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1 Introduction

Many dynamical systems not only depend on present and past states but also involve
derivatives with delays. Neutral stochastic differential equations (NSDEs) are often used
to describe such systems. Motivated by wide applications in engineering and sciences,
problems of stability of NSDEs have attracted extensive attention from researchers. For
example, Kolmanovskii et al. [1] established some fundamental theories for NSDEs with
Markovian switching. The almost surely asymptotic stability for a class of hybrid neutral
stochastic differential delay equations (NSDDEs) was investigated by Mao et al. [2]. Chen
et al. [3] studied exponential stability for NSDEs with time-varying delay. Mao and Mao
[4] investigated the existence and uniqueness of solutions to neutral stochastic functional
differential equations with Lévy jumps. Shen et al. [5] explored the boundedness and sta-
bility of highly nonlinear NSDEs with multiple delays. Li and Deng [6] discussed almost
sure stability with general decay rate of highly nonlinear NSDEs with Lévy noise. Some
new criteria for the mean square exponential stability of neutral stochastic functional dif-
ferential equations were given by Ngoc [7]. One of the important issues in the study of the
stability of NSDEs is the design of feedback control. There are also a large number of re-
sults on stabilisation for stochastic delay systems in the previous literature. The pioneering
work of delay feedback control was due to Mao et al. [8]. Since then some further devel-
opments have been made (see, e.g., [9-16]). A common feature of these existing in this
area is that the coefficients are either linear or nonlinear but bounded by linear functions.
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However, in the real world, many stochastic differential equations (SDEs) do not satisfy
linear growth condition (see, e.g., [17—24]). Recently, the work of Lu et al. [25] is the first
to study delay feedback control for highly nonlinear hybrid SDEs. It was later extended to
the stochastic differential delay equations (SDDEs) by Li et al. [26]. Shen et al. [27] is the
first to discuss delay feedback control of highly nonlinear NSDEs. However, the results in
the paper of Shen et al. [27] only can be applied to neutral stochastic systems with constant
delay. Moreover, they did not discuss the convergence rate of the solution. In this paper,
we will extend the work of Shen et al. [27] to highly nonlinear NSDEs with variable delays
for obtaining the exponential stabilisation criterion.

The structure of the paper is arranged as follows. In Sect. 2, some hypotheses are given.
The main results are discussed in Sect. 3. An example is given to illustrate the effectiveness
of our theory in Sect. 4, while the conclusion is made in Sect. 5.

Notations Throughout this paper, unless otherwise specified, we use the following no-
tation. If A is a vector or matrix, then its transpose is denoted by AT. If x € R”, then
|x| is its Euclidean norm. If A is a matrix, then we let |A| = \/trace(ATA) be its trace
norm. Let R, = [0,00). For § > 0, denote by C([-§,0]; R") the family of continuous func-
tions ¢ from [-§,0] — R" with the norm [[¢|| = sup_s_,, [¢(s)|. Let (2, F, {F¢}s0, P) be
a complete probability space with a filtration {F;};> satisfying the usual conditions. Let
B(t) = (By(t),...,B,,(t))T be an m-dimensional Brownian motion defined on the probabil-
ity space. Let §(¢) be a differentiable function from R, — [0, §] such that 5(t):=ds(t)/dt <5
for all £ > 0, where § € [0, 1). Let r(t) be a right-continuous Markov chain on the probabil-
ity space taking values in a finite state space S = {1,2,...,N} with generator I' = (y;))nxn>
given by

ViA +0(A) ifi #],

Plrt+A)=j|r(t)=i} = 1+yuA+0(A) ifi=j

where A > 0. Here y;; > 0 is the transition rate from i to j if i #j while y; = — Z]. 4 Vij- We
assume that the Markov chain r(-) is independent of the Brownian motion B(-).

Let C*}(R" x S x R,; R,) denote the family of nonnegative functions U (x, i, t) defined on
(x,i,£) € R* x S X R,, which are continuously twice differentiable in x and once in ¢. For

: . U U au 82U
such a function U, we will let U, = 5=, U, = (W""’ M)’ and U, = (m)"xn'

2 Hypotheses
Suppose that the unstable system is described by the hybrid NSDE

d[X(t)-D(X(£-8@)))] =f(X@®), X (¢ - 8()), r(2), t) dt
+g(X(0),X(t - 8(2)), (1), t) dB(t)

on t > 0 with the initial data
X(0)=& €C([-5,0;R") and r(0)=io €S, (2.1)

where f: R" x R" x S x R, - R" and g: R" x R" x § x R, — R"*"™ are Borel measurable

functions. We are required to design a variable delay feedback control u(X (¢ — t(¢)), r(¢), t)
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so that the corresponding controlled system

d[X(t)-D(X(t-8(8))] = [f(X(®), X (£ - 8(2)), r(®), £) + w(X (¢ - T(2)), (2), 2) | dt

+g(X(0), X (¢t - 8()), (t),t) dB(2) (2.2)

becomes exponentially stable. We assume that the controller function #: R* x S x R, —

R" is Borel measurable and 7(¢) is a differentiable function from R, — [0,7]. To make

our feedback control analysis more understandable, we will only consider the case where
dt(¢)/dt <8 and T <3$.

The classical conditions for the existence and uniqueness of the global solution are the

local Lipschitz condition and the linear growth condition. In this paper, we need the lo-

cal Lipschitz condition. Moreover, we impose the following polynomial growth condition
instead of the linear growth condition.

Assumption 2.1 Assume that for any 4 > 0 there exists a positive constant K}, such that

lf(x;y; ir t) —f(?_C,}_/, i; t)‘ \% |g(x’y’ i; t) _g(';cl_)_/) i1 t)| =< I(h(lx—ﬁ_d + |y_5/|)

forallx,x,y,y € R" with |x| Vv |X| V |y| V [y| < hand all £ € R,. Assume, moreover, that there
exist three constants K > 0, g; > 1, and g5 > 1 such that

f (9,0, 8)| < K (12| + x|+ y] + [y17),

gy, 6,0)] < K(Ix + |6l + |y] + y1%) (23)
for all (x,y,i,t) € R" x R" x S X R,.
Assumption 2.2 We assume that there exists a constant « € (0, 1) such that

|D(a) - D(b)| < kl|a - b]| (2.4)
for all a,b € R" and D(0) = 0.

We emphasise that we are interested in highly nonlinear NSDEs which have either g; > 1
or g, > 1 in Assumption 2.1 in this paper. We will refer to condition (2.3) as the polynomial
growth condition.

As a standing hypothesis of this paper, we assume that both coefficients f and g are
sufficiently smooth so that NSDE (2.2) with the initial data (2.1) has the unique global
solution X(£) on ¢ > —§ and, moreover, there is a constant g > 2 such that

sup E|X(£)|" < o0. (2.5)

—8<t<o0

For further information on this hypothesis, we refer the reader to the work of Shen et al. [5].

Assumption 2.3 Assume that there exists a positive number 8 such that

|u(x, i, t) — u(y, i, £)| < Blx -yl (2.6)
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for all (x,i,) € R” x S x R,. Moreover, for the purpose of stability, we require that
u(0,i,t) =0.

3 Main results

In this section, we define two segments X, o= {X(@t+s):-28 <s<0}and 7 := {r(t +5) :
—28 < s <0} for £ > 0. For X, and 7, to be well defined for 0 < ¢ < 28, we set X(s) = £(=)
fors € [-28,-8) and r(s) = ro for s € [-2§,0). The Lyapunov functional defined in this paper
will be in the form of

0 pt
V(Xy, 70 t) = U(X(8) - D(X (£~ 8(2))), r(®),£) + 6 / / d(v)dvds (3.1)
—-T Jt+s
for t > 0, where I € C2}(R" x S x R,;R,) such that

lim [( )inf U(x, i, t)] =00,
it

|x|— 00 €SXRy

6 is a positive number to be determined later, and

2

(8 = T|f(X(), X (¢ = 8(0)), r(®), ) + u(X(t - T(2)), 7(0), )|

+ |g(X@), X (£ - 82)), r@), 1) .

By the generalized It6 formula (see, e.g., [28]) and the fundamental theory of calculus,
we can have the following lemma.

Lemma 3.1 With the notation above, V(X,,7,,t) is an 1té process on t > 0 with its Ité
differential

AV (X,, 7, t) = LV(X,, 7y, t) dt + dM(2), (3.2)

where M(t) is a continuous local martingale with M(0) = 0 [28, Theorem 1.45 on page 48],
and

LV(X,, 74 8)
= U, (X(¢) - D(X () - 8(2)), (), £)

+ U (X () - D(X (@) - 8()), r(@), ) [u(X (£ = T(2)), 1(2), ) — (X (2), (), £) ]

+ LU(X (), X (£ - 8(2)), r(t), £) + 0T D(2) - 6 /t d(v)dv, (3.3)

in which LU : R" x R" x S x R, — R is defined by

LU, y,i,t) = Uy (x = DY), iy t) + U (x = D), iy £) [f (5,91, 8) + ulx, i, 1) ]

+ % trace[gT(x, Yy iy ) Uy (x - D), t)g(x, Vi, t)]

N

+ Y yyl(x - D@),jt). (3.4)
j=1

Page 4 of 16
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The following inequality will be frequently used when we derive the main results. We
list it here and refer, for example, to [1, 5].

Lemma 3.2 For p > 1, the following classical inequality holds:
’x—D(y)|p <(1-k)"Plx? + |yl (3.5)

Assumption 3.3 For the function Q € C(R";R,), there exist two positive constants o, oy

such that Q(x — D(3)) < a1 Q(x) + a2 Q(y).

Remark 3.4 Obviously, when A, Xy, p, q are positive constants, the function Q(x) =
A1lxl? + Aylx|9 satisfies Assumption 3.3.

To study the exponential stability of NSDE (2.2), we need to impose a new assumption.

Assumption 3.5 Let Assumption 3.3 hold. Assume that there exist functions I €
C>M(R" x § x Ry;R,), u:R" x § x R, — R" and positive numbers 0, g (j = 1,2,...,7)

such that
Bs < Ba(1-6), B7 < Bs(1-6), 0lx|> < U(x,i,t) < Qx), (3.6)
LU(x,p,i,t) + Br|Ue(x = DY), i, £)|* + Ba|f (x,9,5, 0" + Bs|g(x,3,5,0)°
< —Balxl* + Bsly* = BsQ(x) + B7Q() (3.7)

for all (x,y,i,t) € R" x R" x S X R,.

Theorem 3.6 Let Assumptions 2.1, 2.3, and 3.5 hold. Assume that

(1-k)2B1Bs  (1-k)v/Bifa (1 - k)v/2B1(Ba(1 - §) — B5)
A and 1< .
B2 B 242

T=

(3.8)
Then, for any given initial data (2.1), the solution of NSDE (2.2) has the property that
. 1 -
tlg(r)lo sup n logEU(X(t) - D(X(t - 5(t))), r(t), t) <0. (3.9)

Proof Fix the initial data & € C([-6,0]; R") and ro € S arbitrarily. Let ko > 0 be a sufficiently
large integer such that ||| < ko. For each integer k > ko, define the stopping time

ox =inf{t > 0: [X(¢)| = k},

where throughout this paper we set inf @ = co (as usual, ¥ denotes the empty set). It is easy
to see that oy is increasing as k — oo and, by condition (2.5), limy_, » 0k = 00 a.s. By the
generalised It6 formula, we obtain from Lemma 3.1 that

E[ex(tmjk) V(}A(t/\ak) ?t/\o'k’ tA Gk)]

N tAO} R N
= V(Xo,70,0) + E / e (A\V(X;, 75, 8) + LV (X, 7y, 5)) ds (3.10)
0
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for any ¢ > 0 and k > ko, where 2 is a sufficiently small positive number to be determined
later.
We now let 6 = 82/(B1(1 — k)?). By Assumption 3.5 and the Hélder inequality, it is easy
to show that
U (X () - D(X (&) - 8(2)), r(®), £) [u(X (£ = T(2)), 7(2), ) — (X (2), (), £) ]

2
< Bi|TL(X(@) - D(X(2) - 8(8)), r@), 1) | + fE|X(t) ~X(t-7@)[". (3.11)

By condition (3.8), we have 912 < 8, and 67 < 3,

LV(X,, 7, 8) < EL_I(X(S),X(S - 8(5)), r(s), t) + B1 | I:[x(X(S) - D(X(s - 6(s))), r(t), t) |2
+ Balf (X(5), X (s - 8(5)), (®), ) |* + B3| g (X(s), X (s - 8(5)), r@), £) |

+ 2912,32|X(s - ‘L'(S))|2 + %|X(s) —X(s - T(s))|2
’32 t
ST / Py
<2002 X(s— 7(5))|* = Ba|X(5)|” + Bs| X (s - 5(5)) | - BsQ(X(5))

2
+B7Q(X(s-5(s))) + 413—/‘31 | X(s) - X(s - t(s))|2

2 s
- ﬁ ‘/S_,[ q)(V) dv. (312)

Substituting this into (3.10) implies

B2

AEACK) 171 % A & A
E[e OV (Xenop Tenogr EA Uk)] < V(Xo,70,0) + mhﬁ

+H2 +H3—H4+H5—H6+H7+H8—H9,

where

tAO} 0 s
H; =Ef e“f / ®(v)dvduds,
0 -7 Js+u

H, = )»E/th e“L_I(X(s) - D(X( - 8(5))), r(s),s) ds,
0

tNO)
Hs = 291252E/ H|x(t-7@)] ds,
0
tAO| 2
e |X(s - 8(5)) | ds,
0

tAO)
Hy = B4E / e“|X(s)|2ds, Hs = BsE /
0

tAOF

Hg = B6E / ke“Q(X(s)) ds,  H;=pBE / Q(X(s-8(s)))ds,
0 0

_ Py
4,

132 tAOY N s
Hy=——F $ d(v)dvds.
T B — k) /o ‘ / (v dvds

Hg / - e“|X(s) —X(s— t(s))|2ds,
0
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It is easy to see that

tAO} s
H; < TE/ e“/ d(v)dvds.
0 s—T

By inequality (3.5) and Assumption 3.3, we have

E/th e“l:I(X(s) - D(X(s - 8(5))), r(s),s) ds
0

<E / " [ QX(E) + QX (s - 5)) ] ds
0

On the other hand,
Ao e)\.(; 0 eAS tAoy
E/ e“Q( (s - 8(s))) 1 / Q(S (s)) ds + - 8E/ e“Q(X(s)) ds,
0 0
tAok tNog 2
E/ e“‘X(s ‘ ds < ’ ds+ f e“‘X(s)’ ds
0

and

tAO) 2 e)“s 0 2 e)“s tnok 2
E/ X (s— () ds < —_/ |&(s)| " ds + -E/ " [X(s)|" ds.
0 1-6J-s 1- 0

Noting that 7 < (1=0vV261(Ba1-0)-B5) ' \we can now choose a sufficiently small X such that

242
972 B4 26
! /3 ¢ = + ﬂse = S ﬂ4;
B1(1-k)2(1-6) 1-96
Bz Ay 1

—+do+ ——=<B, and AT < —. 3.13

13 Tty =h =2 (3.13)
Then we can obtain
. 1

E[e)‘(tAUk)v(Xt/\ak) rt/\(rkrt A Gk)] = Cl + HS - §H9’ (3'14)

where C; is a positive constant. By the well-known Fatou lemma, we can let kK — oo in
(3.14) to obtain

~ - 1-
e"EV(X,,7,,t) < Cy + Hg — 5o (3.15)

where

_ /32 t S
Hg = 451 /OeA ’X(s)—X(s—t(s))’zds,

= /31(1 Brll— ) / f (v) dvds.

By the well-known Fubini theorem,

_ ﬁZ t

Hg = 5 “E|X(s) -X(s- t(s))|2ds.

Page 7 of 16
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For t € [0, t], we clearly have

AT R2
— TE
Hg < e

( sup E|X(v)’2) =:C,.

/31 —T<V<T

For t > T, we have
_ Bgr [t 2
Hg <Cy+ —f e“E|X(s) —X(s— r(s))| ds.
4'131 T
Note that

’X(s) —X(s—r(s))’
< |X(s) —D(X(s - 8(s))) —X(s— ‘r(s)) +D(X(s —8(s) — ‘L’(S)))|
+|[D(X(s = 8(s))) = D(X(s = 8(s) - (5)))|

[ x50,

< K|X(s—8(s)) —X(s— 8(s) — ‘E(S))| +

+u(X(v-1(),r(v),v)]dv + /S Z(XW), X(v-38()),r(v),v) dB()|.

Therefore, we have

E’X(s) —X(s— t(s))’2

<(1+0)*E|X(s—8(s)) = X(s = 8(s) - r(s))|2

1
+ <1+ —)E
o

+ / g(XW), X (v-58()),r(v),v) dB(v)

/S [f(XW),X(v=8(®),r(v),v) + u(X(v-t(v)),r(v),v)] dv

2

<(1+ Q)KZE’X(S—S(S)) - X(s—8(s) - r(s))‘2 + 2(1 + é)E/S H®W)dv.

Setting o = % —1, then we have

/tE|X(s) -X(s- t(s))|2ds

§K/jE‘X(s—5(s)) —X(s—8(s)—t(s))’2ds+ 1EKE/:/SSTH(V)dVds

< Kf1;15|x(s) - X(s— ()| ds+ lfKE/:/; H) dvds.

Noting that 0 < « < 1, it follows that

/tE|X(s) —X(s— t(s))|2ds

T 2 t N
=< lfK ‘/T_5E|X(S)—X(s—t(s))i2ds+ (1—f<)2E/T /HH(V)dvds_
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Noting that

/T E|X(s)—X(s—r(s))‘2ds§2Ef ’X(s)|2ds+ |X(s—t(s))’2ds
-8

T
T—

5
s

§4Ef ‘X(s)’zdsf&S sup E}X(V)|2:= Cs.
-

—$<v<s
Hg < —=Hg + Cy + Cs. (3.16)
Substituting (3.16) into (3.15), we get
EV(X,,7,t) < (C1 + Cy + C3)e™, £>0.
It follows from the definition of V()A(t, 74, t) that
EUMX(t) - D(X(t-8@)),r(t),£) < (C1 + Cy + C3)e™, (3.17)
which implies assertion (3.9). Thus the proof is complete. g

Corollary 3.7 Let the conditions of Theorem 3.6 hold. Assume, moreover, that ke’ < 1.
Then, for any given initial data (2.1), the solution of NSDE (2.2) satisfies

1 .
lim sup = log(E[X(8)|") <0, Vge[2,9). (3.18)
t—00 t
That is, NSDE (2.2) is exponentially stable in L9 for g € [2,q).
Proof By condition (2.5),

Cy:= sup E|X(t)|q < 00.

—§<t<oco

For T > §, by (3.5), we have

sup e’”E’X(t)|2
0<t<T
< sup e"E|X(t) -D(X (¢t - (S(t)))}2 + sup ke | X(¢- cS(t))’2
1-« o<t<t 0<t<T
< sup e“E|X(8) - D(X(t - 5(2))) [’
1-k o<t=r

e (s O s ).
0

0<t<T —8<t<
This implies
At 2 1 At _ _ 2
Sup, BN = g o, ¢ EX O - DX (= 0))]

K e)uS

sup E|E(t)|2.

oo
1—-ke® _s<t<o



Shen and Fei Advances in Continuous and Discrete Models (2023) 2023:9 Page 10 of 16

Letting T — o0, it then follows from (3.6) and (3.9) that
E[X(0)|* < Cse ™, (3.19)

where Cs is a positive constant. Fix any g € [2,¢), for a constant € € (0, 1), by the Holder
inequality, we can show

E[X0|" < (E[X@]) (X))

Letting € = &1, we can obtain

2

»Q

E|X(t)r? < (E|X(t)|2)(q—é)/(q—2) (E|X(t)|q)(7]—2)/(q—2)

< C;é—Z)/(q—2) (E‘X(t)|2)(qiq)/(q72) (320)
It follows from (3.19) that
E|X(t)}é < Cié—Z)/(q—Z) Céq_é)/(q—z)e—h’ (321)
where A = A(g — §)/(q — 2), which implies assertion (3.18). Thus the proof is complete. []
Theorem 3.8 Let the conditions of Corollary 3.7 hold. If, moreover,
2q1 V 2q3 < q,
then the solution of NSDE (2.2) satisfies
. 1
lim sup — 10g|X(t)| <0 as.
t—00 t
That is, NSDE (2.2) is almost surely exponentially stable.

Proof Let k be any nonnegative integer. By the Holder inequality and the Doob martingale
inequality, we have

E( sup [x(0)-D(X(¢-8)[)
k<t<k+1
< 3E|X(k) - D(X (k - 8(K)))|*
k+
+3Ef llf(X(t),X(t—S(t)),r(t),t)+u( X(t =), r(), )| dt
k
k+1
+12E / lg(X(0), X (£ - 8(0)), r(2), £)|* dt
k

k+1
<Cs E(X@)| +|X(t-8@)|> +|X (¢ - t@)]” + X (@) + | X (¢ - 5(5))|") dt
k

+ 6E|X (k= 8(k)) |
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where Cg is a positive constant and g = 2¢; V 2¢; € [2,9). By (3.19) and (3.21), we have

E( sup [X()-D(x(t-80))[) = Cre ™,

k<t<k+1

where A = A(g — g)/(g - 2) and C; is a positive constant. Consequently,

[e¢]

P( sup [X(0)-D(X(e-8@)[ >e°) = 3 Cre T < ox.
k=0

k=0 k<t<k+1

By the Borel-Cantelli lemma, we can show that, for almost all w € €, there is a positive
integer k; = ki (w) such that

sup |X(0) -D(X(¢t-8@))|* < e, k=ki.

k<t<k+1
In other words, for almost all w € ,
IX() - D(X(t-8@)))|* <&, >k

However, | X(t) — D(X(t — §(2)))|? is finite on [0, k;]. Therefore, for almost all w € €, there
exists a finite number M = M(w) such that

X)) - D(X(t - 8(2)))|* < Me®%*  forall £ > 0.

Choose any @ € (2, 1). By the inequality

1 K? 2
7

X < [X(6) = D(x (£~ 8(0))) | + —|x (e~ 5(2)

l-w
we can show that, for any 7 > 0,

_ 2 _
sup 6‘0'5M|X(t)|2 < + 5 sup €™ |X (¢~ (S(t))|2
0<t<T l-o @ 0<t<T

M _
+— sup 60'5“|X(t){2.
l-w @ _s5<<7

=
S

=
This implies
. 1
tl_l)nolo sup — 10g|X(t)| <0 as,
which is the required assertion. Thus the proof is complete. d

4 An example
In this section we will discuss an example to illustrate our theory.

Example 4.1 Consider a scalar hybrid NSDE

d[X(t) - D(X(t - 8(2)))] =f (X (), X (£ - 8(2)), r(e), £) dt
+g(X(0),X(t - 8(2)), r(2),t) dB(2), (4.1)
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Figure 1 The computer simulation of the sample paths of the Markovian chain and NSDE (4.1) with
8(t) = 2= 0.2 cos(t) using the Euler-Maruyama method

where B(¢) is a scalar Brownian motion, r(£) is a Markov chain on the state space S = {1, 2}

with its generator

-1 1
F=<1 _1), (4.2)

and, moreover, the coefficients f and g are defined by

1,0 =y—4a®,  f(x,9,2,t) =y-5x>,

glx,y,1,t) = g(x,9,2,t) = 0.59%, D(x - D(y)) =0.1y. (4.3)
Before applying our theory, we set §(t) = 2 — 0.2 cos(¢) for all ¢ > 0, the initial data X(v) =
2 + cos(v) for v € [-2,0], r(0) = 1. The sample paths of the Markov chain and the solution

of the NSDE are plotted in Fig. 1, which indicates that the NSDE is unstable.
Let the control function #: R x S x R, — R as follows:

ulx, t,1) = —2x, u(x, t,2) = —3x. (4.4)
Then the controlled hybrid NSDE has the form

d[X(t)-D(X(t-8(8))] = [f(X(®), X (£ - 8(2)), r(®), t) + w(X (¢ - T(2)), (2), 2) | dt
+g(X(2), X (¢ - 8(2)),r(2), t) dB(2). (4.5)

Define U(x, i,t) = |x|® for (x,i,£) € R x S x R,. It is easy to show that

LU(x,y,i,t) + Uy (x -D(©),i, t)u(z, i,t)

= 6(x — 0.19)°f (%, 9,4, £) + 15(x — 0.1y)* |g(x,y, i, L‘)|2 +6(x —0.19)°u(z, i, t)
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for (x,y,i,t) € R x R x S x R,. Applying the inequalities (a + b)? < (1 + €)’"1(a? + €1 PbP)
and a?b'"# < Ba + (1 — B)b, we can obtain

LU(x,y,i,t) + U, (x -D(©),i, t)u(z, i,t)
< -10.891x% + 4.928y° + 22.876x° + 3.13y° + 2.22°

<1 —-10(x® +2.22%) + 5(% +2.29°) + (2* + 2.2¢°),

where ¢; = sup, _z(45x°% — 0.891x%) < 0o. Thus, we can conclude that the unique global so-
lution of (4.1) has the property that

sup E|X|° < 0.

—8<t<oco

Let

_ 1.5x% +x* ifi=1,
U(x,i,t) =
x2 +axt ifi=2.

Applying the above inequalities and the Young inequality, we can get
LU(x,y,1,t) < —11.442x° — 13.592x* — 4.65x% + 2.073y° + 2.918y* + 1.555)”
and
LU(x,y,2,t) < —14.440° — 14.84x* — 4.15x% + 2.275)° + 3.047y* + 1.155y.
Moreover,

|l (x - D(y),i,t)|* = 9(x — D)) + 24(x - DY))* + 16(x - D)) ifi=1,
x h 4(x - D(y))* + 16(x - D))" + 16(x - D(y))* ifi=2,

10x? + 32.922x% + 27.097x° + 0.99% + 2.49* + 16y° ifi=1,
4.445x% + 21.948x* + 27.097x% + 0492 + 1.6y* + 16y° ifi=2,

y2 + 29 + 6x* + 1645, ifi=1,

f e, ,i0)| <
¥+ 2.59% + 7.5x + 2548, ifi=2,

866y, 1,0)| = |gx2,2,0)]" = 0.255*
Set 81 = 0.1, B, = 0.2, B3 = 4. This implies

o . - . 2 . 2 . 2
Eu(x,y»l,t)+,31|ux(x—D()/),l,t)| +/32V(xryrl!t)| +/33|g(x’y;lyt)|
< -3.56* - 9.09x* — 5.54x° + 1.85y” + 4.71y* + 3.88y°

< -2.1x% + 0.85y% — 0.7(2x” + 10x* + 74°) + 0.5(2y + 10y* + 7)°).
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Letting Q(x) = 2x> + 10x* + 7x°, we have U(x, i, ) < Q(x). Noting that 8, = 2.1, B5 = 0.85,
we get condition (3.7). Moreover, it is easy to check that condition (3.6) holds as well. In

other words, Assumption 3.5 is satisfied. Noting that
|u(x, i, £) = u(y, i, 8)| < 3lx -yl

we see that Assumption 2.3 is satisfied with g = 3. Furthermore, condition (3.8) becomes
7 <0.0203.

By Theorem 3.6, we can therefore conclude that the solution of NSDE (4.1) has the prop-

erties that
. 1 2 4
thm sup n logE(X &) +X (t)) <0.
Moreover, as X2(t) < X2(¢) + X*(¢), by Corollary 3.7, we have
. 1 7 _
;1_1523 sup n logE|X(t)| <0, Vgel2,q) and
. 1
tl_l)rg) sup n log|X(t)| <0 as.
That is, the solution of equation (4.5) is almost surely exponentially stable.
We set the initial data X (v) = 2 + cos(v) for v € [-0.02,0] and r(0) = 2. Figure 2 shows the

sample paths of the Markov chain and the solution of NSDE (4.5). The computer simula-
tion shows that NSDE (4.5) is stable.

15 20

15 20

Figure 2 The computer simulation of the sample paths of the Markov chain and NSDE (4.5) with control (4.4)
and T =0.02
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5 Conclusion

In this paper, we studied exponential stability of highly nonlinear hybrid NSDEs. Our sig-
nificant contribution in this paper is that the variable delay feedback controls are designed
to stabilize highly nonlinear hybrid NSDEs. The key technique used in this paper is the
method of Lyapunov functional. A significant amount of mathematics has been developed
to deal with the difficulties due to the neutral term. An example with computer simula-
tions has been used to illustrate our theory. Finally, following the work of Fei et al. [29], we
can investigate the stabilisation of G-neutral stochastic differential equations with delay
by the feedback control.
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