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1 Introduction

As an extension of the classical branching process, Sevast’'yanov and Zubkov ([1]) estab-
lished the branching process controlled by a real-valued function and studied the extinc-
tion and nonextinction probability of the model. Subsequently, Zubkov and Yanev ([2, 3])
generalized the model and established a controlled branching process with random con-
trol functions and discussed the conditions of extinction and nonextinction of the model.
Yanev, Yanev, and Holzheimejr ([4—6]) studied some properties of the controlled branch-
ing processes in random environments, such as the extinction probability and extinction
conditions. By using the properties of a conditional probability generating function, Bi and
Li ([7]) obtained a sufficient condition for the inevitable extinction of a controlled branch-
ing process in random environments. Fang, Yang, and Li ([8]) studied the convergence
rate of the limit of a normalized controlled branching process with random control func-
tion in random environments. Li, et al. ([9]) discussed the Markov property of a controlled
branching process in random environments and the limit properties of the process after
proper normalization, such as the conditions for convergence almost everywhere, con-

vergence in L' and L2. More research on controlled branching processes in random envi-
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ronments can be found in the literature ([10—14]). The reproduction process of species is
affected by many factors such as natural environment and social environment, and highly
infectious viruses such as the influenza virus, the SARS virus, and the novel coronavirus
all have direct or indirect effects on the reproduction of species. Around 50 million people
worldwide died of influenza in 1918, and according to the WHO, around 6.3 million peo-
ple have died of the novel coronavirus as of June 30, 2022. Based on these issues, Ren et al.
studied the Markov property of branching processes affected by viral infectivity in random
environments, the limit properties of normalized processes, such as sufficient conditions
for convergence almost everywhere and convergence in L' and the bisexual branching
process affected by viral infectivity in random environments, and gave the Markov prop-
erty of the model, the properties of the probability generating function, and the extinction
condition of the processes ([15, 16]).

In this paper, we mainly study the Markov property, extinction probability, and some
limit properties of the branching process with random control functions and affected by
virus infectivity in random environments, and discuss the limit properties of the normal-
ized processes {W,,,n € N}and {W,,, n € N}, such as the conditions for convergence almost
everywhere and convergence in L' and L?.

The remainder of this paper is organized as follows. In Sect. 2, some notations, defini-
tions, and conventions are introduced. Sections 3—6 are devoted to presenting the main
results, including the Markov property, the extinction probability, and the limit properties.

2 Preliminaries
In this section we present a convention, some notations, and basic definitions, which will
be used in the remainder of the paper.

Let (2,5, P) be a probability space, (0, X) a measurable space, E = {&,&1,...} an inde-
pendent and identically distributed (i.i.d.) sequence of random variables mapping from
(2,5,P)to(®,%X),and N ={0,1,2,...}, N* ={1,2,...}. T isa shift operator such that T(g) =
{61,€2,...}. {Xyyj,n € N,j € N*} isa cluster of random variables mapping from (€2, §, P) to N.
Let {P;(9):0 € ©,i € N*}, {Q(6;k,i): 0 € ©,k,i € N} and {o*(8)(1 — a(0))}*,0 € O,x =
0,1} be probability distribution sequences. Let {¢,, (k) : n,k € N} be a cluster of i.i.d. ran-
dom functions with respect to 7, from N to N, with distribution Q(&,; k, i) = P(¢, (k) = i|§ ),
ieN.

Definition 2.1 If {Z,,n € N} satisfies
(i) Zo=No, Zur = X047 Xyl n € N,No, j € N*;

(i) P(X,;=r|€) =Py&,), r,neN,jeN*, P(L, = x|E) = a* ()1 - a(§,)) 3, x = 0 or 1,
neN,jeN";

(iff) P(Xyj =11 <j <0 <n < mlE) = [Tg [Ty Py =1l€), iy €N, 1 < <1,
0<n<mmeN,leN*

(iv) for given E), {(Xyj:neN,je N}, {I,j:neN,je N*} and {¢,(k) : n,k € N} are of
mutually conditional independence; furthermore, for given n, {(X,;,1,;) :j € N*} isa
sequence of i.i.d. two-dimensional random variables.

Then, {Z,,n € N} is called a branching process with random control functions and af-

fected by virus infectivity in random environments.

In the model under consideration, X,,; represents the number of offspring produced by
the jth particle in the nth generation. We set 1,; = 0 when the jth particle in the nth gener-
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ation dies of a viral infection, that is, it does not participate in the reproduction of the next
generation; I,; = 1 means the jth particle in the nth generation does not have the virus or
was cured of it, that is, it normally participates in the reproduction of the next generation,
a(&,) represents the probability that the nth-generation particles will not be affected by
the virus. Z,,1 represents the total number of the (# + 1)th-generation particles, ¢,(-) rep-
resents the control function in the reproduction process of the nth-generation particles
and ¢, (k) = i means that when the total number of the nth-generation particles is k, of
which the number of particles participating in the reproduction of offspring is i.

We further introduce some convention and notations, which will be used in the follow-
ing discussion.

In order to avoid the trivialities of the process, we assume throughout that

(A1) Foranyn e N, it holds that

0<Po(&) +Pri(Ex) <1,  O0<P(pu(k)=klE) <1, as,keN".
(A2) Forany n € N, it holds that
O<a(&,) <1, as.

Otherwise, if 2(§,) = 1, a.s., for any n € N, then the model under consideration will be the
one in reference [9].
We give some notations by

-

3uE) =020, 21, ZiE),  mlE) =EXnld),  ma(6) = E(XE),
e Z) = Z, EGulZ0)IE), @)= supeEnZn)  e1(6n) = inf e(EnZy),

Zy>0
£2,(En) = 6(6n) —e(Em Zn),  82(En k) = Var(¢,(K)IE),

8%(&,) =sup8%(£,, k), neN,keN*.
k>1

k
A={(r,d): Zrldl =j,rneN,d;=0o0r1,1=1,2,...,kk eN*}.
I=1
3 Markov property
Definition 3.1 If for any x, 7 € N, it holds that
P(Xo = %0[&) = P(Xo = %o0l0), (3.1)

P(Xope1 = % X0, X1, .., X,y €) = P(E,3 X0, X). (3.2)
Then, X is defined as a Markov chain in random environment g? .

Theorem 3.2 {Z,,n > 0} is a Markov chain in random environmentg with the one-step
transition probabilities

f;',,,l] ZQ(Eml k) - Z Hprl En)a 1 a(gn)) - dl

k=0 (rpdpeA [=1

Page 3 0f 18
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Proof From the definition of {Z,,n > 0}, we have P(Z, = N0|§) = P(Zy = Ny|&p), namely
equation (3.1) holds.

The following is to prove equation (3.2) is true. When Eis given, forany n € N, k € N*¥,
@u(k), Xk and I are mutually independent, hence we obtain, for any i,j,i1,...,i,-1 € N¥,

P(Zyi1 = j1Z0 = NoyZy = i1y, Zo = in-1, Z = i, E)

&n(Zn)
:p< 3" Xl =j‘ZO = NoyZ1 = ity or Zp = gty Zog = B
=1

PO Xotlt =, Zo = Nos Z1 = ity Znet = b1, Zn = i)
(Z():NOlezilw Zn l_ln 11 _l|€)

) n (i) N
= (ZanInl:j’(pn(i):k’E)
=1

k=0

3

=Y QEsik) - Y I"[pr,(sn)adl(sn)(l a(€) .

k=0 (rp,dp)eA 1=1

By Definition 3.1, it is immediately obvious that {Z,, n > 0} is a Markov chain in random
environment 5 with one-step transition probabilities

sn,u)-ZQ(smz,@ 3 ]‘[pr,@n)adf(sn)(l a(€) .

k=0 (rp,dp)eA 1=1 0

Lemma 3.3 For any n € N, it holds that
() E(Zn118n(&)) = Zym(Ep)o(En)e(Eny Zy) as.
In particular, it follows that

n-1 n-1
No [ [ e Een&) < E(Z,)€) < No [ [ mEda@e ().
i=0 i=0

(ii) Var(Z,,, |§n(§)) =Z,8(&n, Z,y) Var(Xy1 In |§) + VI’IZ(EH)O[Z(E,,)SZ(E”,Z,,).

Proof (i) Theorem 3.2 implies that

o]

E(Zu[54(®)) = > jPEns Zos))
j=0
=3 Y Qs zZnk) - Y. Hpr,(s,, (e (1 - ()
j=0 k=0 (rp,dpeA =1

o0 00 k
=2 QEnZnk)- ) - ! 3 JlenEdeEn (- a(sn))(l_dl)}
k=0 pn

(rp,dp)eA 1=1

00 00 k
=D Qi Zuk) - Z/~P<anzzn, =1\§)
k=0 j=0 =1
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= Z Q&€ Zy, )km(E,)ee(§,) = m(Sn)a(En)E((pn(Zn”g)

k=0
=Z,m(Ep)o(En)eEn Zy).
Since
E(Zy1|) = E(E(Zn1 [84(8)) ) = m(En)er(En)e Eny Zn) E(Zy £), (3.3)

the recurrence relation of equation (3.3) gives

E(Zun1|) = No | [ m(&er(&)e (&, Z2).

i=0

By the definitions of €(§,) and &;(&,), we deduce that

n-1 n-1
No [ [mi&)a@)e &) < EZ4IE) < No | [ mEdaE)e().
i=0 i=0

(ii) Using Theorem 3.2 gives
o0
E(Z} 0 18&)) = )/ PEsi Zu))
j=0

Z; ZQ(sn,zn,k > Hpr,(s,q)a”’l(sn )(1-a(E))"
j=0

(rp,dp)eA I=1

Q(Emzmk) Z] P(ZanInl ]‘s)

Q(Emznr k)E<<Zanlnl> ‘g)
=1

Qs Zn KIKE (X421 1E) + Y QUi Zny KOk = 1) (EKo L [8))

k=0

M8 I0e EM%? ZM

QEn; Zuy OK[E(X2 I E) — (EXon L 18))°)

T
o

¥ Z Q6w Zn, K (m(En)er(E1))

k=0

=Zy Var(anlnllg)g(%—mZn) + }’1’12(&:")012(5,1)(52(5”,2,,) + Zﬁgz(gmzn))~

Thus, it holds that

Var(Z, 1 [§4(8)) = E(Z2,1134(8)) = (E(Z1 [545))
= Z,u8(Eny Z) Var(Xon L |8) + m2(6,)02(£,)8% (Eny Z2)- 0
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4 The extinction probability of {Z,,n € N}
An important tool in the analysis of the branching process in random environments is the
generating function. In order to discuss the extinction probability of the model, we first

introduce the relevant conditional probability generating function of the model as follows
M, (s) = E(s”1&,Z0 = No),  fi,(s) = E(s"|€,Zo = Ny), neN,0<s<1.
For any n € N, i € N*, from the independence of X,,; and ,;, we obtain
E(s ™18, Zo = No) = 1 - a(&,) + ()fs, )
and we designate B(w) = {w:Z, =0,n € N*}, q(é) = P(B(w)|§,Zo = Np) and g = P(B(w)|
Zo = No), then ¢ = E(q(§)).
If for some n € N, g = 1, then we say {Z,,n € N} is certainly extinct; otherwise, {Z,,n €

N} is noncertainly extinct.

Lemma 4.1 If there exists a sequence of i.i.d. random variables {n,,n € N} such that for

any n € N, sup;-; ¢”]§k) <n,a.s., then

Mg, (s) > {1 - a(8o) + @(Go)feo [(1 — @(61) + @(E0)fiy (- (1 - a(Eucn)
(G, 1 (9)" )] (4.1)

Proof From the assumed condition, the properties of the generating functions of condi-
tional probability and the fact that for any fixed n, X,/ is i.i.d. with respect to j, it follows
that

E(9 B, Z0 = No) = E(s50 X002, 2, = Np)
= E((1 - (o) + (o) (6) ")
= {1 - a(6) + a(E0)fi ()}
> {1-a0) + alEo)fi ()],

namely (4.1) holds for n = 1. Supposing (4.1) holds for n = k, we deduce by induction, for

n=k+1,
Me,,,(s) = E(E(s%1Zo = No, Z1, -, Zis €)1, Zo = Np)
- E(E(szf;kl(zk))(k,«zkf|zo = No, Z1,... Zi,E)IE, Zo = No)
= E((l — (&) + a(ék)J%k(S))‘Pk(Zk)lé,Zo :No)
> E(((l —a(&) + a(gk)fék(s))’lk)Zk |§;Zo _ No)

> {1 - (&) + aEo)fe [ (1 - &) + aE)fe (- (1 - (&)
+ o (E)f ()™ - _))m]}nozvo,
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namely (4.1) holds for n = k + 1, which completes the proof of Lemma 4.1,

1nE, 1) = {1 - (o) + ar(Eolfiy [(1 — aEr) + E)fe, (- (1 - ()
+a(un)fe,,0)" 1)), me N

By the properties of generating functions,
0= wn, 7)) < G, <1, as.
and
n(E, 1) = [1 = (o) + (ol (a1 (T5, Ti)) .
Thus, 1w, 7) = lim,_ e n(€, 7) a.s., and
i, 7) = [1 - 6o + (ol (W(TE, T) ™ as.
For q(g) =lim,,_, o [T, (0), then by (4.1)

q(€) > n(E,0) as. 0

Lemma 4.2 Suppose for any n € N,
(a) Ifthere exists a sequence of i.i.d. random variables {n,,n € N} such that

$n(k)
sup <n, as;
w1 k
—\1—-a o S, N
(b) E((log nONOa(EO)ng(l))*) <00 and a (EOHI(_iO)EO( Ut is strictly monotonically

increasing with respect to s on (0, 1].
Then, on {q(g) <1}, it holds that

. ) 1-pER) .
(i) E(log = 7¢ 75 1) < 00, Elog —275) = 0;

(i) E(|log Nonoa(§0)fz, (1)1) < 00, E(log Nonoa (§0)fz, (1)) > 0.

Proof To prove (i), by Lemma 4.1, we obtain
q€) = pE, i) as,
hence,
{a®) <1} C {n(E i) <1}
If
P(q(§) <1) >0,
then

P(w(E, 7)< 1) >0.
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Denote

- L . 1- &, i)
) _ _1 _ , s , = _1 = =N )
HEi) = —log(1-p(@m), S =—log T =

then
P(0< hE,7) < o0) > 0.

Since

I_M(g’ﬁ) = -
—_— = = —l 1_ (T yT ) ’
(e, Ty el TS )

~log(1 - u(&, 7)) = ~log
then

hE,7) = f &, 7) + h(TE, T7)
and iterating this gives

h(E, ) = f(E, 1) + f(TE, T7) + - - + f(T"E, T"7j) + h(T"*'E, T"17}).

Hence, on {q(g ) < 1}, by the nonnegativity of h(g, 1), we arrive at

> f(TE, T'7) < h(E, i),

Jj=0

ie,
n n
n‘l{Zf*(T’s, 7)Y f(TE, Ti) | <n'hE, 7). (4.2)
j=0 j=0
M-« o N
From the monotonicity of It l(i))fgo e , it follows that

0 < E(f~E) = E(-FE i).fE i) <0)
_r (log 1-[1-a(k) + a(&o)jigo(ung, T77))]7oNo
1-u(TE,Tn)
1 - [1 - a(fo) + @ (Eolfin (W(TE, TH)™N 1)
1- u(TE, T7) -
< E(log noNoar(§0)f, (1)[1 - ar(€0) + a(olfe (], noNoa (§o)fy (1) > 1)

’

E
< E(log noNoa(50)f, (1), noNoww(§0)f (1) > 1)
E

= E((log noNoa (%)%, (1)) ") < 00.
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On {q(g) < 1}, it holds that lim,,_, » n‘lh(g, 1) = 0. Since (g?, 1) are i.i.d., according to (4.2),

we arrive at

0 <limsupn! Zf*(T’E, Tjﬁ) < E((log TloNoa(tSo)fgo(l)Y) < 00.

n— 00 ]=0

By the law of large numbers, we have E(f* (é, 1)) < 00, 50 E(If(g, M)]) < 0o. As
E2N_ 1 -1 g TIZY _ 13 1108 7Y _ n+lg g+l
E(f(§,1) = lim n E‘Of(T"E’T”)‘,,ILn;o” {n&,5) - (T, T )},
=

lim,— 00 77 A(E, 1) = 0 and (€, 7) are i.id., then lim,_, o 7~ a(T"1E, T™15) = 0.
Thus, we have E(f (g? ,1)) = 0, which completes the proof of (i).
Now, we turn to prove (ii). We only need to show that

E((log noNoa(&0)fz, (1)) ") < E((log noNoa(§0)fz, @)").

A direct calculation gives

E((log noNoa (50)f;, (1)) ")
= E(—log noNoa(£0)fy, (1), noNoa (o), (1) < 1)

1—[1 - a(£) + a(£)fs, (W(TE, Tj))]"0No
1 - ,LL(T%, Tﬁ)

< E(— log s noNoa (&o)fy (1) < 1)

_ _ 1- M(‘g! ﬁ) /
= E( log 1 W(TET7) noNoa (§o)fz, (1) < 1)
< E(f(€,7),£(, 7)) > 0) =E(f* (£, 7))

< E((log noNoar(§0)f, (1)) ) < 0.
If
E((log noNoa (%0)f7, (1)) ") = E((log noNoa (%0)f2, (1)) ),
then
E(log noNow(£0)fy, (1)) =0
and since E(f(€,7)) = 0, then
E(f(, ) + log noNoa(£0)ff, (1)) = 0.
From the assumed monotonicity it follows that

P(f(E, 1) + log noNoa(€0)fy, (1) = 0) = 1,
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and
P(f(E, 1) +log noNoa(£o)fs, (1) > 0) > 0,
unless P(P;(&,) = 1) = 1, which contradicts with
P(Po(&,) + P1(§,) < 1) = 1.
Thus, it holds that

E(lOg noNoa(Eo)ng(l)) > 0. O

Theorem 4.3 Suppose for any n € N,

(i) If there exists a sequence of i.i.d. random variables {n,,n € N} such that

¢ (k)
sup

k>1

<n, as;

—(1—= N
(ii) E((lognoNoe(§o)fz,(1))") < 00 and a Q(EO)+T(_iO)f5°(S))UO % s strictly monotonically
increasing with respect to s on (0, 1].

Then, when E((log noNoa (§0)f;, (1)) < 0, we have P(q(g) =1)=1,ie., {Z,ne N} is cer-
tainly extinct.

Proof We proceed with the proof by contradiction. Suppose P(q(g) =1) <1 when
E((log noNoa(§0)f7, (1)) < 0, then

P(q(8) <1) =1-P(q(€) =1) >0.

From Lemma 4.2 we obtain that the assumed conditions (i) and (ii) in this theorem hold,
then on {q(g) <1},

E((log noNoar(50)f, (1)) >0,
which contradicts our assumption and completes the proof. d
Since the expression of the conditional expectation of the process cannot be calculated

precisely, using the upper and lower bounds of the conditional expectation of the process

given by Lemma 3.3, we define two random sequences {S,,n € N} and {[,,, » € N}, where

n-1 n-1
Su=No [ [mE)a@eE),  L=No[ [ mEa(Eei&), neN,
k=0 k=0

and obviously Sy = Iy = Np. Regarding S, and I, as normalized factors, we define two ran-
dom sequences as W, = Z,S W, =Z, ', neN.
In what follows, we discuss the limit properties of {W,,n € N} and {W,,n € N}.
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5 The limit properties of {Wn,n € N}
Theorem 5.1 {\57", S,,(g ), n € N} is a nonnegative supermartingale, and there exists a non-

negative finite random variable W such that

lim W,, =W as.

n—0o0

and
E(WE) <1.
Proof From Lemma 3.3 we obtain

E(Wn+1|3n(g)) n+1E(Zn+1|S) Sn+1Z m(&y)o(€n)e(En, Z,) < S 1Zn = Wnr (5.1)

namely (W, 5,,(5 ),n € N} is a nonnegative supermartingle. According to the Doob mar-

tingale convergence theorem, there exists a nonnegative, finite random variable W’ satis-

fying

lim Wn =W as.

n—00

Taking the conditional expectation with respect to & on both sides of of (5.1), we are able

to obtain recursively

-

E(Wyi118) = E(E(Wot[3(5))1€) < E(W,l8) <--- < E(Wol§) = 1.
Using the Fatou Lemma gives

E(WE)=E (hmme |§) <liminf E(W,,|§) <1,

n—00 n—00

which completes the proof. O

Theorem 5.2 If Y = OE(#Z))E()) < oo and Y7 E(=

bounded in L? and converges in L* to W.

52 2(5 L) < o0, then {W,,n € N} is

Proof From Lemma 3.3 and the fact that for given 5 and any n € N, k € N*, X, and L

are mutually independent, one can derive

E(W2,134(8)) = S;4E(Z2,,15.4())
= 8,2 {Zue (& Z) Var(Xon L [§) + m(E,)a(6,)[82(E Z)

+Zoe* (5 Z0)] )

PPN Var(X,1 L |£) 8%(&n)
= Wt W e e 6 | S22
A A le(gn) 52(%_;1)

=W W a6 T S2eE)
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Taking the conditional expectation on both sides of (5.2) and combining with Theo-

rem 5.1, we have

E(W2,\E) = E(E(W2,13.6))E)

5727 5 m3(§n) 80 \|z
< B0318) v £( (W 5 by e )
2.5 mZ(En) 82(57[)
=B+ g e eemi ) * 53%(En) >3
Taking the expectation on both sides of (5.3), it is deduced recursively that
52 ¢ my () — 8%(&)
EWin) =14 E (Zo s,-a@i)s(a)m%a)) e (Zo (&) ) o4

Owing to the assumed condition, we obtain that {EW?2,1 € N} is bounded, namely
{V%,, n € N}isbounded in 2. Hence, {V%,, n € N} is uniformly integrable, which combined
with Theorem 5.1 yields the desired result that {W,,,n €N} converges in L! to w. O

Now, we give the condition that the limit W of {W,,,n € N}is nondegenerate, beginning

by introducing a Lemma.

Lemma 5.3 ([10]) Set R* = (0, +00), when § is given, for any fixed n € N,
(i) If{a;(€,),j € N*} is a nondecreasing sequence, there exists a nondecreasing function
@, (-) on R* such that ¢, (x) > a1(&,), x> 0; ¢z, () < a;(&,),j € N* and
@i (%) =x - @z, (x), x > 0 is convex.
(ii) If{aj(é.),j € N*} is a nonincreasing sequence, there exists a nonincreasing function
Ve, (-) on R* such that g, (x) < a1(§4), x > 0; Vg, () = a;(§,), j € N* and
Vi (¥) =x - Y, (x), x > 0 is concave.

For any fixed n € N, let {¢(§,,k) : kK € N*} be a nondecreasing sequence, then by
Lemma 5.3 there exists a nondecreasing ¢, (-) on R* such that ¢, (x) > &(§,;1), x > 0;

@5, () < €(€3j), j € N* and ¢f (x) = x¢g, (x), x > 0 is convex.

Theorem 5.4 For any fixed n € N, if {¢(§,;k) : k € N*} is a nondecreasing sequence and

E(11 o)

( > 0, (No [T m(&;)a(sj)sl(s,») o
i=0 '
then E(W) >0, i.e., (W > 0) > 0.

Proof From the Lemmas 3.3 and 5.3, one obtains

E(Wn+l|$n(g)) = S;ilznm(gn)a(sn)g(snizn)
> S;ilznm@n)a@n)(pén (Zn)

= Suhim(EDa(E)e;, (Z,) as. (55)

Page 12 0of 18
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Since for any n € N, ¢;,(-) is nondecreasing and gog‘n(~) is convex, taking the conditional
expectation on both sides of (5.5) and combining the Jensen inequality and Lemma 3.3

yields

E(W,118) = ;L m(E)aE)E (v} (Z,)E)
> S, m(E) o€k, (E(Z,)E))
= S, m(E)a(ENE(Z,E)@s, (E(Z,1E))

e, (E(Z,8))
e(€,)
e, (No [11g m(EDa(E:)er (&)
£(€,) '

= E(W,|§)

> E(W,&) (5.6)

Iterating (5.6) with respect to n, we obtain

oz " e (N TTEE (&) (&; ,
E(W,,1|8) > l—[ 95 (No [ Tjo :’(’g)a(;)sl(g)).

i=0

By the assumed condition of Theorem 5.4 and Fatou Lemma, we deduce that

E(W) = E(E(nlin;o \%|§r)) > E(limsupE(\%@))

n—00

= e, (No [T m(E)a (&)1 ()
= E(“ @) ’

i=0
from which it follows E(W) > 0, which completes the proof. O
Theorem 5.5 IfP(W >0) > 0, then it holds on {W > 0}

- S(E ;Zn)
Z[l— 81((&) i|<oo, a.s.

k=0

Proof For any n € N, Lemma 3.3 implies

s 2V o1 . _ Wne(%_n;Zn) W Wnszn(gn)
E(Wn+l|13:n(§)) = S,,Han(s;'t)a(En)g(EmZn) = 8(%},) = Wn 8(5,,,) .

Hence,

E(Wy1) = E(W,) —E(M) 5.7)
e(&,)

Since E(Wp) = 1, iterating (5.7) gives

S “ vAVkEZ ('Sk)
E(W,1)=1- E(7k> > 0. (5.8)
1 ; s(&)
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In (5.8), letting n — 0o, we arrive at

> Wk8zk($k)>
Z( €@ ="

Thus,

io: Wkszk(ék) <00

&) a.s. (5.9)

k=0
From (5.9), we have for almost everywhere w € {W > 0}, it holds that

= Wi(w)ez, (Ex(w))
> cEGw)

k=0

Since lim,,_, oo W,(w) = W(w) > 0, by the sign-preserving property of the limit, there ex-
ists k(w) satisfying 0 < k(w) < W (w) and n9(w) € N* such that when # > ng(w), it holds
that

k() Z{ p - EE ) Ziw) } <3 W) 1 6om) — e (50w Ze)] < o0

P &(5x(w)) i €(6x(w))
Therefore, on {W > 0}, we have Yool - E(Ekskz)”)] <00, a.s. O

Below, we prove the convergence in L? of {W,,n € N}

Theorem 5.6 Under the condition of Theorem 5.2, if

S feE) —e(E)\2]? > o 8(g) :
Z[E( )] Z[E<ZS,-282(S;))]

i=0 i=0 j=0

and

00 i-1 %
my(&;)
E —_——— .
Z[ (120 sjm2(s,)a(s,>e(sj))] =

Then, {W,,,n € N} converge in L* to W.

Proof Since {\X’/n,&,(g ),n € N} is a nonnegative supermartingale, from the Doob mar-
tingale decomposition theorem, it follows that, for any n € N, W, = Y, — T,, where
{Yn,&,(g), n € N} is a martingale, {T},, n € N} is an increasing process with

n-1 %
Wi ;
T, =0, Tn=Z SZ(S .

i=

In what follows, we prove {T,,n € N} is bounded in 12
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Since

-1

Z

WEZI %'z

Tull2 =
[Tl )

W&‘Z E, ! (gz)
Y e Sl

i=0

from (5.4) we can derive

W2el (&) ). o[ eE) - e1(E)\2 =
b AT E 2 23S TS
( =) §>5 (W( 5(&) )5)
_ (el&) —e1(&) 2 a2
- (") e
<(e<s,>—sl 5,) +“[ ma(E) 62(5,)]
- S(El =0 SO‘S/ 8(%-1)”12(%}) 5'282(51‘) '
Thus,

W7eZ (&) (sl)—el(a>> — ( my (&) )
E E|l | —=—/———= El — =27
( (&) )5 (( @) "2 Sa@)e@)mE)

[ 5%&)
E| ——).
+,ZO <S,.282(s,)>

~.

Therefore,

1T, <Zl|: (( 51—81(§;>>:|1+n1 llL :
U5 e(&) 2|\ & Sae@m )

J
n-1 i-1 82(%_1) %
E .
' i=0 |: (;): 51‘282(5/)

According to the assumed condition of Theorem 5.6, {T,, #n € N} is bounded in L?, from

which and the fact {T,,n € N} is a nonnegative increasing process, it follows that {T},,n €
N} converges in L2. From Theorem 5.2, we have {W,,,n € N}isbounded in L%, so {Y,,n €
N} is bounded in L?. Since {Y,,,S,,(g), n € N} is a martingale, {Y,,, n € N} converges in L?,
and therefore {W,, n € N} converges in L? to W, O

6 The limit properties of {W,,,n € N}
Theorem 6.1 IfE([];2, o
able W such that lim,_, « W/n =W a.s., and E(W) < co.

) < 00, then there exists a nonnegative, infinite random vari-

Proof From Lemma 3.3, it follows that

E(Wyi1|54(8)) = LY E(Zpa1 [84()) = L1 Zum(E)a (£,)(Z,3 6,)

- e(Zy &)
=W,-
e1(&y)

W,,.

v
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Namely, {W,,, &, (é’ ),n € N} is a nonnegative submartingale and

n-1

E(W,8) = E(1; ZuE) < I;'No [ | @) €e &) < 1‘[;((2

i=0 i=

—

6.1)

Taking expectation on both sides of (6.1), we arrive at

. )
W) SEQ_O[ fE) )

An immediate consequence of the assumed condition of Theorem 6.1 is sup,,..o E (W,) <
00. By the submartingale convergence theorem, there exists a nonnegative random vari-
able W such that

lim W, =W, as.
n—0o0
and E(W) < oo.
Below, we discuss the condition of {W,,, n € N} converges in L'.
We set

rk(‘i:n) = k_lE(‘ZrH-l - ksl(sn)m(gn)a(&'t)“zn =k, Sn(g)): keN",neN,

then it holds that E(W@,gﬂ(é’)) = (e1(E)m(En) 7, (£,). for fixed n € N, let
{r(£4),k € N*} be a nonincreasing sequence. Namely, as the number of particles in-
creases, the absolute value of the average growth rate of W, is required to decrease. By
Lemma 5.3, there exists a nonincreasing function v, (-) on R* such that v, (x) < r1(&,),
x> 0; Y, () > 15(E,), j € N* and ¥ (x) = xv), (x), x > 0 is concave. a

Lemma 6.2 Suppose

&1(6x) m(&n)o(§n)er(€n)

n=0

i (ﬁ (&) Ve, (No [T m(&)a(él)&(&)))(w

and for given n, {ri(€,) : k € N*} is a nonincreasing sequence, then {W,,n € N} converges

in L' to nonnegative, infinite random variable W.

Proof We begin with proving {W,,n € N} is a L'-Cauchy sequence. By considering

Lemma 5.3, it suffices to show that

(|Wn+1 - W ||E) I, 1E(| w1 — €1(E)mEn)a(En)Z, |§:)
= L E(E[|Zut - £1(E)m(E) 2 () Z| Fu(E)]IE)
LNE(Zarz, (E0IE) < LLE(Zawrs, (Z,)E)

In IE(wn Z )l%‘)

Page 16 of 18
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Since g, () is nondecreasing and /7 (-) is concave, then by Jensen’s inequality, we obtain

E(|Wip1 = WallE) < L1k (E(ZlE)) = I, E(Z,E) e, (E(Z4lE))

E(W,|8) ¥, (E(Z,]E))
Sl(sn)m(én)a(én) .

Lemma 3.3 implies that

e, (No [Ty eE)m(E)eu(&) ' 15 eEmE)e(E)
e1(E)m(En)a(é,) 15 e1E)mEDa(E)

E(|V_Vn+l - Wn”%)

n-1

_ ¥ WNo [T ) e (E)m(E)a(&)) 11 e(&)
Sl(én)m(én)a(sn) 0 81(5[).
Thus, we have
o Ve, No [115 eE@Im(ENe(&)) T e
E( W W"')EE( eEmEaE) L e1<s,) ©2)

Summing (6.2) with respect to # gives

S (W T (Ve (N [T eEdm(ENa(&)) T &
E n+l — nl) = E
ano (W= Wa) <) ( e1ENm(Ea(,) “el(a>

n=0 i=

Considering the assumed condition of Lemma 6.2, it is immediately clear that

lim E(|Wn+l - V_Vn|) =
n—00
Namely, {W,,neN}isa L'-Cauchy sequence, so {(W,,neN} converges in L' to anon-
negative, finite random variable W. O

7 Conclusion

A model of branching processes with random control functions and affected by viral in-
fectivity in an i.i.d. random environment is established, and the Markov property of the
model, the sufficient conditions for certain extinction, and some limit properties of the
normalized processes are studied. The relevant conclusions of the branching processes
are extended and their application fields are expanded. Next, we intend to study the limit
theory of the model further, such as the convergence rate of the limit and the central limit
theorem, and some properties of the branching processes with random control functions
and affected by viral infectivity in i.i.d. random environments with different distributions
and stationary traversal random environments, and will try to give application examples.
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