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1 Introduction
In this paper, we consider a thermoelastic Timoshenko beam with suspension cables, weak
internal damping, and a time-varying delay damping of the form

P (%, 1) — dthe(x, 1) — M@ — u) (%, £)
+ y1a(t)g1(ue(x, 1)) + y2a(t)ga(ue(x,t — T(£))) = 0,
L1900 (%, 1) = k(@ + )5 (%, 8) + M — ) (x, ) + y39,(x,£) = O, (1.1)
P2V (%, £) = b (i, 2) + k(@x + ) (x, 1) — mOy(x,£) = 0,
p30:(x, 1) — BOxx(x, 1) — M (x,£) = 0,

where (x,£) € (0,1) x (0,00), ¢ represents the transverse displacement (in vertical direc-
tion) of the beam cross section, ¥ is the angle of rotation of a cross-section. The vertical
displacement of the vibrating spring (the cable) is represented by the function u, 6 depicts
the thermal moment of the beam, A > 0 is the common stiffness of the string, and « > 0 is
the elastic modulus of the string (holding the cable to the deck). The positive constants p,
p1, p2 are the density of the mass material of the cable, the mass density, and the moment of
mass inertia of the beam, respectively. Also, b, k, 8, m represent the rigidity coefficient of
the cross-section, the shear modulus of elasticity, the thermal diffusivity, and the coupling
coefficient which depends on the material properties, respectively. The function z(¢) > 0

is the time-varying delay, y; and y, are real positive damping constants, g; and g, are the
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damping functions, and a(¢) is a nonlinear weight function. We supplement (1.1) with the
boundary conditions

u(0,£) = .(0,£) = ¥ (0,£) = 0,(0,£) =0, >0,

(1.2)
u(l,8) =9(1,8) =¥,(1,6) =0(1,£) =0, ¢t>0,
and the initial data
u(x,0) = uo(x), ®(x,0) = @o(x),
W(x, O) = I//'0(3C)¢ e(x! O) = 90(95)) in (07 1))
uy(x,0) = uy (%), @:(%,0) = ¢1(x), (1.3)
wt(x’ 0) = V/I (JC), in (0; 1)»
ur(x, t —(0)) = fox, £ — t(0)), in (0,1) x (0, 7(0)).

The stability of the above thermoelastic Timoshenko system with suspension cables would
be our penultimate focus in this work. The Timoshenko beam model is arguably very
popular and most used when the vibration of a beam exhibits significant transverse shear
strain. A model to describe this phenomenon was introduced by Timoshenko [35] in 1921,
see also [15, 18]. The nonlinear vibration of suspension bridges have captured the atten-
tion of different researchers and a number of research articles were written on the topic.
The somewhat unpredictable large oscillations of suspension bridges have been modeled
in diverse ways, one may see [1, 14, 25]. In any attempt to adequately describe the com-
plicated dynamics of a suspension bridge, a robust model would be one with a consider-
able amount of degrees of freedom. Without prejudice, some simplified models have been
considered, but do not account for a number of realistic behavior of suspension bridges,
e.g., torsional oscillations. Of an advantage is the fact that rigorous mathematical analy-
sis is easily carried out with such simpler models. A typical simplified model is the one-
dimensional vibrating beam model, where torsional motion is neglected by ignoring sec-
tional dimensions of the beam when they are negligible compared to length of the beam.
The emergence of string-beam systems which model a nonlinear coupling of a beam and
main cable (the string) were born out of the pioneering works of Lazer, McKenna, and
Walter [23, 25, 26] (see also [7] and its references). Though initially modeled through the
classic Euler—Bernoulli beam theory, the Timoshenko beam theory is also proven to per-
form better in predicting a beam response to vibrations than a model based on the classi-
cal Euler—Bernoulli beam theory. Indeed, the Timoshenko beam theory takes into account
both rotary inertia and shear deformation effects, these are often neglected when applying
Euler-Bernoulli beam theory.

In the Timoshenko beam with suspenders which is modeled by (1.1), the suspenders are
cables which are elastic in nature and are attached to the beam with elastic springs. The
temperature dissipation here is assumed to be governed by the Fourier law of heat conduc-
tion. For a(t) =1, g1(s) =s and y», =0, g, = 0 in system (1.1), Bochichio et al. [6] proved a
well-posedness and an exponential stability result. A number of works have been done on
different thermoelastic Timoshenko models without suspenders (see [10, 12, 16, 17, 28]
and references in them). Time delays occur in systems modeling many phenomena in ar-
eas such as biosciences, medicine, physics, robotics, economics, chemical, thermal, and
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structural engineering. These phenomena depend on both present and some past history
of occurrences, see [8, 9, 13, 21, 34] and the examples therein. In the case of constant delay
and constant weight, the delay term usually accounts for the past history of strain, only up
to some finite time 7(¢) = 1.

A step further involves results in the literature about constant weights (y14(t) = y1,
y2a(t) = y, constants) and time-varying delay t(¢). Works presenting the exponential sta-
bility result for wave equation with boundary or internal time-varying delay appeared in
Nicaise et al. [32, 33]. Enyi and Mukiawa in [11] presented a general decay result for a vis-
coelastic plate equation under the condition |y;| < |y1|+/(1 = d). Furthermore, in [4, 24],
the authors presented some existence and stability results for wave equation with inter-
nal time-varying delay and time-varying weights; and for suspension bridge models, see
Mukiawa [3, 27, 29, 30].

Motivated by the works in [3, 6, 29], in the current paper, we are concerned with the
stability result for the thermoelastic Timoshenko system with suspension cables, time-
varying internal feedback, and time-varying weight given in (1.1)—(1.3). The result in [6]
is a particular case of our result in this paper.

We arrange this paper in the following manner. In Sect. 2, we state the needed assump-
tions. In Sect. 3, we present the proof of some technical and needed lemmas for our main
result. In the last Sect. 4, we present and prove our main stability result. Throughout this
paper, c and ¢;, i = 1,2,..., are generic positive constants, which are not necessarily the

same from line to line.

2 Functional settings and assumptions
In this section, we state some needed assumptions on the damping coefficients, nonlinear
functions, and the time-varying delay. As in [5, 32, 33], we assume the following condi-
tions:
(A;) Function a: [0, +00) — (0, +00) is a nonincreasing C*-function such that there ex-
ists a positive constant C satisfying

a'(t)| < Cal(t), - a(t) dt = +o0. (2.1)
@) /

(A3) Fuction g; : R — R is a nondecreasing C°-function such that there exist positive
constants Cj, Cy, r and a convex increasing function x € C([0, +o0)) N C2((0, +00))
satisfying x(0) = 0 or x is a nonlinear strictly convex C2-function on (0, r] with
x'(0), x” > 0 such that

s>+ gi(s) < x7! (sgi(s)), forallls| <r, (2.2)

C1s* <sgi(s) < Cps®, forall|s| > 7. (23)

Function g, : R — R is an increasing and odd C!-function such that for some posi-

tive constants Cs, a1, oo,

%) < Cs, (2.4)
a1(sg2(s)) < Gs) < aa(sgi(s))s (2.5)
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where
G S) = /4 d). 2.6

(A3) There exist 19, 71 > 0 such that

O<to<t(t)<t1, Vt>0, (2.7)
T e W*>(0,T), VT >0, (2.8)
() <d<1, Vt>O0. (2.9)

(As) The damping coefficients satisfy
vaaa(1 —day) <ai(1-d)yr. (2.10)

Remark 2.1 Using the monotonicity of g, and the mean value theorem for integrals, we
deduce that

G(s) = /Osgz(r) dr < sgy(s). (2.11)
It follows from (2.5) that «y < 1.
Similarly, as in Nicaise and Pignotti [31], we introduce the following change of variable:
z(x,0,t) = ut(x,t— r(t)o), for (x,0,t) € (0,1) x (0,1) x (0, 00). (2.12)
It follows that
t(t)z:(x,0,t) + (1 - t’(t)o)z(,(x,a, t)=0. (2.13)
Therefore, system (1.1) becomes

P (%, 1) — At (%, 1) — Mo — u)(x, 1) + y1a(t)gr (ue(, £))
+ya(t)g(z(x, 1,£) =0,

P194(x, £) = k(s + Y)x(x,8) + Ao — u) (%, £) + v30:(x,2) = 0,

P2V (%, £) = b (%, 2) + Ky + Yr)(x, ) — mOy(x,£) = 0,

030:(x, 1) — PO (x, 1) — M (x,£) = 0,

t(O)zi(x,0,8) + (1 =1/ (8)0)zs (x,0,8) = 0,

(2.14)

subjected to the boundary conditions

u(0,£) = . (0,2) = ¥ (0,2) = 0,(0,£) =0, >0,
u(L,t) = o(L,8) = ¥(1,£) =0(1,£) =0, ¢>0, (2.15)
z(x,0,t) = u,(x,t), x€(0,1),£>0,
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and initial data

u(x,0) = uo(x), @(x,0) = @o(x),

w(xr 0) = IpO(x)’ e(xr O) = 90(95)’ in (07 1)r
(%, 0) = u1 (%), @ (%,0) = @1 (%), (2.16)
wt(x, 0) = 1;[fl (x)’ in (0’ 1)7

Z(x; o, 0) = ut(xr _T(O)U) :ﬁ)(x’ _T(O)G)¢ in (0: 1) X (O: 1)
We introduce the following spaces:

H,(0,1) = {¢ € H'(0,1) : ¢(0) = 0},

{
H,(0,1) = {¢ € H'(0,1): ¢(1) =0},
H2(0,1) = {¢ € H*(0,1) : ¢ € H,(0,1)},
{

H}(0,1) = {¢ € H*(0,1) : ¢ € H}(0,1)}.

For completeness, we state without proof the existence and uniqueness result for prob-
lem (1.1)—(1.3). The result can be established using the Faedo—Galerkin approximation
method, see [5] or standard nonlinear semigroup method, see [19, 20].

Theorem 2.1 Let

(10, 9o, Yo,60) € H*(0,1) N Hy(0,1) x HX(0,1) N H(0,1) x H7(0,1)

NH0,1) x H2(0,1) N H.(0,1)
and
(u1, 1, Y1) € Hy(0,1) x Hy(0,1) x Hy(0,1),  fo(-,—7(0)) € Hy((0,1); H'(0,1))
be given such that
Jo(-,0) = uy.

Suppose conditions (A1)—(A4) hold. Then, problem (1.1)-(1.3) has a unique global weak
solution in the class

u e L™([0,+00); H*(0,1) N Hy(0,1)),  u, € L([0, +00); Hy(0,1)),

uy € L((0, +00); L*(0, 1)),

@ € L®([0,+00); HX(0,1) N\HL(0,1)), ¢, € L®([0, +00); H(0,1)),

ou € L®((0,+00); (0, 1)),

¥ € L2([0, +00); H;(0,1) N HL(0,1)), v € L™([0, +00); HA(0, 1)),
Yy € L((0, +00); L*(0, 1)),

0 € L([0, +00); H2(0,1) N H,(0,1)), 6, € L™((0,+00); L*(0, 1)).
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3 Technical lemmas
In this section, we prove some important lemmas which will be essential in establishing

the main result. Let [« be a positive constant satisfying

yo(l-a1) _ y1—-pra
3.1
ai1(1-4d) A ) 8.1)
and set
wu(t) = na(t).
The energy functional of system (2.14)—(2.16) is defined by
1 1
E(t) = 5/ (01} + P19} + P2} + oy + k(gx + W) + by, + Mg — u)*] dx
0
(3.2)

1 1,1
+ 1/ p392dx+u(t)r(t)/ / G(z(x,o,t)) do dx.
2 Jo o Jo

Lemma 3.1 Let (u, ¢, V,0,z) be the solution of system (2.14)—(2.16). Then, the energy func-
tional (3.2) satisfies

dE(?)

1
=0 < —alt)ly - s - yaea) / g (1) dx
t 0

(3.3)

1 1
—y3/ (ptzdx—,B Qfdx
0

Proof Multiplying (2.14); by u;, (2.14), by ¢;, (2.14)3 by v, and (2.14), by 0, integrating
the outcome over (0, 1), and applying integration by parts and the boundary conditions,

we get

1d (4, 2 2
5%/ [pu] + o + Mg — u)*| dx
0 (3.4)

1 1 1
) fo o — ) dx = ya(?) /0 g (102) dx — ya(2) /0 o (20, 1, ) di,

1d ! 5 5
57 (o160} + k(s + ¥)*] dx
0 (3.5)

1 1 1
=—V3/ w?dx—k/ wt(w—u)dﬂk/ Ve(px + V) dx,
0 0 0

1d (!

1 1
S [ Towi 4 by dx=m / iy dx— k / Vilgs + ) dx, (3.6)
0 0 0

1 1 1 1
E/ p392dx:—,3/ efdx—m/ V.0, dx. (3.7)
0 0 0
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Adding (3.4)—(3.7), we arrive at

| =

1
5 / (pu? + aui +Ap - u)? + p1<pt2 + k(@ + xp)2 + pgwtz + bl/ff + ,0392) dx
0

1 1
- yalt) / g (1) dx - yra(6) / o (22,1, 1)) e (3.8)
0 0

1 1
—y3/ <pt2dx—ﬁ/ 93dx.
0 0

Now, multiplying equation (2.14)5 by wu(£)g2(z(x, 0, t)) and integrating over (0,1) x (0, 1),

we obtain

1 1
u(t)r(t)/o /(; zt(x,o,t)gz(z(x,cr,t))dcrdx

Lo (3.9)
+ ,u(t)f / (1-7'(t)0)zs (x,0,8)g(2(x,0,t)) do dx = 0.
0 Jo
On account of (2.6), we can write
% [G(z(x,0,0)] = 2 (5,0, )2 (2(x, 0, 1)). (3.10)
Therefore, (3.9) becomes
1,1
(t)f / z(x,0,8)g(z(x,0,t)) do dx
00 (3.11)

1 p1
:_M(t)/(; /0 (1—t’(t)a)a%[G(z(x,a,t))]da dx.

It follows that

( o[ ctewonivas)

t)/ / -7 (t)0)G(z(x,0,t)) | do dx
+ ;/(t)r(t)/(; /O G(z(x,0,t)) do dx
1 1
= pc(t)/ (G(z(x, 0, t)) - G(z(x,1,8))) dx + pc(t)t/(t)/ G(z(x, 1, t)) dx (3.12)
0 0
1,1
+ u/(t)r(t)/(; /o G(z(x,0,t)) do dx
1 1
= po(t)/ G(uy(x, 1)) dxc — p(8)(1 - t’(t)) [ G(z(x,1,t) dx
0 0

1 1
+ u/(t)r(t)/ / G(z(x,a, t)) do dx.
o Jo
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Recalling the definition of the energy functional (3.2), and adding (3.8) and (3.12), we ob-
tain

d 1 1
) - nalt) / ug1(u;) dx — yra(t) / wigr(2(%,1,1)) dx
0 0

dt
1 1
+ ,u(t)/ G(ut(x, 1) dx — pu(t)(1- 'C/(L‘)) / G(z(x,1,t) dx (3.13)
0 0

1 1 1 1
-3 / ¢ dx—p / O dx+ 1/ (O)T(2) / / G(z(x,0,1)) do dx.
0 0 0o Jo

On the account of (A;) and (2.5), we get

dE(t) ! !
— =T (ra(t) - n®as) | wgi(u)dx—ysat) | wg(z(x1,1)) dx
4 0 0
(3.14)
1 1 1
-n@®(1-7(2) / G(z(x,1,t) dx — y3/ @ dx - ﬁ/ 02 dx.
0 0 0

Now, we consider the convex conjugate of G defined by

G*(s)=s(G) '(5) - G((G) '(s)), Vs=0, (3.15)
which satisfies the generalized Young inequality (see [2])

AB < G*(A)+ G(B), VA,B>0. (3.16)
Using (2.5) and the definition of G, we get

G*(s) = sg;"(s) — G(gz_l(s)), Vs> 0. (3.17)
Therefore, on account of (2.5) and (3.17), we have

G*(g(2(x, 1,1))) = z(x, 1, )ga (2(x, 1, 2)) — G(2(x, 1, ) 618

< (L-a1)z(x, 1,0 (2(x, 1,1)).
A combination of (3.14), (3.16), and (3.18) leads to

dE(t)

1
— = -(y1a(t) - n(t)ar) /0 w1 (ur) dx

1
+ Vzﬂ(t)/o (G(uy) + G*(g2(2(x,1,1))) dx
1 1 1
—u®(1-7 G(z(x,1,t) dx — ;dx - 6; d
(o) r(t))/o (el 1, 8) dix ygfog, ” ,3/0 .

1 1
< —(nalt) - u(t)as) /0 g (o10) i + ya(t)a /0 g (1) dx

1
a1 -a) [ 2ts1, 0 (o5 1,0) (3.19)
0
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1 1 1
—u(t)(l—r’(t))fo G(z(x, l,t)dx—y3/0 gotzdx—ﬂfo 02 dx

1
< —(n1a(®) - u(Oaz - yra(t)as) / ui @ (ur) dx
0

1
- (,u(t)(l - r/(t))al — yaa(t)(1 - al)) / z(x, 1, t)gz(z(x, 1, t)) dx
0

1 1
—)/3/ gofdx—ﬂ/ 02 dx.
0 0

Recalling that u(t) = ia(t), it follows from (3.19) that

dE(t)

1
— = a(t)[y1 — oz — Vzaz]/ usg () dx
1 0

1
—a(t) [/:L(l - t’(t))al -1 - al)] /0 z(x, 1,6)g (z(x, 1, t)) dx

1 1
—y3/ <pt2dx—ﬁ/ Qfdx.
0 0

Using (2.9) and (3.1), we obtain the desired result. This finishes the proof.

Lemma 3.2 The functional Fy, defined by

1 x
Fi(t) := —,02,03/0 %/0 0(y,t) dy dx,
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(3.20)

satisfies, along the solution of system (2.14)—(2.16) and for any €1, €, > 0, the estimate

2

1 v,
+ell+ —+— 0, dx.
€1 €/ Jo

mpy [* 2 ! 2 ! 2
F{(t)f——/ wtdx+61/ wxdx+62/((px+1p) dx
0 0 0

1

(3.21)

Proof Differentiating F;, using (2.14); and (2.14)4, then integrating by parts and exploiting

the boundary conditions lead to

1 1 X
F(t) = bps /0 Vb dx + kps /0 (02 + 1) /0 60y, 1) dydx

1 1 1
+ mpgf 0% dx—pzﬁ/ V0, dx—pzm/ V2 dx.
0 0 0

Making use of Cauchy—Schwarz, Young’s, and Poincaré’s inequalities, we get (3.21).

Lemma 3.3 The functional F,, defined by

1
V3
Fy(t) = / (puut + 0199; + P2 s + 3<ﬂ2> dx,
0

(3.22)

O
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satisfies, along the solution of system (2.14)—(2.16), the estimate
/ Ha , 2 2. b,
F(t) < - §”x+)‘(‘/’_”) +k(py + ) +§1px dx
0
1 1
+ / (ou} + p199} + p2v}) dx + c/ 07 dx (3.23)
0 0
! 2 ! 2
+ c/ ’gl(u[)| dx + c/ |g2(z(x,1,t))‘ dx, Vt>0.
0 0

Proof Directly differentiating F,, using (2.14);, (2.14),, and (2.14)s, then applying integra-

tion by parts and boundary conditions, we obtain
1
Fy(t)=- / (auﬁ +r@—-u)? +k(pe+v)t + bw,f) dx
0
1 1
+ / (ou} + p199] + p2y7) dx + m/ Yo, dx (3.24)
0 0
1 1
~at) [ uru)dr—yaa(®) [ ugo(eto1,0) .
0 0

Using (A1), Young’s and Poincaré’s inequalities, we obtain (3.23). O

Lemma 3.4 The functional

F(t):=at t)/ / nWo g z(x,a t)) do dx,
satisfies, along the solution of system (2.14)—(2.16), the estimate
, poy (o, 2
Fi(t) <—2F5(¢) + 7/ (ut + ’gl(u[)| )dx, vt > 0. (3.25)
0
Proof Differentiating F3, we get
1,1
Fi(t) = a7’ (1) / f e " G(z(x,0,t)) do dx
o Jo
1,1
—Zﬂr(t)t’(t)/ / Ge_zr(”"G(z(x,o,t)) do dx (3.26)
o Jo
1,1
+ﬂf(t)f / ez, (x,0,8)g (2(x, 0, 1)) do dx.
o Jo

Using the last equation in (2.14), we can express the last term on the right hand-side of
(3.26) as

/ / zt x,0, t)gz( (x,o,t)) do dx

= / / e (¢ (t)o — 1)z, (x, 0, )2 (2, 0, 1)) do dx
o Jo
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[T 2 e "(t)o - 1)G(z(x,0,t))] do d
_fo /0 [0 (200 - 1)6 (e, 1) ] do dx
1 p1
+21(t)/ / e‘zr(t)"(r’(t)cr—l)G(z(x,a,t))dcrdx
o Jo
- (3.27)
—r/(t)f f e " G(z(x,0,t)) do dx
o Jo
1 I
:-(l—r’(t))e’h(t)fo G(z(x,l,t))dx+/0 G(u;) dx
1 p1
—2t(t)o (,./ _
+21(t)/0 /0 e (r (t)o I)G(z(x,a,t))dadx
1,1
—7/(¢) /0 /0 e " G(z(x,0,t)) do dx.

Substituting (3.27) into (3.26), we arrive at

1,1 1
Fi(t) = - 2ﬁr(t)/ / e‘zz(t)"G(z(x,a,t)) do dx + [_L/ G(uy) dx
o Jo 0
1 (3.28)
-(1- r/(t))e_ZT(t) / G(z(x,1,1)) dx.
0

Using condition (2.5) and Young'’s inequality, we obtain (3.26). O

Lemma 3.5 Let (u, ¢, V¥,0,z) be the solution of system (2.14)—(2.16). Then, for N,N1, N, > 0
sufficiently large, the Lyapunov functional L, defined by

L(t) := NE(t) + Ny Fy(t) + NoFs(£) + F3(t), (3.29)
satisfies, for some positive constants ci, ¢, 1),

aE(@t) < L(t) < E(t), Vt=>0, (3.30)
and

1 1
L'(t) < —nE(t) + C/o (uf + }gl(ut)|2) dx + C/o |g2(z(x, 1, t)) ‘2 dx, Vt=>0. (3.31)

Proof Applying Cauchy—Schwarz, Young’s, and Poincaré’s inequalities, we have

|L(t) - NE(t)| <N,

1 X
—,02/ w;/ 6(y,0)dydx
0 0

+N2

1
V3
/ (puut + P190@; + P2 + 7/?2) dx
0

+

1l
at(t) / / e " G(z(x,0,t)) do dx
o Jo

N ! N ! N1 + N: !
< 2P u’dx + 201 / @rdx + (N + No)pn / Wl dx (3.32)
2 Jo 2 Jo 2 0

Page 11 of 19
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N 1 N- 1 N- 1
+—2y3f (p2dx+—2pf uidx+—2p1f gaﬁdx
2 Jo 2 Jo 2 Jo
N. 1 N 1 x 2
+ 2,02/ W2 dx + 1'02/ / Oy, t)dy | dx
2 Jo 2 Jo \Jo

1,1
+[w(t)/0 /0 G(z(x,0,t)) do dx.

Using the relations

1 ! 1
/ (pzdx§2/ (<p—u)2dx+2/ u? dx,
0 0 0

1 1 1
/ go,%dfo/ ((px+1/f)2dx+2/ V2 dx,
0 0 0

we arrive at

N. ! N; + N !
|L(6) - NE(®)| < 2” e N (1 g, W Ndp [0
0 ! 2 0 ! 2 0 !

l 1
N
+N2y3/ (o —u)dx+ <N2y3+ %’O)/ 12 dx
0 0

! No(pr+ )\ (! (%53
+Napy / (s + V) dx + (#) / 2 dx
N1,02/ 0%dx + it ( t)/ / z(x,0, L‘) do dx.
From (3.33), we obtain
|L(¢) - NE(¢)| <cE(2). (3.34)
By choosing N large enough such that
c=N-¢>0, c=N+¢>0, (3.35)

estimate (4.14) follows. Next, we establish (3.31). Using Lemmas 3.1-3.4, we get

1 1
L't < —p/ M?dx—[NVs—sz]f @7 dx — |:N1——N2P2i|/ v} dx
0 0

Noar (! 2 ! 2 2
- uxdx—Nz)»/ (o —u) dx-— [Nzk—N1€2]/ (@x +¥) dx
0 0 0

b ! 1 1 !
—|:N2——Nlel:|/ Wfdx—[Nﬁ—Nlc(l+—+—)—Nzc]f Gﬁdx
2 0 €1 € 0

—277 1 1 . X
2o [ G(z(x,o,t))dodx+[p+ sz+%] [ as

fas | 1 2 ! 2
+ [cN2+ T]/ |g1 ()| dx+cN2/ g2 (2(x, 1,1))|” dx.
0 0
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Choosing

Ngb Ngk

Ny =1, € =—, €= —,
> T aN, >T N,

we arrive at

L=< -p /o”fd" [Nys—m]/ oz [ 1——p2]/ y2d
—%[ 2 - A/(w u)de——/(¢x+w>

——/ V2 dx - [N,s N1c<1+4—Nl Z—M)—c}/ 67 dx (3.36)
b k 0

2672‘[1 1 1 @ 1 )
_—a(O) /L(t)‘[(t)/o /0 G(z(x,a,t))dadx+|:2p+ 5 ]/0 u; dx
- 1 1
+ [c+ %]/0 ’gl(ut)|2dx+c/0 ’gz(z(x,l,t))|2dx.

Now, we choose N large such that

m
N1%—,02>0

Next, we select N very large so that (4.14) remains true and

4N, 2N
Nys—p1 >0, NpB - Nic 1+—b e —-c>0.
k

Therefore, using the energy functional defined by (3.2), we obtain (3.31). O

4 Stability result

In this section, we are concerned with the main stability result, and is stated as follows.

Theorem 4.1 Let (u,¢,v,0,z) be the solution of system (2.14)—(2.16) and assume (A1)—
(A4) hold. Then, for some positive constants 81, 82, 83, and ry, the energy functional (3.2)
satisfies

t
E(t)§81xfl(82/ a(S)dS+83>, t>0, (4.1)
0
where
L |
o) = / L ds and xol0) = tx'(ot).
¢ Xo(s)

Proof We divide the proof into two cases:
Case I: x is linear. Using (A;), we get

Cilsl < |@(s)| < Colsl,  VseR.

Page 13 0of 19



Mukiawa et al. Advances in Continuous and Discrete Models (2023) 2023:7 Page 14 of 19

Thus,

gi(s) < Cosgi(s), VseR. (4.2)
Therefore, multiplying (3.31) by a(¢) and using (3.3) and (4.2), we conclude that

1 1
a(t)L'(t) < - na(t)E(t) + ca(t)/0 g1 (ug) dx + coz(t)/0 z(x,1,0)g (z(x, 1, 1)) dx
<-—na(t)E(t) - cE'(t), VteR"'.

Exploiting (A,) and (3.30), it follows that

Lo(2) := a(t)L(t) + cE(¢) ~ E(£) (4.3)
and, for some constant 7; > 0, the functional L, satisfies

Ly(#) < —ma(t)Lo(t), Vt>0. (4.4)

A simple integration of (4.4) over (0, £), using (4.3), yields

t t
E(t) <46, exp<—52/ a(s) ds) =8t (82/ a(s) ds), vVt > 0. (4.5)
0 0
Case II: x is nonlinear on [0, r]. Here, as in [22], we select 0 < r; < r so that
sgi(s) < min{r, x(r)}, Vis| <. (4.6)

On account of (A;) and the continuity of g; with the fact that |g;(s)| > 0, for s # 0, we
conclude that

s2+gHs) < x Us@(9), Vsl <11,
Cilsl <@ < Cylsl,  VIs| =r1.

(4.7)

Now, we introduce the following partitions:

Ilz{xe(O,l):lut|§r1}, 12={xe(0,1):|u¢|>r1},

I = {xe (0,1): ‘z(x,l,t)’ §r1}, L= {xe(O,l): ’z(x,l,t)’ >r1}

and the functional %, defined by
H(t) = / g (o) .
I
Using the fact that x 7! is concave and Jensen’s inequality, it follows that

X 00) e [ 17 ng () . (438)

I
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Combining (4.7) and (4.8), we have

1
a(t)fo (uf +g12(ut)) dx = a(t)f (u? +g12(ut)) dx + a(t)f (uf +gf(u,)) dx

I I

<a(t) | x N(mg(w))dx+calt) | wg(u,)dx
I I
< coz(t))(’1 (h(t)) —cE'(¢). (4.9)

and

1
a(t) /0 g% (z(x, 1, t)) dx = a(t) /1‘ g% (z(x, 1, t)) dx+al(t) | g% (z(x, 1, t)) dx

I

< ca(t) /1 z(x,1,£)g (z(x, 1, t)) dx @10

+al(t) / z(x,1,8)g2(2(x, 1,2)) dx
L
< —cE'(t).
Multiplying (3.31) by a(t) and using (4.9) and (4.10), we obtain
a(t)L'(t) + cE'(t) < —na()E(t) + ca(t)x " (h(t)). (4.11)

It follows from (A;) that

Li(t) < —na(t)E(t) + ca(t) x (h(t)), (4.12)
where
Ly(2) = a(t)L(¢) + cE(¢) ~ E(t) Dby virtue of (3.30). (4.13)

Let rp < rand 19 > 0 to be specified later. Then, combining (4.12) and the fact that
E <o, x' >0, x">0 on(0,r],

the functional Ly, defined by

Lo(t) = X/(Vo%)h(t) £ 0E(),
satisfies
Kk1Ly(t) < E(t) < k2Ly(2) (4.14)

for some positive constants k7, k3, and

E' E
Ly(0) = ro E((g)) X <"0 %)Ll(t) . x’(ro %)L;(n + Mo (0)
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E E
< —ndﬂﬂﬂx’(m%) + ca(ﬂf(fo%)x‘l(h(t)) +10E'(£). (4.15)
A

To estimate the term A in (4.15), we consider the convex conjugate of x denoted by x*,
defined by

W] =y(x) 0, ifye©x¢), (4.16)
and which satisfies the generalized Young’s inequality
XY < x*X0) + x(Y), ifXe(0,x'(n],Ye©r] (4.17)

Taking X = X/(ro%) and Y = x1(h(¢)) and recalling Lemma 3.1 and (4.6), then (4.15)—
(4.17) lead to

L= - na(t)E(t)x’(m%) . ca(t)[x ; <x/(ro%>> oy (x‘l(h(t)))]

+noE'(2)

- a0 () s catre (129

+ ca(t)h(t) + noE () (4.18)

- na(t)E(t)X/(Voi%> + crm(ﬂ(%))(/(m%)

—cE'(t) + noE'(t)

IA

- (10 - enao) 55 ) (g ) + 00 -9E

By choosing ry = %(CO), no = 2¢, and recalling that E'(¢) < 0, we arrive at

E E E
L) < —ma(t)%x/(m%) =—ma(t)x<)<£>, (4.19)

IA

where 11 > 0 and yxo(2) = £x’'(rot). Now, since  is strictly convex on (0, r], we conclude that
x0(2) > 0, x4(t) >0 on (0, 1]. Using (4.14) and (4.19), it follows that the functional

Kk1Lo(2)
E(0)

Ls(t) =
satisfies

Ly(t) ~ Et) (4.20)
and, for some 85 > 0,

Ly(8) < -82a(t) xo(Ls(0)), 4.21)
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which yields

[x1(L:®)] = 8:a(t), (4.22)

where

|
Xl(t)zl md& te€(0,1].

Integrating (4.22) over [0, ¢], keeping in mind the properties of xo, and the fact that x; is
strictly decreasing on (0, 1], we obtain

t
Ly(t) < Xfl (82/ a(s)ds + 83), vVt e RY, (4.23)
0
for some &3 > 0. Using (4.20) and (4.23), the proof of Theorem 4.1 is completed. O
5 Examples
We end this section by giving some examples to illustrate the obtained result.
Let

2 € CZ([O, +OO))

be a strictly increasing function such that go(0) = 0 and, for some positive constants ci, ¢,
and r, the function g; satisfies

2(Isl) < @®)] =g (sl), VIsl<r, -
c18” <sg1(s) < cos®,  Vis| > r. '

We consider the function

o ()

It follows that x isa C-strictly convex function on (0, 7] when gy is nonlinear and therefore
satisfies condition (A,). Now, we give some examples of gy such that g; satisfies (5.1) near
0.
1. Let go(s) = As, where A > 0 a constant, then x(s) = As, where A = % satisfies (A,) near 0
and from (4.1), we get

E@) < Sexp(—&z /ta(s) ds), Vit > 0.
0

1
2. Let go(s) = %e 2, then x(s) = e ¢ satisfies (A2) in the neighborhood of 0 and from
(4.1), we obtain

t -1
E@t) <6 (ln(82f a(s)ds + 83>> , Vt>0. (5.3)
0
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1 s V2 . )
3. Let go(s) = e, then x(s) = \/ge s satisfies (A) near 0 and using (4.1), we obtain

t -2
E(t) <6, (ln<82f a(s)ds + 83)) , Vi>0. (5.4)
0

6 Conclusion

In this work, we obtained some general decay results for a thermoelastic Timoshenko
beam system with suspenders, general weak internal damping, time-varying coeficient,
and time-varying delay terms. The damping structure in system (2.14)—(2.16) is sufficient
enough to stabilize the system without any additional conditions on the coefficient param-
eters as it is the case with many Timoshenko beam systems in the literature. The result of
the present paper generalizes the one established in Bochichio et al. [6] and allows a large
class of functions that satisfy condition (A,). We also gave some examples to illustrate our
theoretical finding.
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