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1 Introduction and main results

The fractional Laplace operator as a classical nonlocal operator has many applications
in many fields of mathematics, such as harmonic analysis, finance, game theory, and so
on. Especially, it has become a popular research object in partial differential equations in
the past decade. The definition of the fractional Laplace operator in R for 0 < s < 1 and

w € CP(RN) is given as follows:

wx) = ()

N
N |x_y|N+2s dy’ xeRY,

(-A)u(x) = CuP.V. /R

where Cy; > 0 is an explicit constant, and P.V. denotes the Cauchy principle value; see
[16]. As far as we know, the Lévy process is one of the most classical applications of this
type of operator, see [5, 23] and their references. There are many studies devoted to replac-
ing the Laplacian with the fractional Laplacian or other more general calculus operators,
and these results can better describe various phenomena in nature compared with the
previous ones; we refer to [6, 10, 13, 16, 36].

In particular, numerical approximation of the fractional Laplace operator is becoming
very tricky because of its nonlocality and singularity, which makes it necessary to exploit
more effective approaches to investigate the existence of solutions; see, e.g., [1, 12, 19, 22]
and references therein.
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Let
0= {M Zg — R‘Z(“'E')Mmo}, Zg =Gt £ €1},

where G > 0 is a fixed positive constant. Ciaurri et al. [15] gave a definition of the fractional
discrete Laplace operator on Zg as

(—Agru(@) = Y (&) - n&)KI (¢ -¢),
§€L,57L

where 0 <s <1, u € £, and

45T (1/2+5) (¢ ]-s)
’ S ) € Z 0 ,
K9(g) = | VAITCII " GETeleLes) ¢ € Z\{0}

0, ¢=0.

The kernel K¢ (¢) has the following property:

Cs
g25|§|1+2s g({) =< g25|§|1+2s ¢ € Z\{0},

where 0 < ¢; < C; are two constants. Let Ag be the discrete Laplace operator on Zg defined

as
Agu() = = & (u(c+1) 2u(g) + (¢ - 1)).

Furthermore, if 1 is bounded, then limy_ - (—Ag) u(¢) = —Agu(¢). Ciaurri et al. also
proved that the fractional discrete Laplacian can approximate the fractional Laplacian as
G — 0 under certain conditions.

Next, we elaborate some results of different fractional discrete Laplacian equations
through several references. Xiang and Zhang [33] studied the following discrete fractional

Laplacian equation:

(=A1) u(E) + V(E)u(§) = Af (&, u(§))  for§ € Z,
n(E)—0 as |§] — oo,

(1.1)

where

CADu@) =2 Y (@) - @)K -&), ¢ €,
§€L,5#

V:Z — (0,00), >0, and f(¢,-) € C(R,R) for all ¢ € Z. They obtained at least two ho-
moclinic solutions of Eq. (1.1) by the mountain pass theorem and Ekeland’s variational
principle under appropriate assumptions. Ju et al. [21] investigated the following discrete
fractional p-Laplacian equation:

(A (E) + V(E) )P (&)
=2a(€)| @) u(E) + bE)|nE)*uE) foré eZ, (1.2)
wE) — 0, as || — oo,
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where (—Al); is the fractional discrete p-Laplace operator (defined later), V : Z — (0, 00),

A>0,1<g<p<r<oo,ac EP%I, and b € £*°. They detected at least two homoclinic so-
lutions of Eq. (1.2) via the Nehari manifold method under suitable hypotheses. Using dif-
ferent kinds of Clark’s theorem, Ju and Zhang [20] gained multiple solutions of fractional
discrete Laplacian equations with different nonlinear terms. Through the results of the
above literature, we know that Eq. (1.1) can be reduced to the well-known discrete form
of Schrédinger equation

—AuE) + VErE) = Af (5, 15)), &€ (1.3)

Agarwal et al. [2] first studied a discrete Laplacian equation similar to (1.3) by variational
methods. There are a number of recent papers that use critical point theory to study
second-order difference equations; see [24—26, 28, 37]. At the same time, we note that
the Kirchhoff—type problems have attracted wide attention in recent years. Specifically,
Kirchhoff built a well-known model via the following equation:

2 2
0 u
dx|— =0, 1.4
x)8x2 (19)

o
ox

p ot?

%u @+E L
n o),

where p, po, h, E, and L are constants with some physical background. Equation (1.4) is
regarded as an extension of the classical D’Alembert wave equation. Fiscella and Valdinoci
[18] deduced a continuous expression of the fractional Kirchhoff model. Since then, there
have been a lot of papers considering qualitative properties of solutions for Kirchhoff—
type fractional Laplacian problems; see, e.g., [4, 11, 29-32, 34, 35]. To the beest of our
knowledge, there are no results on the existence of solutions for Kirchhoff-type fractional
discrete Laplacian problems.

In the present paper, we use the fountain theorem and the dual fountain theorem to
investigate the multiplicity of homoclinic solutions for the following fractional discrete
Kirchhoff—Schrédinger equation:

(a+ BIUIZ,) (~ADal) + VO ) 1) = f (0, 1))  for ke € Z, (L5)

where

12, = D[ 1(@) - ()P Kiyp(c ~ £),

€L E€T
a,b>0and 0 <s<1<p<ooare constants, V(k) : Z — R*, f(k,-) € C(R,R) for all k € Z,
and the fractional discrete p-Laplace operator (-A;), is defined as
FA @) =2 Y |u(@) — @7 (1) ~ nE)Kip(e ~8), ¢ €L,
§€EHFC

with discrete kernel K, such that

S5 CX,
aii < Ksp8) < ik, £ €Z)\{0),

K ,(0) =0,

(1.6)

where 0 < ¢, < C;, are two positive constants.
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Note that the operator (—Al); goes back to (—A;)* with p = 2. The counting measure
of interval 7 is denoted by M(7). The neighborhood in Z with center § and radius y is
denoted by U, (8). If u(i) — 0 as |i] — oo, then we call the solution u of problem (1.5)
homoclinic. Assume that V (k) : Z — R* and f(«,-) € C(R,R) for all x € Z satisfies:

(V1) Vp is a positive constant such that V(x) > V; for all k € Z;

(Vo) Forall o >0, there is a positive integer ¥ such that limys|—..c M({k € Z|V (k) <o} N

u,(8)) =0;
(f1) If(c, )| < C(IulP~+ |97 1) forany k € Z and 1 € R, where C is a positive constant,
and p < g < o0;
(f2) lim, - e % = +00 uniformly for all k € Z, where F(i, 1) = [y f(k,¢) d¢;
(f3) There exist R >0, ¢ > 2p, and « > 0 such that F(x, u) < ql}f(/c,,u),u +a|ul? + @ (k)
for all k € Z and p > R, where @ € £ N € and @ > 0 (¢! and £ are defined in
Sect. 2);
(fa) f(x, ) is odd in p.
Assumption (V) is weaker than the coercivity, and the former is a discrete version of the
continuous form proposed by Bartsch and Wang [8] to overcome the lack of compactness.
Moreover, hypothesis (f3) is weaker than the general Ambrosetti—Rabinowitz condition [3]
(AR) Foranyk € Z and u > R,

0 < @F (i, ) <f i, w)ps.
We give the following example satisfying (f1)—(fa).

Example 1.1

FEw =R|u@)| 1@ + T|u® | wE), p<y<wp<,
where R € R and 7 > 0 are two constants.

Now we state the following main results by the fountain theorem and the dual fountain
theorem. The space E and functional J will be defined in Sect. 2.

Theorem 1.1 Assume that (V1)-(V3) and (f1)—(f1) are satisfied. Then problem (1.5) pos-
sesses infinitely many nontrivial homoclinic solutions {u,} C E with energy J(1,) — 00 as

n— oQ.

Theorem 1.2 Assume that (V1)-(V3) and (f1)—(fa) are satisfied. Then problem (1.5) pos-
sesses infinitely many nontrivial homoclinic solutions {jv,,} C E with energy J(u,) < 0 such
that J(j1,) — 0 as n — o0.

Remark 1.1 We briefly summarize the highlights of this paper:
(a) The fractional discrete Schrodinger equations with Kirchhoff term is discussed for
the first time.
(6) Under the same hypotheses, Theorems 1.1 and 1.2 acquire two sequences of diverse
homoclinic solutions for Eq. (1.5).
(¢) The fountain theorem and the dual fountain theorem are used for the first time to
study fractional discrete Kirchhoft-Schrédinger equations.

Page 4 of 21
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Ultimately, we point out that the case of concave and convex nonlinearities f (&, 1) =

(&) 2w(€) + ()| 2n(€) with 1 <7 < p < 2p < t < 00, as a classical application of
the fountain theorem in a bounded domain (see, e.g., [34]), is not covered by Theo-
rems 1.1 and 1.2, because the compact embedding is not valid when 1 < r < p (the com-
pact embedding lemma is introduced in Sect. 2). Also, we point out that the case of
SE 1(®)) = @)@ 1(E) +d(E)| (€)1 u(E) with 1 < 7 < p < ¢ < 00, as the nonlinearity
of a non-Kirchhoff-type fractional discrete p-Laplacian problem, has been investigated by
a new version of Clark’s theorem presented by Liu and Wang [27]. However, the excessive
limitations of the coefficients ¢(§) and d(&) make the obtained result imperfect. Therefore,
how to solve Eq. (1.5) with combined effect of concave and convex nonlinearities in the
Kirchhoff setting by a new approach is an interesting problem, which we will investigate
in the near future.

The rest of this paper consists of the following: Sect. 2 presents the variational structure
of Eq. (1.5). Section 3 verifies the compactness condition and describes the related lem-
mas used later. Section 4 proves infinite solutions to problem (1.5) through the fountain
theorem [7]. Section 5 is devoted to verifying the existence of infinitely many homoclinic

solutions to problem (1.5) via the dual fountain theorem [9].

2 Variational framework
First, we revisit some fundamental definitions.
For 1 < o < 00, the space (£, || - ||,) is defined as

1/0
égzz{v:Z—ﬂR‘Z]v(g)]Q<oo}, ||v||g=(Z|v(g)\Q).

47/ Lel

In addition, the space (£*°, || - || «) is defined as

£ ::[U:Z—>]R sup|v(§)|<oo}, ||v||oo:sup|v(§)|.
(el CeZ
By the corresponding results in [17] the spaces (£9,]| - [l,) and (€%, || - |l») are Banach

spaces. Evidently, £2! < (92 if 1 < p; < 0 < 00.
Now we present a variational framework and relevant theorems to study Eq. (1.5). Set

E- {v 7> ]R‘ Y @) v @K -8 + V@)@ < oo}.

CEZ E€Z T€L

The norm of space E is given by

iy =, + Y V@)

T€Z

=22 PO -vEOFKyE -9+ V@l

L€l €T T€L

Lemma 2.1 (See [21]) ¢ € £ = [{]s» < 00. Besides, [{]so < C(s,0)||[¥ || for all ¥ € €7,
where C(s,0) is a positive constant.
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Lemma 2.2 (See [20, 21]) Suppose that (V1) is satisfied. Then there is the following equiv-
alent norm in (E, || - ||g):

1/p
Iyl = (Z V(s)|w(s)|") :
Eel

Besides, (E, || - ||) is a reflexive and separable Banach space.

Proof For the proof of equivalent norm and Banach space, see [21]. For the proof of re-
flexivity, see [20]. Here we only give the proof of separability. Let

A= {0 € E,i € Z|v(i) € Qfor |i] <m,v(i) = 0 for |i| = n+1}.
n=0

Then the set A is countably infinite as a countably infinite union of countably infinite sets.
Given any u € E and any ¢ > 0, there exists ny(u, €) > 1 such that

p
3 VO < % 2.1)
|i|>np+1
For 1 <i < ny, there exists v(i) € Q such that
&P
> V@) |u@) - v < = (2.2)
li|<no

By (2.1) and (2.2) we know that v(i) € A and ||v — u|| < e. So A is dense in E. This proves
the separability of E. O

Lemma 2.3 (See [20]) Suppose that (V1)—(V>) are satisfied, then for all p < < oo, the
embedding E — (' is compact.

Lemma 2.4 (See [21]) Let D C E be a compact subset. Then for all 0 > 0, there is 1y € N
such that

1/p
[Z V(§)|,u(§)|p:| <6 forall ueD.

[¢1>70

Next, we define the energy functional J : E — R associated with problem (1.5) as

J(u) = A(n) — B(w),

where

b
A = }%(a[mg,, i) + (el

and

B(w) =Y F(¢,u(2)).

CEL



Ju et al. Advances in Continuous and Discrete Models (2023) 2023:31 Page 7 of 21

Lemma 2.5 Suppose that (V1) is satisfied. Then A(u) € CH(E,R) with

(Au)v) = (a+blul,) 3 3 0@ - @)

(el E€l
x (1(¢) = (&) (v(&) = v(E))K; (¢ — &)

3 V@ @)

CeL

forall p,v eE.

Proof By Lemmas 2.1 and 2.3 we can easily deduce that A is well-defined on E. Fix
W, v € E. By an argument similar to that of [21] we have

[+ v, — [nley

lim a
T—>0* pT
= a3 V() - @ (16 ~ ) (4(0) ~ vE)Ksy ¢ ~8) 3)
(el €T
and
p_ p
i P S Vi) o) ). .4

CEL

By (2.3) we can derive that

tim p At wlp)” = ([1l5p)°

0% 2pt
b gim (AT Tl + [lsp) ([ + V15, — (15
- T—>0% 2PT
P
= b(_ tim ([ + TvI, + [ulf,) - Tim, [ + ”’jx UL]&p)
= bl 3 3o 1(©) = &) () - ) (o) v Kp & - ). (25)
€l E€Z

With the help of (2.3), (2.4), and (2.5) we get

(A'u)v) = (a+blul,) 3 3 w@) - @)

I4/RITA

x (1(¢) = w(€)) (V&) = v(E))Kp(¢ - §)

VO @ 1@mE).

el

So A is Gateaux differentiable.

Finally, we prove that A’ is continuous. Let {u,,},, is a sequence in E such that u, — p in
E as n — oo. For convenience, we denote A(i1) = |4[?~2u. By Lemma 2.4 and Lemma 2.5
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n [21] we can get that for any ¢ > 0,

D0 (@) = 1a®)) = 1(1(2) = 1(®)) ] (v(2) = (E))Ksp (¢ — )| < Ce|v|

(€L €T

and

D VO (1(0)) = 1(1(0)) ]0(2)| < Celv]|

CEL

as n — 00, where C is a positive constant. From this we obtain that
A" () = A'G0) | = sup [{A"(1a) = A'(10), v)|
vl

< sup [(a+blu, - ulh,)Cellv] + Celv[[] - 0

[lvii=<1

as n — o0o. Therefore A(u1) € CL(E,R). O

Lemma 2.6 Suppose that (V1) and (f,) are satisfied. Then B(u) € C'(E,R) with

(B/(/,L), v) = Zf(l'; M(T))V(T)

T€L

forall n,v eE.

Proof By (fi) and Lemma 2.3 we have

Y Fe,)) <Cry luf+ Gy lulf

KEZ KEL KEZ

< GG IIRIP + CC I < oo,

where C;, Gy, Cy, C; > 0 are constants. So B is well-defined on E. For given u,v € E, we

show that
B -B
sim KBS (e i) (2.6)
CeZ

The proof is analogous to that of Lemma 2.6 in [20]. We give it for the convenience of the
reader.

Choose a positive constant W such that ||| < W and ||v|| < W. For all ¢ > 0, there
exists k1 € N such that

e p
Z V(§)|V(§)‘p < <W> . (2.7)

2(-1
Iz >x1 6CCy

Moreover, there is 0 < 79 < 1 such that for all 0 < 7 < 79,

2

[¢1=k1

F(&, u(8) + tv(8)) = F(&, u(2))

T

(¢ m(©)v(©)

< % (2.8)



Ju et al. Advances in Continuous and Discrete Models (2023) 2023:31 Page 9 of 21

Fix 0 < T < 79. By the mean value theorem, for any |{| > «, there is 0 < 7, < 7 such that

F(¢z, - F(¢,
€ M(;)‘FTV(‘E)) (¢, () :f(é',/l«({)‘l'fgv(;))‘)(()' (2.9)

Let w € E and

1f§ =K1

0
()= .
u(@) +7ev() if ¢ >xa.

Thus |lo|| < ||p]l+]v]l < 2W.Hence by the Holder inequality, (2.7), (2.8), (2.9), Lemma 2.3,
and (f;) we get

|M - f(;“,,u(())v(C)‘

CEL

F(&,u(g) +tv(0)) - F(5, 1(8))

T

+ 2 @ o@W@)]+ Y 1@ n@)we)|

[$1>k1 [S1>k1

e Tl o]+ ¥ oo
+C[

T

IA

f(gw(@))v(g)’

IA
S ERCIA
N

IA
W ®

[¢1>k1 |¢1>K1

(2" (2 )" )z

[¢1>k1 1S 1>K1 [¢1>k1

IA

W[ ™

IA

+C(CP V™ + CP V[ ufr™) - CE V|
&
6CCr V2w )1

W™ Wl ®™

IA

+CC VWY + (W]

N
™

Thus (2.6) is established, and hence B is Gateaux differentiable.

Eventually, we verify the continuity of B'. Assume that 1, — u in E as n — oo. Then by
Lemma 2.3 we know that u,(§) — (&) for all £ € Z. By Lemma 2.4 there exists x; € N,
such that for small € > 0,

1

(Z V(§)|Mn(§)|p); <% forallme N

[§1>k2
and
(Z V(s)|u(s)|”)p <z
1>k

In addition, we can derive that

’M($)|<%, |Mn(5)’< 81 forall # € N and |£| > k5.

6Vy 6Vy
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From (f;) we can get that

b

D (& a®) —f (&, () [P

[ ]>K2
il p-1 p-1\ 5T
<CPT Y (Il + P
&>k
1
= ()P Y (ual” + |el?)
| 1>k2
1
(cr)rt
= 2 VOl + nl)
0
&>k
(ZCP)I% e\ [\’
< =) +{ =
Vo 6 6
v
_ (2C)p—l eP (2 10)
6V, '

Besides, since u,(§) — w(&) for each & € Z as n — o0, by the continuity of f(§, -) we have

that there exists an integer #( such that

A 6F — z% Cz% L
Z V(€¢Mn($)) _f(%-) M(E))|p_1 =< % for all > Hp. (211)

[§1=K2

By (2.10), (2.11), and the Hoélder inequality, for any v € E with ||v|| <1 and n > ng, we get

D HHG) —f(é,u(é))]V(E)‘

Eel
< (ZV(&M(S)) —f(&u(%‘))l”pﬁ) ’ <Z|u(g)|")p
EeZ EEL
< %(valgp)p (Z V(E)\U(%‘)\”)p
173 0 £l
Cep!

—= VO .
Then B'(u,) — B'() in E* as n — oo. Therefore we have verified that B(u) € C!(E,
R). O

By Lemmas 2.5 and 2.6 we get J € C1(E, R).

Lemma 2.7 Assume that (V1) and (f1) are satisfied. If i € E is a critical point of ], then u

is a homoclinic solution of Eq. (1.5).

Proof Let p € E be a critical point of /, i.e. J'(1) = 0. Then

(@+blul?,) YD [1@) = w@) [ (1) - w(E)) (v(2) = v(E)) Kyt — )

(€L €L

Page 10 of 21
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V@O 1@w@) = Y f(r u@)v() (212)

CeL T€L

forall v e E. For any ¢ € Z, we define e, € E as

1 ifc=n,

en(§)2=
0 if¢ #n.

Letting v = e, in (2.12), we obtain

2a+blult,) D |u) - w7 (1) - 1) Kapn - £) + V) )~ ()
§€t#n

=f(n, ().

Consequently, p is a solution of Eq. (1.5). Additionally, by i € E and Lemma 2.3 we eas-
ily get that u(§) — 0 as || — oo. Eventually, we show p is a homoclinic solution of
Eq. (1.5). O

3 Auxiliary results
In this section, we recall some definitions, lemmas, and their proofs to reveal the main
results.

By Lemma 2.2, E is a reflexive and separable Banach space. Then there are {e,} C E and
{f¥} C E* such that

E =span{e,|n=1,2,...}, E*:span{f,:‘ln:l,l...},
and

1 lfgzg,

Vees) = 0 ifcHE.

For brevity, we define E, = spanfe,}, Y, = @, E;, Z, = Py, E; for k € N,.
Lemma 3.1 Suppose that (V1) is satisfied. Then for all p < g < oo,
Be(q) :=sup{llllylp € Ze, ull =1} = 0 as i — oo.

Proof Obviously, 0 < Bi.1(q) < Bc(q), so there is 8(g) > 0 such that B,(q) = B(g) as k —
0o. For every k € N,, there exists p, € Z, with ||, | = 1 such that

Be(q)
o

i llg > (3.1)

By the definition of Z,, Lemma 2.2, and the boundedness of {j,} there exists a subse-
quence of {u,} (still denoted by {1, }) such that u, — p as k — oo in E. Next, we show
that u = 0. For any f;; € {f,/|n =1,2,...}, we have

o) = Jim (£, pui) = 0.
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So 4, — 0 in E. From Lemma 2.3 we know that x, — 0 in £4. Let k — o0 in (3.1). Then
we get B.(g) — 0. O

Next, we introduce the Cerami condition ((C) for short), which is provided in [14]. Let E
be a reflexive and separable Banach space. For J € C1(E, R), we say that ] satisfies (C) if any
sequence {u,} C E such that {J(u,)} is bounded and (1 + ||, |)IIJ (n)]| = 0 as 1 — oo
includes a convergent subsequence. Then we introduce condition (C)* (with respect to
Y,). We say that J satisfies (C)* if any sequence {u,} C E such that u, € Y,, {/(n,)} is
bounded, and (1 + ||, ) IIJy, (tx)]l = 0 as n — oo contains a convergent subsequence.
Clearly, condition (C)* implies condition (C).

Lemma 3.2 Let (V1)-(V3) and (f1)—(f3) hold. Then the functional ] satisfies condition (C)*.

Proof Suppose {u,} C E is a (C)* sequence, that is, i, € Y, for some #,

)| =M, and (1 + [[pall) [/ 1y, ()| = 0 as n— oc. (3.2)

First, we prove that {i,} is bounded in E. By contradiction assume that ||u,|| — oo as
n— o0. Letvy, = Hiﬁ By Lemmas 2.2 and 2.3, up to a subsequence (still denoted by {v,}),
we can get v, — v in E and v, — v in #¥. Consider two cases: v =0 or v #0. If v = 0, then

by Lemma 2.2, (f1), (f3), and (3.2), we obtain

0= lim
n—>00 ||, ||P

(M +1)

> lim ; <]|Yn (Mn) - é(]/hﬂ, (Hn): ,an))

=00 ||y 1P

1 1 1 1
> 1i - - — i , 1 n L F »Mn - »Mn n)
> lim T <<p gD)mm{a Hienllg ; (&) n) + p ;EZJ‘(C M) L
1 1 1 1
Z (_ - _)CEmin{a’ 1} + hm Z(—f(f;ﬂn)ﬂn _F(g:ﬂn)>
p ¢ =0 || pull? £\ @
1 1 . . 1
= <_ - _)CE mln{a, 1} + lim Z (_f(gi Mn)ﬂn —F(;, Mn))
p ¢ n—>00 ||, |1P e
1
1. - ) n n _F ’ n
i 2 (s =)

¢llml<R}

1 1 1
> (5 -2 )Ceminta 11 - im e S - lim L Y o)
(p n— 00

— 2
p (lli=R) o il
1 C
+ lim > Z [—(— + C1>|Mn|p:|
n—0o0
Il L N9
1 1 . . .
> (— - —)Cgmln{a,l} -« lim ”Vn”Z — lim ||zzr(§)||1
2 n—00 n—00 ||, ||?

C
- <— + Cl) lim v, |15
gD n—00

1 1 .
= (— - —)Cgmln{a,l},
p 9
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where Cg > 0 is a constant. This is a contradiction. If v # 0, then we set
Q:={¢ eZv()#0} #0.

For all £ € 2, we have
|tnl = 1Vul - [l 1tnll = 00 as m— oo.

From (f;) we obtain

1i F(&, 1y)
1m 3
e

|l)n|2p=+OO

Together with the Fatou lemma, this means that

lim ZF(E’“”)MW = lim ZF(E’“”) = +00. (3.3)

ot 2t [ [ vt et a2
By (f2) there exists S € (0, 1) such that

FE,u)>0 forallé € Zand |u| > S. (3.4)
For fixed S, by (f;) we have

|F(§,,u)|§C1|,u|p forallé € Z and |u| <S. (3.5)
With the help of (3.4) and (3.5), we acquire

FE,u) > -Ci|ul? forallé e Zand ueR.

By Lemma 2.3 from this inequality we have

. F(&, wy) . F(&, tn)
fim 3 T ol = Jim 3 S
£€Z\Q Hon £€Z\Q Hon

G
> lim - |wnl?
n>00 ||, 1% 2 lun

E€T\Q
4
> lim — 1||,un||2p
n—00 Il el
Clcp

=z lim — =
n=>00 || nllP

By the definition of / and Lemma 2.2 there exists a positive constant C, such that

b
(@lwal?y + leall?) + == (al?,)?

](,U«n)"'ZF(S’Mn): 2w

E€T

SR

1 b,
< 5 max{a, 1}||wnllr + o® linll

Page 13 of 21
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bC2
2p

e

=

max{a, LHlwall? + =5l iall*.

S| D

Dividing both sides of this inequality by ||11,,|% and taking the limit as # — oo, by (3.3)

and (3.6) we deduce that
bC2 F b F ) F ’
2 ¢ > lim Z (& Mzt;) - lim (Z (& Mzt;) + Z (& M;;)) - +00
p = e e e\ Tl S Tl

This is also a contradiction. So {u,} is bounded in E.
Now we verify that u, — p in E. By the above discussion and Lemma 2.2, up to

a subsequence (still denoted by {u,}), we assume that p, — p in E. Because E =

span{e,|n=1,2,...} = Un Y,, where Y, are finite-dimensional spaces, we can choose

v, € Y, such that v, — u in E. Hence we acquire

() =T (), e — 1)
= (" (wn)s o = ) = (' (105 pn — 1)
= (I v (ton)s tn = V) = (T () it = i) = (T (1), pn — 1)
< 71y ) | - ien = vall = () 1t = v)

='W, pn— )= 0 asn— oo. (3.7)
Besides, by Lemma 2.3 we have

Uy —> 1 in£P,

(3.8)
Un—> | aeinZ
as 1 — 00, and there is a function ¥ € £# such that
lunl <0 ae.forallmeZ. (3.9)

By (1), f(x,-) € C(R,R) for all « € Z, (3.8), (3.9), and Lebesgue’s dominated convergence
theorem we have

Y fE =Y fE ) (3.10)
E€Z E€Z

and
Zf(é,u)un - Zf(é,u)u (3.11)
E€Z E€Z

as n — 00. Combining (3.10) and (3.11), we infer that

> (€ n) = f(E10)) (tn — 1) > O as n— oo. (3.12)

E€l
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Then we define the functional D(u) : E — R by

(D(),v) = Y73 [w(@) = w7 (1) - () (v(8) — v(E))Kip(c ~ &), v EE.

L€l E€T

We claim that D(u) is a continuous linear functional. Indeed, by the Holder inequality we
obtain

(D), v)| = 33 |u(e) - (@) ul©) - viE)| Kz - &)

(€L €T

p-1

< (Z > @) - M(S)\(pfl)ﬁlg,p(; - g)) B

(€L €L

X (Z Z|U(§) - U($)|p1(s,p(§ - S))E

CEZL E€T

< lully vl
We know from the above argument that
(D), pon — )= 0 asn— oc. (3.13)

Restate the previous definition and set some new definitions:

M) =l u, ) = malg) - n(2),

Ay = pu(8) — pn(€), A=p() - ).

Recall the fundamental inequality

cple —y12 (x| + P2 1<p<2,

(Il 22 = |y 2y) (v — y) =
Cplx—yI?, p=>2,

where ¢, and C, are two positive constants depending only on p. By the fundamental
inequality we can deduce that

' () =T (), e — 1)
=" (tn)s tn = 1) = (' (), fn — 1)

= (a+blual2,) Y Y MAN(O) - OE)Ksp(& ~ &)

CEZ E€ET

(ﬂ+b[ﬂ sp ZZ)\.(A) O(;)_O(S)) sp(é‘ g)

e E€T

+ 3 V) (M) - A1) O(2)

CEL

= (& mn(@)) = £(2, 1(0))) (@) = 1(2))

LEL
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= (@+blal?,) DY (M(A) = 1(A))(O) - OF)) K, (£ - &)

(€T E€ET

—b((l2, = [al?,) DD " MA)(O©F) - O)Ki (¢ — &)

(el E€Z

+ Y VO (M) - A1) OQ)

el

=S @) = (£0100))) (1n(0) - 100))

el

>ay Y (MA) = M) (A, - A, (E — &)

CEZ EET

+ 3 V) (Mun) = M) O(2)

CEL

—b((ul, = [al) DD MANA, - A)K,p (& - )

(€l E€

=S @) = (60 100))) (1n(0) = 100)

LEL

> Cyminfa, 1}l — iy

~b([ul, - (1, ZZA(AA ~ A)K; (¢ —£)

(el E€T

= (@ mn(@)) = £ (2, (D)) (1) = 1(2)), (3.14)

CEL

where C; is a positive constant. Together with (3.7), (3.12), (3.13), and (3.14), we can de-
duce that ||, — n||g — 0 as n — oo and get i, — w1 in E. So J satisfies condition (C)*. OJ

4 Proof of Theorem 1.1
In this section, we use the fountain theorem to prove Theorem 1.1. Let us first recall this
theorem.

Theorem 4.1 (See [7]) Let H be a Banach space, and let ¥ € C'(H,R) be an even func-
tional. Assume that Vk € N, Ir, > v, > 0 such that

(Th) inf{W(u)ln € Z, lplly = v} — 00 as k — 00;

(T2) max{W(u)lu e Y, llnlln=r} <0;

(T3) W satisfies condition (C).
Then there exists {iuy} C H such that W' (uy) = 0 and V(uy) — 00 as d — oo.

Proof of Theorem 1.1 By Lemma 3.2 and the definition of J, J is even and satisfies (T3).
Next, we just need to verify conditions (77) and (7%) of Theorem 4.1.
Verification of (T1): For u € Z,, by (f) we get

1
J(u) = ;(a[mzp P + [ulé’p =Y & w

CeL

C ,1
> Geminia 1}, P - FG )
p CEL
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Crmin{a, 1}
> Y il = Cullllfy = Coll i (4.1)

In terms of Lemma 3.1, there is a sufficiently large m € N, such that

- Crmin{a, 1}
B 2pCy

lwll? for any u € Z,. (4.2)

P
n
||M||§=Hm l[ell”

p

Combining (4.1), (4.2), and Lemma 3.1, we obtain

Crmin{a, 1} Crmin{a, 1} w||?
J() = P~ —E =l - Cof | el
p 2p el il
Cgmin{a, 1}
> Sl - Bl (4.3)
94
Cgmin{a, 1} _
= IIMIIP<EZ— - GUDI I p>, (4.4)
P
where k > m is large enough. Choose
Cpmin{a, 1) 1
min{a, >
Vi = <E7q> . (4.5)
2qCBe(q)

Thanks to Lemma 3.1 and 1 < p < g, it is easy to see that y, — 0o as k — oc. Together
with (4.4) and (4.5), for any u € Z, and ||| = ., we have

Crmin{a, 1} Crmin{a, 1}
P _C, 81
J() = ([l ( 2 2Bq) 20Coh @) )
Cgmin{a,l}(l 1) »
Ty \pT )™
yr q

as k — 00. Hence (T) is established.
Verification of (T5): By the definition of Y, we know that Y, is finite-dimensional, so

there exists a positive constant Cr such that

el < Cellellak. (4.6)
For M > [’2% > 0, by (f2) there exists L € (0,1) such that
F(&, ) >Mu?* forallé € Zand |u|>L. (4.7)

For fixed L, by (f1), we obtain
FE,u) > -Cy|ul? forallé € Zand |u| <L. (4.8)
With the help of (4.7) and (4.8), we acquire

F(E, ) > Mu* — Ci|u|? forallé € Zand u e R. (4.9)
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For u € Y,, by Lemma 2.3, (4.6), and (4.9) we have

1 b
/mh;wmgwmm+£mmy—§;mm

max{a, 1} b 2 5
< Tnun‘; + gnmigp = Mllpllzy, + Cullel

max{a,1} ~ , b » M W i p
< — - — C
== el + 2pIIMIIE C Il + Cllelle
M b 2
Ml - 2= - = > 4.10
e (Cp Zp)llullg (4.10)

where C', C” > 0 are two constants. For any u € Y, and ||u|| = r,, we get

J(n) <0,

provided that r, > y, > 1 are sufficiently large. Therefore (T3) is proved.
By applying Lemma 2.7 and Theorem 4.1, we obtain that problem (1.5) possesses infinite
nontrivial homoclinic solutions with unbounded energy. O

5 Proof of Theorem 1.2
In the last section, we show Theorem 1.2 with the aid of the dual fountain theorem, which
is given below for the reader’s convenience.

Theorem 5.1 (See [9]) Let H be a Banach space, and let W € C'(H,R) be an even func-
tional. Assume that Yk > ko, 3r, > Y, >0, such that

(D1) inf{W(u)lpn € Ze, |l =1} = 0;

(D2) a, = max{W(w)|n € Y, Il =y} <0;

(D3) by :=inf{¥(u)ln € Z, |ptllg <71} — 0as k — oo;

(D4) W satisfies condition (C)*.
Then there exists {q} C H such that V'(ug) =0, ¥(ug) <0, and Y (ug) — 0 as d — oo.

Proof of Theorem 1.2 By Lemma 3.2 and the definition of J, ] is even and satisfies (D,).
Next, we just need to verify conditions (D;), (D), and (Ds) of Theorem 4.1.
Verification of (D;): For u € Z, and (4.3), we can choose

1

m=(—ﬂgi—mw0”. (5.1)

Cemin{a, 1} “

Clearly, by Lemma 3.1 we know that lim,_, » r, = 00. Then there exists k¢ € N, such that
e > 1 for k > k. Letting || || = r, by (4.3) we can derive that
Crgmin{a, 1} Crmin{a, 1}
J(w) 2 —— =l = GBIl = ———llull” = 0. (5.2)
4 4p

So condition (D) is satisfied.

Verification of (Dy): For u € Y, and (4.10), we can also find M > 1’2% > 0 large enough.
Then we deduce that

J(n) = —o0 as [lullg — +o0.
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Hence there exists 1 < y, < 0o such that
J(u) <0 forall u e Y, with ||u|lg = V- (5.3)

Then we can find «; > ko such that r, > y, > 1 for all ¥ > «1. Hence we can conclude that
(Dy) is fulfilled.
Verification of (D3): By means of Y, N Z, #%, 1 <y, <1y, and (5.3) we get

b, = inf
HEZ ||l <rie J(w)

< inf
HEZi |l nlI=<yie

< inf
MY NZ Il <vie

< inf
HEY NZie, |l pll=vic

< max  J(u)
HEY NZ, | =i

< max J(u)=a,<O0. (5.4)
meYielmll=vie

Therefore, for v € Z, with ||v]| =1, u = tv with 0 < ¢ < r,, and (4.3), we obtain

J(2) = J(v)
> CE%{”” I ]l? = G2 eVl
P
> GBIV = ~Cort B V], (55)

Combining (5.4) and (5.5), we derive that
0>b, > -Cripl(@vl|? forallk > k.

By Lemma 3.1 we know that b, — 0 as k — 00. Consequently, (Ds) also holds.
By means of Theorem 5.1 and Lemma 2.7 we get that Eq. (1.5) has infinitely many non-

trivial homoclinic solutions with negative energy converging to 0. O
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