. 3.

(2) The Lévy jumps promote the survival of species. In the absence of the Lévy noise,
the number of predator populations remain at a low level and the fluctuation
frequency is small, see Fig. 1 and Fig. 2.

(3) The level of fear also has significant effects on the dynamics of system (1.3). We find
that the increasing of the fear effect k will lead to a decrease in the density of prey

and predator, but the range of change of predator is less than that of prey, see Fig. 4.
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There are some interesting themes worthy of further research. On the one hand, we
can consider some other functional response into model (1.3), such as a ratio-dependent
functional response and so on. On the other hand, to make model (1.3) be more realis-
tic, we can further consider the factors such as the influence of impulsive perturbations
and delay. In addition, the Lévy jump process is very useful in other scenarios as well (for
example, foragers have maximized abundances when individuals perform scale-free Lévy
flights [41]). We leave these for future investigations.
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