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1 Introduction

Statistical physics of interaction processes between matter and radiation have been at
the core of quantum theory since its very beginning [1—7]. These processes show novel
features when an atom is illuminated by a coherent laser beam tuned in the vicinity of
an atomic resonance. A change of frequencies is observed in the fluorescence spectrum
[8—11], while nontrivial photon correlation and photon counting show up in the time se-
ries of emitted fluorescence photons [12—15].

As this resonance fluorescence problem involves relaxation phenomena, the associated
properties have been most often studied by master-equation techniques dealing with
the density matrix associated with the system [16—20]. Though e cient for computing
the fluorescence signals, this method is not well suited to an intuitive understanding of
the statistical properties of the emitted light. In particular, the intrinsic randomness of
spontaneous-emission processes is not emphasized by the master-equation techniques
[21-23].

Another method for the study of resonance fluorescence is to consider the dressed atom,
that is the system combining the atom and laser photons. The spectral distribution of fluo-
rescence is understood immediately by looking at the eigenstates of this dressed atom [24].
The statistical properties of the fluorescence are interpreted from the radiative cascade of
the dressed atom going downwards in its energy diagram while spontaneously emitting
the fluorescence photons [25-27].

The present review is devoted to the study of the cascade of the fluorescence photons
emitted by a two-level atom excited by a nearly resonant laser. This study gives an un-
derstanding of its statistical properties fully accounting for the intrinsic randomness of
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Figure 1 Energy diagram of the atom (g for the ground state, e g.n — e,n-1
for the excited one) dressed by laser photons (number n). States
(blue lines) are grouped in two-fold nearly degenerate
multiplicities in which they are coupled by reversible absorption
and stimulated emission processes (green shaded ellipses). -
Spontaneous-emission processes are irreversible jumps down the g.n-1 — en-2
pon p Jump
ladder of multiplicities (red arrows)
g,n-2 S e,n-3
g,n-3 S e,n-4

spontaneous emission. The primary characterization is the delay function describing the
distribution of intervals between successively emitted fluorescence photons. Explicit ex-
pressions of this function are given for arbitrary values of the parameters and other char-
acterizations of the fluorescence statistics are derived from it. The results of the method
presented here are compared with those found in the existing literature, which have in
some cases been tested against the results of dedicated experiments.

2 Resonance "uorescence cascade

We first introduce the states of the dressed atom, labeled by two quantum numbers, an
atomic one (g for the ground state and e for the excited one) and the number # of laser
photons. The states |g, #) and |e,n— 1) form a nearly degenerate two-fold multiplicity &,.
The splitting of these two states, measured as an angular frequency, is the detuning § =
w| — wa Of the laser frequency w with the atomic one wa.

The two states in £, are coupled by the interaction describing absorption and stimulated
emission of laser photons by the atom, with the coupling, the Rabi frequency €2, propor-
tional to the laser field amplitude. The parameters §, 2 are much smaller than the sepa-
ration o, between adjacent multiplicities, so that the couplings between di erent multi-
plicities can be safely disregarded. The variation with # of @ (proportional to \/x) is also
neglected, as the number of fluorescence photons remains much smaller than the huge
number of laser photons.

Spontaneous-emission processes, due to the coupling of the atom with vacuum fluctu-
ations in all field modes, is described by transitions down the diagram of dressed-atom
states. The parameter characterizing the spontaneous processes is the Einstein coe cient
I" appearing in front of populations in rate equations [4] or the decay parameter for atomic
coherences y =T'/2 fixing the width of fluorescence lines [20].

The fluorescence process appears as a succession of elementary processes sketched in
the diagram of Fig. 1. Absorption and stimulated emission of laser photons by the atom
are described by the reversible evolution in a given multiplicity &,, while spontaneous-
emission processes correspond to irreversible jumps from a multiplicity £, to the adjacent
lower one &,_1. The random jumps interrupt the reversible evolution while projecting the
atom from the excited to the ground state [25].

With the dependence of 2 versus » neglected, the diagram of Fig. 1 is stationary under
changes of #, and it is tempting to fold up the multiplicities on a density matrix describing
the atom-field system, thus reproducing the master equation commonly used to study
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resonance fluorescence [16—20]. The drawback of this method is that the reversible and
irreversible processes are mixed up in the folding process, resulting in a dilution of their
intrinsic di erence.

A much better way to proceed is with the full diagram of Fig. 1 that keeps the trace of
the number of fluorescence photons. The full process is called a radiative cascade because
of its analogy to cascades happening in atomic or nuclear configurations with successive
transitions [28]. It has been described by master-equation techniques derived from general
relaxation theory [26, 27], also using the sophisticated methods of photodetection theory
[29—-31]. Here, we use a more intuitive approach that gives direct access to the distribu-
tion of delays between successively emitted photons, while producing the same results as
master-equation techniques.

The evolution is written for a wavefunction defined in a multiplicity £, (the initial value
of n being irrelevant thanks to the stationarity of the diagram of Fig. 1)

W, (7)) = au(T)lg, 1) + bu() e, n—1),

Q Q 1)
an/:—zEbn, b,,/:—zEa,,—(y—zé)bn,
where the prime symbol denotes a derivation with respect to time t. With the initial state
set just after the detection of a fluorescence photon, that is also just after a projection in
the ground state (a,(0) =1, b,,(0) = 0), these equations are solved as

—18 T
a, = | cosh XU Y700 Gnn X2 e =97,
2 X 2

b, = —ﬁ sinh Ee_(y_“s)i , @
X 2
x =y —18?-Q2
We also define the populations in the two states of the multiplicity &,

y—1d
X

T T
la,|? = |cosh XT + sinh X? et

®)

2

Q T
|b,|? = ‘— sinh% e,
X

At resonance, x is real for Q <y and purely imaginary for > y. The forms (2)—(3) have
to be taken as the limits for x — 0 at the border Q =y (for § = 0).

We now define the delay function K (called the waiting function W in [32]), which is the
probability of emission of the next fluorescence photon at time t after an emission at time
0. It is the product of the Einstein coe cient I' = 2y by the population |, |? calculated in
(3) for an atom in the ground state at t =0

K(x)=2y|b,==P(x),  P(t)=la|*+|b,[* (4)
The fact that K is the opposite of the time derivative of the total population P in &, is an

immediate consequence of equation (1). This means that K is the feeding rate of popula-
tion in the adjacent lower multiplicity £,_1, starting a new reversible evolution in &, that
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leads to the next fluorescence event. Equation (4) implies that the cumulative distribution
function for the emission of the next fluorescence photon is 1 — P(t), going from 0 to 1
when t runs from 0 to co. Hence, the intensity K(z) has a unity integral when integrated
Over t.

We stress at this point that the fluorescence process is intrinsically random. As we con-
sider only signals built on the fluorescence intensity, the process can be understood as a
series of random times of emission of successive photons. Each of the independent ran-
dom delays are characterized by the delay function K or, equivalently, by a nonstationary
Poisson point process [21—23]

K(7)
P(r)’ (5)

—_ 1 — ! —_—
A(r)=In % AMr)=A'(r)=

K(z)=A(7) exp(—A(t)).

The nonstationary Poisson intensity A(z) is defined from K (z) after a division by the total
population P(z) still in &, at time 7. It would be constant for a normal Poisson process,
but this is not the case here as A(t) starts from a null value at = = 0.

3 Photon-counting statistics

We now discuss the photon-counting statistics that has been studied theoretically [14, 27,
33—36] and experimentally [15, 37—39]. It reveals nontrivial statistics of the number Ny
of fluorescence photons emitted in a given time interval T', which may possibly be sub-
Poissonian, that is more regular than standard Poisson statistics.

Here, we derive the counting statistics from the delay function [26, 27, 32], using the
relations discussed for more general point processes in [40]. We first study the random
variable ¢, defined as the time of emission of the n-th photon after the emission of a 0-th
photon. With £, set to 0, ¢, is the sum of # successive delays (as far as possible, we use t
for delays between successive emissions and ¢ for emission times)

t,=m1+tn+--+71, (6)

An example of series of ¢, is shown on the upper plot of Fig. 2 by successive red bars,
with random delays drawn with the distribution K calculated for = /2y and § = 0.
Each delay is obtained as P“(x), where P& is the inverse function of P, while « is a
random variable with a uniform distribution on [0, 1]. The parameters are chosen so that
the flow of photons shows a good regularity, with a large noise reduction compared to
the standard Poisson noise. In Fig. 2, the regularity is seen through a comparison with a
Poissonian flow in the lower plot (calculated with the same mean delay). A clearer repre-
sentation of the regularity property is shown by the histograms in Fig. 3, corresponding
to random drawings of 10 000 delays in the sub-Poissonian and Poissonian distributions.
Other characterizations will be discussed below.

Asthe di erent delays are independent random variables with identical probability dis-
tribution K, the distribution K, of ¢, is given by a repeated convolution on K (® repre-
senting a convolution product)

Ky =K, Ky =K®Ky, K, =K QK. (7)
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Figure 2 Random drawing of a series of fluorescence times (red, upper plot) for = /2y, 8 =0, compared
to a standard Poisson process with the same mean delay (gray, lower plot). Time is measured by the
dimensionless variable yt,
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Figure 3 Probability per channel for 10 000 random delays drawn for 2 = ﬁy,é =0 (red), compared to a
standard Poisson process with the same mean delay (gray). Delay is measured by the dimensionless variable

YT

This leads to simple algebraic relations between the Laplace transforms of the functions

R(s) = /0 K (e,

®)
K,\(s) = (K(s)".
In particular, one easily obtains the mean value and variance of ¢, from those of ¢
t, =nT, A2 =nAT?, 9)

The Laplace transform K{(s) can be written as a rational function since K(z) is a sum of
exponential functions

yQ2(s+y)

KO = 2 Gry R + ) + R+ )

(10)
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with K(0) = 1 as a consequence of the normalization of K(z). The mean 7 and variance
At? of T can be computed through derivations of In K(s)

~ 2(y? +8%) + Q?
7=—(InK), = %
yQ
At?=72-F2 = (InK)", (11)

B 4(V2 + 52)2 + 2(352 _ )/2)92 + 94
- Y208 :

We study now the counting statistics of the number N of fluorescence photons emitted
during a given time interval T, assuming that T is long enough so that the number Ny is
large. The statistical distribution of Nt thus tends to be Gaussian as a consequence of the
central-limit theorem. It is then easy to infer the nearly Gaussian counting statistics of N
from those of ¢, with the following mean value and variance [27, 32, 33]

AT?

— T — —
Nr=—, AN%:NT? =Nr(1+Q),
12
0= At? 1= 2(82-3y?)Q? (12)
R D RO

The variance AN?Z scales versus T as the mean N7, and the ratio between these quanti-
ties is usually written in terms of the Q-factor introduced by Mandel [14]. This factor is
interpreted here from its definition in (12).

Negative values of Q correspond to sub-Poissonian statistics with photon-number fluc-
tuations smaller than in standard Poisson statistics, They are obtained when the detuning
is not too large (8% < 3y2). In particular, Qp, Q at resonance (8 = 0), is negative for any Q

39% Q2
_ %o _
Qo = (Qgpt ¥ 92)2 ) Qopt \/EV- (13)

A value of Qqpt = —% is obtained at Q = Qg that gives in principle an optimal reduction
1+ Qopt = % with respect to standard Poisson noise. This corresponds to the regular flow
shown in the upper plot of Fig. 2 and in Fig. 3. Experimentally obtained reductions are
smaller than that as the detrimental e ect of imperfect detection e ciency has to be ac-
counted for [14, 27].

We note that the same value Qy is obtained in (13) for values of Q2 forming a geometric
progression around the optimum Q¢ (for example 1+ Qo = % for Q= Qopt/2 and Q =
2Q0pt). However, the functions K (), drawn in Fig. 4 with the optimal case, have di erent
shapes in these two cases, which means that Q is not a full characterization of the photon

statistics. A more complete characterization will be given in the next section.

4 Photon correlation

We now discuss the photon-correlation signal that has been studied theoretically [17—20]

and experimentally [12, 13]. This correlation reveals the antibunching e ect that has been

used as a characterization tool for a large variety of systems of physical interest [41-58].
The intensity correlation signal C;(¢) is associated with the detection of a fluorescence

photon at time £, and another one at time £, + ¢. It does not depend on £, because of the



ReynaudAdvances in Continuous and Discrete Models (2023) 2023:15 Page 7 of 13

k(1)
Q=2\/EV
0.81
0.6
Q:\/Ey
0.4r
|4
Q=—
0.2 V2
0.0 : : : ‘
0 1 2 3 4 5 /7

Figure 4 Dimensionless function k = K/y drawn versus dimensionless delay y T for £ = Qqpt = V2 (red),
€ = Qopt/2 (green), and § = 2Q0pt (blue) at resonance (8 = 0)

stationarity of the mean intensity, so that the discussion is focused on the role of ¢. With
tp set to 0, the time ¢ can be any of the times ¢, with n=1,2,..., not necessarily the next
one as in the definition of K. We then define the function J(¢) by using the results of the
previous section

J(&) =Ky (t) + Kp(t) + - - + Ky (£) + - - . (14)

This relation takes a simple algebraic form when written in terms of Laplace transforms

~ o~ - K
J)=K+K?*+-- - +K"+...= (f) . (15)
1-R(5)
As K is a rational function of s, it is also true for J
~ 02 s+
j=r T (16)
s (s+2y)((s+y)?+82)+Q2%(s+y)

The function J(s) can itself be decomposed as a sum of elementary rational functions

= 3
Jo= 870, A=Y an
m=1

S+,

where I is the mean intensity calculated as the residue associated with the pole of J at s = 0,
that is also the inverse of the mean delay given in (12)
I= Slg%(s](s)) =

Q2 1
Y = (18)
T

2+

while the r,,s are the opposite of nonnull roots of the denominator of J and the p,,s the
associated residues.

We do not write explicitly the roots and residues that are readily obtained by solving a
cubic equation with formal or numerical software. The function () is deduced as a sum
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Figure 5 Function 1+ Q(w) representing the reduction of standard Poisson noise versus dimensionless
frequency @/y with the same parameters and color codes as in Fig. 4

(Heaviside functions 6(t) inserted to emphasize that /(¢) and AJ(z) are defined for ¢ > 0)

J(©) =10(z) + AJ(2),

3 (19)
AJ(£)=60(8) ) pme ™"
m=1

The photon-correlation function C,(¢) is then obtained in terms of the already introduced
functions (details in Appendix B of [40])

Ci(t) = I(I8(2) + AJ (2) + AJ(—t)). (20)

The first term in the parenthesis corresponds to the detection of the same photon at o =0
and ¢ and it involves a Dirac function §(¢) describing this simultaneity. The second and
third terms represent the detection of photons at ¢ 7 £, with ¢ > £, and ¢ < ¢y, respectively.

Another interesting characterization is the photon-noise spectrum S;(w) defined as the
Fourier transform of C;(¢) that can be measured by sending the intensity signal to a spec-
trum analyzer. We obtain for this signal (see Appendix B of [40])

Si(w) = 7(1 + Q(w)),

N . @1)
Qw) = AJ(w) + AJ(—iw).
The function AJ(s), written from 7 and I
T2, 82 2
AT(s) = I(y=+8°—(s+2y)) 22)

(s+2y)((s+y)? +8)+ Qs +y)’

is regular at s = 0, where its value is directly related to the Mandel Q-factor, as Q(0) =
2AJ(0) = Q.

Hence, Q(w) is ageneralization of the Q-factor, showing sub-Poissonian noise at nonzero
frequencies. Examples of the function 1 + Q(w) are drawn in Fig. 5 for the same param-
eters and color codes as in Fig. 4. The red curve corresponds to the optimal reduction
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Figure 6 Dimensionless function j = J// drawn versus dimensionless time y t for = 2.2y (red) and = 4.4y
(green) at resonance (8§ = 0). These functions match those drawn in Fig. 4 of ref. [13] calculated for the same
parameters

with 1+ Q= 7 at null frequency then increasing to reach the standard value of 1 at large
frequencies. The other two curves correspond to the same value of Q at null frequency,
but they show di erent behaviors as functions of w, which means that Q(w) contains more
information on photon statistics than Q(0).

Note that sub-Poissonian statistics opened the way [59] to the study of squeezing, with
a large number of applications, for which we quote a few reviews [60—69].

5 Comparison with literature
We now emphasize that the expressions given in this review match those written in many
papers in the existing literature, with some of them shown to agree with the results of
dedicated experiments.

In the case of resonant excitation, jo (j = J/I calculated for § = 0) has the following form

. _ 3yt 3y .
jo(t)=1—e 2 [ cosh(F¢) + o sinh(F¢t) ),

_ )/QZ )/2
In= —_— = __QZ,
0 2y2+ Q2 F V 4

which matches expressions written for example in [12—14, 17]. Figure 6 shows this func-
tion drawn versus the dimensionless time y ¢ for two values of Q. They match those drawn
in Fig. 4 of ref. [13] calculated from equivalent formula and for the same parameters and
also shown there to agree with the results of experiments on the resonance fluorescence of

(23)

laser-excited sodium atoms in an atomic beam. Functions ; defined analogously for non-
resonant excitation are shown in Fig. 7 and they match those drawn in Fig. 5 of ref. [13].
Di erences have been noted between the predictions in [21—23] and those of the present
method, with these di erences large in the weak-excitation limit where the Rabi frequency
Q remains small compared to y,§ (see Fig. 2 in ref. [23]). This is why we also discuss
this limit, in which a good approximation is obtained by a perturbative expansion of the
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Figure 7 Dimensionless function j = J// drawn versus y t for the parameters = 2.8y,8 = -2.2y (orange) and
Q =44y,5 =-34y (blue). These functions match those in Fig. 5 of ref. [13] calculated for the same
parameters

correlation function in terms of photon-scattering amplitudes [70]
Jpert E]pert/jpert = |1 —e~lrmo ’2,

- y Q (24)
Tpert = —2()/2 +82).

The amplitudes interfering in equation (24) are two-photon scattering amplitudes that are
su cient to describe the fluorescence process in this limit. They correspond to two inde-
pendent elastic Rayleigh scatterings (each linear in the field amplitude) on the one hand,
and one inelastic two-photon scattering (quadratic in the field amplitude) on the other
hand. Again, this expression matches the results written above in the weak-excitation
limit.

In this limit, the fluorescence flux is weak and experiments are more delicate than those
corresponding to a higher flux. There are, however, configurations directly related to this
discussion for which experiments have been performed and have confirmed the scatter-
ing formalism. When filters are used to select the inelastic-scattering spectral lines, the
interference leading to antibunching is destroyed, but a bunching signal remains that is
characteristic of the inelastic two-photon fluorescence process [25, 26]. This signal has
been observed experimentally and found to agree with the theory [71] (see also [72—74]
for recent discussions of correlations between frequency-filtered photons). Another con-
figuration corresponds to multiatom resonance fluorescence where photon antibunching
has been observed in the field emitted coherently by many atoms under conditions of
phase matching [75] and found to agree with the theory [76].

6 Conclusion

In this paper, we have reviewed the understanding of the radiative cascade of resonance
fluorescence photons emitted by a laser-excited two-level atom. We have considered the
delay function as the primary characterization of this random-point process, and derived
from it other statistical descriptions such as photon counting and photon correlation. We
have given explicit expressions of the delay function for arbitrary values of the parameters
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and we have compared the results of the present method with those found in the existing
literature, which have in some cases been confirmed by dedicated experiments.

This method is perfectly adapted to the discussion of the quantum jumps observed when
fluorescence is interrupted by shelving the atom on a long-lifetime trap level [77]. The
experimental observation of these quantum jumps [78—82] was accompanied by a number
of theoretical papers discussing this spectacular e ect [83—88]. The description in terms
of momentary interruption of the resonance fluorescence cascade has given an extremely
e cient and intuitive understanding of intermittent fluorescence [89, 90].

Here, we considered only signals built on the fluorescence intensity, so that the process
can be fully understood as a series of random times of emission of successive photons. The
signal can be drawn from independent random delays characterized by the function K or,
equivalently, by P, A or A. The intrinsic randomness of the process is also emphasized in
the Monte Carlo wavefunction approach to dissipative spontaneous emission that allows
one to study other observables [91—96].
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