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1 Introduction

Delay functional differential equations have emerged as a great tool for describing and
modeling a wide range of real-world processes and changes involving long-term delays.
There are many applications for this type of equations in the literature, for instance, popu-
lation dynamics [1], immunology [2], disease models [3], ecological models [4], physiology
and epidemiology [5], and neural networks [6-8]. The differential equation system with
time delay is more complicated to treat and analyze than the classical one as its solution
not only depends on the current situation but also takes the past state into consideration.
The concept of the phase space § plays a significant role in the study of equations with
unbounded delay, which is specified by fundamental axioms that were presented by Hale
and Kato [9]; also to find more discussion on these axioms, see [10, 11]. For further details
on the theoretical developments of delayed differential equations, we refer to the works
[9, 12-16].

In recent years, there have been interesting results in the study of the neutral fractional
differential equation with infinite delay. Benchohra et al. [16] established some existence
results relying on the Leray—Schauder type nonlinear alternative theorem and the Ba-
nach fixed point theorem for a class of initial value problems affected by infinite delay.
Nouri et al. [17] investigated the existence of solutions by applying Krasnoselskii’s fixed
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point theorem and contraction mapping principle to integro-fractional delayed differen-
tial equations. Ahmad et al. [18] discussed some existence results for a class of impulsive
multi-order fractional differential equations with unbounded delay. Very recently, Chen
and Dong in [19] studied the existence and uniqueness of a class of two-term boundary
value problems with infinite delay by employing the standard fixed point theorems. Also,
by using the Hyers—Ulam stability theorem, they discussed the stability of solutions for
the given problem. However, the work on delayed fractional differential equations is still
interesting, and new contributions in this field are needed.

Motivated by the previous studies, in this paper we are devoted to studying the existence
and uniqueness of solutions for a new class of nonlinear nonlocal boundary value prob-
lems involving Caputo fractional derivatives with infinite delay and nonlocal fractional
derivative conditions. In precise terms, we investigate the following problem:

DY [u(t) - [y his,us)ds] = f(t,us), teQ:=[0,al,
u(t) =0(t), te(-00,0], (1.1)
u(a) =Y " ACDY u() + ¢, i €(0,a),

where €Dj,, D}, are the Caputo fractional derivatives of order 1 <§ <2,0<y <1, re-
spectively. f: Q x §F = R, h: 2 x § — R, and 0 € § such that 8(0) = 0, where § is a phase
space that will be explained in detail in Sect. 2. We define, for any u : (—00,a] — R and
any t € ©, the function u; : (—00,0] — R to be an element of the phase space § such that
u,(s) = u(t +s),s <0.

We arrange our work as follows: We recall some spaces, definitions, and lemmas needed
in this work, and the equivalent integral equation to the linear variant of problem (1.1) is
deduced in Sect. 2. Next, in Sect. 3, we obtain our main results with the aid of Krasnosel-
skii’s fixed point theorem, the Leray—Schauder type nonlinear alternative theorem, and
the Banach fixed point theorem. Finally, illustrative examples are provided.

2 Preliminaries
For the present work, the space (§, |.||z) is defined as a seminormed linear space of func-
tions that map (—00,0] into R and satisfy the following axioms that were established by
Hale and Kato in [9]:
(B1) For every t € [0,a], if u: (-00,a] — R and ug € §, then the following conditions
hold:
(1) u;isin §,
@) |u(®)] < Aluells,
(3) lluells < pOlolls +n(@) sup{u(x)| :0 < T <),
where A > 0 is a constant, 7 : [0,a] — [0, 00) is continuous, p : [0,00) — [0, 00) is
locally bounded, and A, 1, p are independent of u(.) and

na= sup n(t),  pa= sup p(t); (2.1)
te[0,a] te[0,a]
(By) For the function u(.) in (B1), u; is a §-valued continuous function on [0, a];
(Bs) The space § is complete.
Let the space §, = {#: (-00,a] = R: u|(x0) € § and ul[o4 € C(R2,R)}, and let |||z, be a
seminorm in §, defined by [|u|lz, = 10llz + Supseq |4(s)], 1 € Fa.
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Definition 2.1 [20] For é > 0 and a function /4 : [0, 00) — R, the Riemann—Liouville frac-
tional integral of order § is defined by

x 6-1
., h(x) = 0 %h(r)du x>0.

Definition 2.2 [20] For n—1 < 3§ < n, n € N, the Caputo derivative of order § for a function
h:[0,00] — R with &(x) € AC"[0, 00) is defined by

KH9 (1)
Cnye _
Dy, h(x) = e 8)/ P n+1dt x>0.

Lemma 2.1 [20] Let § > 0 and h(x) € AC"[0,00) or C"[0,00). Then

n-1 A
W) .
(Ig+CDg+h)(x):h(x)—Z ‘( )x’, x>0,n—-1<8<n.
, !
j=0

The following lemma is related to the solution of the linear variant of problem (1.1).

Lemma 2.2 Let K € C(0,a),S € AC(0,a) u € AC*(Q,R) N T, and

Ar=a=Y ke 40, (2.2)
i=1

Then the solution of the following problem

DY [u(t) - [, S(s)ds] = K(t), te:=[0,al,
u(®)=0(t), te(-00,0], (2.3)
w(a) =Y LD u(w) + ¢, wi€(0,a),

is given by

0(t), te(-00,0],
fot s)ds+Lf0t —S‘HK()ds
(T i i m = Wi R () dls + YOI Ay [ s 2L S(s) ds
—fo “r K(s s— [y S(s)ds +¢), te[O,a].

u(t) = (2.4)

Proof At first, we apply the fractional integral I3, to both sides of the fractional differential
equation in (2.3), and with the aid of Lemma 2.1, the general solution of (2.3) for ¢ € [0,4]

can be written as

u(t) = /(;tS(s) ds + ﬁ /Ot(t—s)‘HK(s) ds + c1 + cot, (2.5)

where ¢;, ¢, are arbitrary constants. Then, by using the condition #(0) = 6(0) = 0 in (2.5),
we get ¢; = 0. In consequence, (2.5) takes the form

u(t) = / S(s)ds+m/ (¢ — )% 1K (s) ds + cot. (2.6)
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For t € (0,a), we find

CDg+Ll(t) = ﬁ /t(t —S)_VS(S) ds
1-y

S—y-1
/(t 8)°77T K(s)ds+cz T2y

1“((S Y)

The condition u(a) =Y 1", AiCDg+ u(w;) + ¢ together with (2.6) implies that

1 ” Hi(y; —s)3-r-1
Cy = - Z)“' wl((s) ds
m w 0 r@-y)
(a->20 )\i#_y)) i=

+ZA / ‘M—))S(s)ds

1 ¢ -1 ¢
—m/() (a—s) K(s)ds—/o S(S)ds+§),

which, on inserting in (2.6), gives the solution (2.4). By direct computation, we can easily

obtain the converse of the lemma. This finishes the proof. O

3 Main results
Using Lemma 2.2, we convert problem (1.1) into a fixed point problem by introducing an
operator F : §, — §, as follows:

0(t), te(-00,0],
f(f (s, 1) ds + fot (t_s)Hf(s ug) ds

(Zz 1)‘ f m—s 7fs,us)dS+Z, 1A f )y h(s, us) ds
5) f(s, us)ds—fo h(s,u)ds+¢), te [O,a].

(Fu)t) =

Then we assume that the solution «(.) that satisfies (3.1) is a decomposition of two func-
tions v, w: (—00, a] — R such that u(t) = v(¢) + w(¢t), which implies u; = v; + w; for ¢ € Q.

These two functions, v and w, have the following definitions:

oE) = 0(t), te(-o00,0], 3.1)
0, tel0,al],

and

B 0, te(-00,0],
w(t) = (3.2)
w(t), tel0,al],

where w € C([0, a], R) with w(0) = 0 and satisfies

¢ ¢ -1
w(t) = / h(s,vs + wy)ds + / G F(S;) ———f(s,vs + wy)ds
0 0

Page 4 of 19
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K (g — )7 i
' XIJA/O T(A=y) et wds
a 5— )
K %ﬂs’% +Mds_/o hs, vs + ws)ds + ¢ ) (3.3)

Then we have u = 6.

Now, consider the space §', = {w € §, : wp = 0} and define a seminorm ||.||3’, on §', by

weg.,.

Iwlig, = sup |w(®)| + wollz =

te[0,a]

This implies that |||z, defines a norm on §',, and as a consequence, (§'4, ||.|lz,) is a Ba-

S'a

nach space. Then we define the operator P: §', — §', by

)81

1)
t [ i (g —s)°r 1 -
+ — A ——f(s,vs + Wy) ds
Ay (121: /0 re-y) f

+ ZA / %)y;/h(s, Vs + Ws) ds

0

Pw(t)=/th(s,vs+ﬁ/s)ds+/t (tr,( ———f(s,vs + wy) ds
0 0

a §—
_/ (ar(; 1f(s,vs+ws ds—/ h(s,vs+Ws)dS+§> tel0a].  (34)
0

Obviously, we note that the operator F has a fixed point if and only if P has a fixed point.

In the following, for convenience, we define the notations:

B ab a “ )Llul al

Az_l*(<3+1)+m<Z re- y+1) (8+1)>' (35)
_ a " )\.,’/Liliy

Ag—ﬂ+m<;r(2—_y)+ﬂ>. (36)

In the first result, we prove the existence of solutions to problem (1.1) by applying Kras-

noselskii’s fixed point theorem [21].

Lemma 3.1 (Krasnoselskii's fixed point theorem). Let B be a nonempty convex and closed
subset of a Banach space E. Assume that W, W, are two operators from B to E such that
(1) W1v + Wyou € B whenever v,u € B; (2) V; is continuous and compact; and (3) Vs is a

contraction mapping. Then there exists a fixed point j € B such that j = W1j + Wyj.

Theorem 3.1 Assume thatf,h:Q x § — R are continuous functions such that the follow-
ing conditions hold:

Page 5 of 19
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(H1) There exists a constant L1 > 0 such that
|h(t, u) - h(t, v)| <Lillu—-v|g forallte Q andeveryu,ves.

(H2) There are nonnegative continuous functions ki, k3 : 2 — (0,00) such that |f (¢, u)| <
K1(2), |h(t, u)| < Ko(2) forall t € Q and every u € §.
Then problem (1.1) has at least one solution on (—00,a] if

LinsA3z <1, (3.7)
where 1, and A3 are respectively given by (2.1) and (3.6).

Proof Consider B, = {w € §', : Wz, <r} with r > kfAy + k5 A3 + Al ||§| where «;}*
SUP,c (0,4 Ki(t), i = 1,2,and A, is defined by (3.5). Then let us define the operators R : §, —
§F,.and Q:F, — §, on B, as follows:

(Rw)(t) = / (¢ —s)%" Y (s, vs + Wy) ds

re)

t [ Hi (g —s)5r-1
+A—1<i2:)»,-/ 1_‘((Si_f(s,vs+ws)ds

0

a _ o)1
_ /0 (a F(S;) f(S,vS+ws)dS)

and

g _ t (v Hi(ui =) _
(Ow)(t) = /0 h(s,vs + W) ds + A_1 (; }Li/o r_y)h(s, Vs + W) ds

_/ah(s,vs+v'vs)ds+§>.
0

It is clear that the operator P : §', — §', defined by (3.4) can be split as R + Q = P. For
w,w* € B, and t € , we find

|Rw(t) + Qw*(t)|

I 5-1 -
§m/ (t-s) [f(s,vs+ws)‘ds

i (M —5)8 y-1 B
|A1I<Z / rGS-y) TGy Vv mlds
/ (ar((s) (s,vs+ws)|ds>+/ (s, vs + W))| ds

Ml( i~ ) — a _*
|A1|<Z / #(1 s s,Vs+ws)|ds+/O |h(s,vs+ws)|ds+|§|)

* 1 ‘ 5-1
SKl (m\/ol (t—S) ds

Page 6 of 19
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(B e [ o))
+K2(t+|Al|<Z/ 1_5)3/) M))Jrﬁm
§Kf<r,(5a4il)+|:_l|(i (;\,u;”) (;il)))
+K2<a+ lAa”(i% >>+|A“—l||§|

—K1A2+K2A3+m|§'| <r

Thus, for w, w* € B, and ¢ € [0, a], we have

|Rw + Qw* HS’ = sup |’Rw(t)+Qw @) <kfAs+ Ky A3+ ™ ||§| <r,

which implies that Rw + Qw* € B,. Now, in view of condition (H;), we show that Q is a

contraction. Let w,w* € B, and ¢ € [0, a]. Then

sup |Qw(t) — Qw*(2)]

te[0,a)

t
< sup {/ (s, vs + ws) = h(s, vs + ;) | ds
0

te[0,a]

|A1|<Z / |h(s,vs+ws) h(s,vs + W) | ds

+ /a‘h(s, Vs + W) —h(s,vs + ﬁ/j)}ds)}
0

§L1a||wt—w;‘HS

_) .
e (o [l el

< Lyan, sup |w(t) - w*(t)|
te[0,a]

)

|A1|<Z e s o)< 9] s

s€[0,a]

te[0,a]

a (& oapl”
<Lin,la+— il S sup |w(t) — w*(¢)|.
! < [A1l (Z re- V) )) te[O,a]’ |

+Lian, sup |w(t)—w*(t)|>

Page 7 of 19
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Consequently, for w,w* € B, and t € [0, a], we have

|ow - ow* ”S’a = sup |Qw(t) - Qw*(£)| < Lin.As
te[0,a]

The continuity of the operator R can be directly deduced from the continuity of the func-
tions f and /. Furthermore, R is uniformly bounded on B, as

IRwllg, <Ky As.

Finally, for the compactness of the operator R, we let w € B, and, in view of hypothesis
(H,), for t1,t, € [0,a], with #; < t,, we have

|(RW)(tz) - (Rw)(t1))|

- / (12— ) = (11 = )| (s, ve + )] dis

+ mf ’(tz—s‘s 1|[f(s,v5+ws |ds

tZ_tl H (,U«z—S)a vt -
|A1| (Z / [f(s,vs+ws)‘ds

(a
/ F((S) [f(s, Vs + ws)| ds
i 1)
<ki f |(t2—s —(tl—s)‘“|ds+/ ‘(tz—s)‘s_l‘ds
5]
L boh Z /""(/LI—S)‘wl / a-9"
N INCESY) CTE)
2t-1)Y° B-t0 -t Ai 8
< (t2 1)+21+2 12 Ml a )
rG+1) TG+1)  |A TG-y+1) TE+1)
From the above inequalities, it follows that |(Rw)(t;) — (Rw)(t1)| — 0 as t, — t; — 0, Vi,
t; € Q independently of w € B,. Therefore, R is equicontinuous, which implies that R
is relatively compact on B,. Thus, by the conclusion of the Arzela—Ascoli theorem, R

is compact on B,. In consequence, as all the assumptions of Lemma 3.1 hold true, we
conclude that problem (1.1) has at least one solution on (-0, a]. a

Next, we apply the following nonlinear Leray—Schauder alternative theorem [22] for our
second existence result.

Lemma 3.2 (Leray—Schauder nonlinear alternative). For a closed, convex, nonempty sub-
set G of a Banach space E and for an open subset B of G with 0 € B, assume that N': B — G

is a continuous, compact (in other words, N'(B) is a relatively compact subset of G) map.
Then either

(1) N has a fixed point in B, or
(2) there exist v € B (the boundary of B in G) and p € (0,1) with v = uN'(v).
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Theorem 3.2 Let the following hypotheses hold.:
(A1) There exist constants 0 < n,Cy < 1/Ag and Cy > 0 such that |h(t,u)| < C1llullz + Ca,
V(t,u) € [0,a] x §.
(A2) There exist a nonnegative function a € C([0,al], R*) and a continuous nondecreasing
function ¥ : R* — R* such that |[f (¢, u)] < a ()0 (|lullz), V(¢ u) € [0,a] x §.
(A3) A constant W > 0 exists such that

(1-1,CrAm)W
(C2+ Crpallfliz)As + 3V + pallOllg)a* Az + 35 1C ]

>1,

where o* = Sup,c(o 4 (), Na» Par A2, A3 are respectively given by (2.1), (3.5), and
(3.6).

Then problem (1.1) has at least one solution on (-0, al.

Proof Firstly, we prove that the operator P : §', — §', defined by (3.1) is continuous and
completely continuous. This will be done in three steps.
(1) P is continuous.

Let us take the sequence {w,} such that w,, - win §’,. Then we have
’P(w,,)(t Pw)(t f |h S, Vs + Wy, ) — h(s, v + 17vs)| ds

+— (t—s‘S 1 S, Vs + Wy,) —f(s,vs + W) | ds
') Jo i -/ |

(=) _ _
+ Zki/o T_y)[f(s,vs + W) = f (5, V5 + W) | ds

Bi (u;—s)7"
+Z)‘i/0 r,(17_|h(s,vs+wns) h(s, vs+ws)|ds

_ Q)1
/(ar(s(s)) |f (5, v + W) = f (5, vs + Wy)| ds

+ / |h(s, Vs + Wy,) — h(s, vs + ﬁ/s)| ds)
0

<A2|Lf )+ W, )—fCv +w())”
+A3||h( V() + W, )= h(-, v +w

which, in view of the continuity of / and f, leads to

|Pws) =P
<A2|V( V() + Wag) =f (v + W )||+A3||h V() + Wa)) = h(, v+ w )||—>0

as n — oo.

(2) P maps bounded sets into bounded sets in §',

For any ¢ > 0, we show that there exists a positive constant £ such that forw e By = {w
§a: wllg, <€} we have |[P(w)llz, <&.Let we By, for each ¢ € [0,a], we have

PO < /0 Vi, v, + )| ds 4 —— 5 / (= 5V f (5, + )| ds
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=)
[
+izzlki/()“i(1/j(i17|h(s Vs + Wy |ds
5-
/ (a;(;) : | (s, vs + w5) | ds

+/ | (s, vs + wy)| ds + |§|>
0

t
sfo [Culv + il + Calds + 1

,_)8
|A1|(Z/ . [a(s)z?(nvsmsns)]ds

[ (=) _
Ai ————|Cqllvg s Cld
+i=Z1 /0 F(l—y)[ v + wsllz + 2] s

a _ )61
+/0 %[a(s)z?(||vs+ﬁ/sllg)]ds

+/ [Cullvs + Willg + Co] ds + IEI)
0

< [Ci(nal + pallOll5) + C:] <a+m<2 /’(Mz—s) dsm))

+a*ﬂ(nu4+paneus)(% [ e-srras
A e
|A1|(Z / T6-n ¢

(a S)Sl
e )) “Ta !

So, by taking the norm on the space §',, we have

il
[C1L+C2](a+ m(ZIF(Z ) ))

/ (6 -5 ()9 (Ilvs + i) ds

N a (& o
+ DD (r(a+1)+m(zr(3 y+1)

m|§|

= [CiL+ GoJAs + 9 (L)a™ Ay + mm =§,

where

lvs + wsllg < lIvsllg + 1Wsllg < nal + pallOl5 := L.

Page 10 of 19
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(3) P maps bounded sets into equicontinuous sets of § ,.

For a bounded set B, of §', defined as in Step 2, let w € By and 0 < ¢; < £, < a. Then we
have

[Pw)(t2) - Pw)(t1)]

=

12} t
/ h(s,vs + wg)ds — / h(s, v, W) ds
0 0

! ! 8-1 5-1 _
+ mL ((tz —8)° = (1 —9) )f(s, Ve + ;) ds

17}

m i (ty — s)‘s_lf(s, Vs + Wy) ds

Y
tz_tl<2 / r(sS) Hf(s,vs+ws)ds
+Z)\/‘ %h(sms+w5)ds+ “la-s f(s,vs + wg)ds

o T
+ /ah(s,vs + W) ds + ;‘)‘
0

/ L+ Clds s o [ (@0-9 - -9 Daro @ ds

)5—1

! lo*9(L)ds + )6”1 a*9(L)d
mh(tz—S)a()s Z/ B ety ds

§-1
+Z‘,\ /OM %[ququﬁf u *O(L) ds

+/ [CiL + Cy)ds + |§|>,
0

which implies that |P(w)(£,) — P(w)(t1)] — 0 as t; —> £,. In view of the Arzeld—Ascoli
theorem, we deduce from the foregoing three steps that P : §’, — §', is completely con-
tinuous.

Finally, we show that for 0 < o < 1 there exists an open set ® C §, and w € 3O such that
w#ZoPw).
Let we §', withw—oP(w) =0 for o € (0,1). Then, for ¢ € [0, a], we have

’w(t)| = ’o(Pw t)’

t
/ |h(s Vs + ws)| ds+ — [ (£-s)°" Lf(s, Vs + ﬁ/s)| ds

F(S)

t [« i (= s)>7 ! i,
+— A ————|f (s, vs + Wy)| ds
IA1I(; /o r@-vy) J |

Mi( i_s)*)’ (d_s)a 1 i
+;k,’/0 l'lfu;_y)‘hsvs+ws ‘ds+/ o) ———|f(s,vs + wy)| ds

Page 11 0of 19
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+/ |h(s, vs + W) ds + |§|>
0

1
r

5/0 [C1||VS+I7VS||5+C2]dS+w/O (t - os)0 (Ilvs + Wsliz) ] ds

L S)é—y—l

t i i )
*m(?“fo T_)/)[a(s)ﬁ(nvs"'ws”g)]ds

m i (i — )77 )
+iz=1:)»,'</0 ”17—7/)[(?1||VS+W5”8+C2]61S

a _)o-1
+/0 %[a(s)z?(||vs+17vsllg)]ds

+/ [Cullvs + willg + Co] ds + |§|>
0

m

a A !
<[Ci(nalwlz, + pallbll) + C:] (ﬂ + A (Z F‘(Tl—y) + ﬂ))

i=1
+ 9 (Nallwllg, + pallOllz)e”

a’ a (& ol a’ a
* (r(5+1) * m(z TG-y+1) r(5+1)>) Fian !

i=1

< [Ci(nallwlig, + pallOlig) + Ca)]As + 0 (nalWlig, + pallOllz)* Ag +

which, on taking the norm for ¢ € [0, a], implies that

(1= 1.C1 AWl 3
(Co + C1pallOl)As + 9 (nallwilsr, + pallol ) Ay + 21¢ 1 =

1.

In view of hypothesis (A3), there exists a constant VV > 0 such that ||w| 3/, # WW. Let us set

O={weF.:lwly, <W}

Note that the operator P : ® — §, is continuous and completely continuous.

By this choice of ©, there is no w € ® such that w = ¢’P(w) for some o € (0,1).
Consequently, by the conclusion nonlinear alternative of the Leray—Schauder theorem
(Lemma 3.2), we deduce that P has a fixed point w € ©, which is a solution to problem

(1.1). This finishes the proof.

In our last result, we prove the uniqueness of solutions to (1.1) with the aid of the Banach

contraction mapping principle.

Theorem 3.3 Let f,h € C(Q2 x §,R), and condition (H,) and the following condition sat-

isfy:
(H3) There exists a positive constant Ly such that

V(t,u) —f(t,v)} <Lllu—-vl|g forallte Q2 andeveryu,ves.

Page 12 of 19
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Then problem (1.1) has a unique solution on (—o0, a] if
Na(L1A3 + LyAr) <1,

where 1,, Ay, and A3 are respectively defined by (2.1), (3.5), and (3.6).

Proof Putting sup,( 4 If(£,0)] = f , also sup,c(o 4 |A(£,0)] = h1, we consider the set
Bi={weFa:lwly, <7}

with

(L1pallf I + A5+ LapallBlls + A2 + 2|
1 _LlnaAS _LZUaAZ

r>

and show that PB; C B;. For w € B; and ¢ € [0, 4], we have

t
’(Pw)(t)’f /(;h(s,vs+ws ds+—/(t 82V (s, vs + wy) ds

(g =)t —S)‘s r-1 i
|A1| (Z / f(s,vs + wy) ds
s)7”
+ZA./; ﬁh(s,vs+ws)ds

a(a_s)é—l _ a _
—/0 Wf(s,vs+ws)ds—/o h(s,vs+ws)ds+§)‘

< /t|h(s,vs + W) —h(s,0)| + |h(s,0)| ds
0

5-1
F((S)/(t s) [f(s,vs+ws f(s,0)| [f(s,0)|ds

L §)-v—
|A1I(Z / r(as3 Sl ) 6.0 6,0 ds

+Zk_/0 T|h(s,vs+ws) h(s,0)| + |h(s,0)| ds
8-
f(ﬂr(a) 1 [f(s,vs + ) = f(5,0)] + |f (5, 0)| ds

+ /u|h(s,vs + W) = h(s,0)| + | h(s, 0)| ds + |§|>
0

t

t
s/ (Lullvs + ingllg + By ds+ —— [ (¢ =P (Lllvs + w15 +F) ds
0

1
') Jo

Wi _ \é—y-1 R
|A1|(Z / (M’ S) Ty Lalve+ Wl +f) ds

(3.8)

Page 13 0of 19



Alghanmi and Alqurayqiri Advances in Continuous and Discrete Models (2023) 2023:36 Page 14 of 19

m

Hi (g —s)7Y _ ~
+Z)u,’/(; 1_‘(17_1/)(111”%+W3”3+h)d5

i=1

a (a_s)é—l _ R a _ R
+/ F—(L2||Vs+ws”3’ +f)ds+/ (Lyllvs + wsllg + h) ds + ¢ |
0 (8) 0

— 2 “ }” L]
S(L1(/0a||9||3+77a’”)+h)<“+|z—1|(zF(; " ))
+ (La(palO 15 + naF) +f)
615 a “ )“ll’l’l as 4
X(F@rﬁ+mﬁ<2hw DN w+n)>+ﬁﬁw

< (L1(pall®llz + na7) + ) Az + (La(0allOllg + naF) +F) As + mm <7

which, on taking the norm for ¢ € [0,4], implies that || Pw|| 3, <7, where for ¢ € [0,a] we
have

lve + wellg < llvellg + Iwellz
< allBllg + nasupf{|w(s)| : s € [0,2]}
< pallOllz + nat.
Thus, PB; C B;.

Now, we shall show that the operator P : §', — §, is a contraction map. For that, let us
consider w, w* € §,. Then we have for each ¢ € [0, a]

|Pw(t) — Pw*(2)]

- / Vs, ve s ) + (s ve 4 57) | ds
0
+ ﬁf (=) f (s, vs + Wy) = f (5,5 + W) | ds
0
i _ \é-y-1
T (Z e e TR A SR
+ZA /“‘%WM+ws)—h(s,vs+v‘v;")lds
8 1
/ (aF(cS) If (s,vs + W) = f (s, vs + W}) | ds
+/a|h(S,Vs+ﬁ’s)_h(erS+V_V:)‘ds)
0
t N 1 t §—1 *
5ALAM-MM$+35AU-sz%—mM%

— ) -y- .
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Hi(pi—s)7 .
+ZA/ 7}/)L st—wsngds

T - Wl ds+ tL1||ws—w;‘H3ds
F((S

t 1 t
5/ Lyn, sup |w(s)—w*(s)|ds+ —f (t-5)°"1Lyn, sup |w(s)—w*(s)|ds
0 s€[0,a] r (8) 0 s€[0,a]

_g)-r-1
|A1|<Z / S) TG ) L2l SUP [Wls) - w'(s)] ds

s€(0,a]

+ le}\t’/(; (1_,( _S) Llna sup |W(S) w (S |ds

1- ) s€[0,a]
a _ )61
+/ &LGﬂ sup ‘w(s)—w*(s)|ds+/ Lin, sup ‘w *(s)‘ds
0 I‘(5) s€[0,a] s€[0,a]
t t 51
5/0 Ly, | 1ﬂ(a)/( =)Ly |w-wt|, ds
m .
ang i (g — s)>7 ! .
v e L|w-
' |A1|<iZ /0 oy v

., ds

S'a

a (,_ )81 !
g %Lzrrw_w*||%ds+ [ b=l )
Il(s a “ )"l/“l’z as
fﬂa[Lz(m+m<Z )

a “ Alul

Therefore,

5. ds

|Pw - Pw*|

‘g/a = sup [Pw(t) - Pw*(£)| < na(L1As + Lo As)|w — w* 3
te[0,a)

and hence P is a contraction. Consequently, by the contraction mapping principle, P has

a unique fixed point, which is indeed the unique solution to problem (1.1) on (—o00,a]. [

Remark 3.1 It should be noted that we have needed to assume stronger criteria for the
uniqueness result, Theorem 3.3, than the conditions for the existence result, Theorem 3.1.
So, in addition to imposing f to satisfy the Lipschitz condition, condition (3.8) has an extra
term on the left-hand side of the inequality compared with condition (3.7), and it still has
to be less than 1.
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3.1 Examples

Let us consider the following problem:

D3P u(t) - fo h(s,us)ds) = f(t,u;), te:=[0,2],
ut)=0(t), te(-00,0], (3.9)
u(2) = 3Dyu(5/4) + Dy*u(5/3) + 2,

where § =3/2, y =1/2, m=2,t € [0,2], u1 =5/4, uy =5/3, .1 =1/2, Ao =1, ¢ =2, and
h(t, ue), f(t ue), 0(t) will be fixed later.

Using the given data, we find that A; = —0.087514371, A, = 103.1250204, and Aj =
95.41355769, where Aj, A, and Aj are respectively given by (2.2), (3.5), and (3.6).

For a continuous function g : (—00,0] — [0, 00) satisfying [ = ff)oo g(s)ds < oo, define
the space §, = {u € C((—00,0],R) : f_ooog(s)||u||[s,0] ds < oo}, where ||ul[(s,07 = Sup,c[s0y [4(2)]-
Choose g(s) = ¥ such that f_ooo e¥ds = 1,
lullg, = ff)oog(s)llun[s,o] ds. Then the space (3, [.lz,) satisfies the phase space’s axioms
with n(¢) = %, p(£) =1, A = 3 as the following:

Let u : (-o00,a] — R be such that u, € §,. Then

and supplement this space with the norm

0 0
/ €3s||ut||[5,01d5=/ * sup |u(t+w)|ds

e's} we([s,0]

0

e* sup u v)|ds

00 VE[s+t,t]

o0 ve(s,0]

0
e sup |u(v)|ds

00 ve(s,0]

-/
/ 679 sup |u(v)| ds
=/

= e’“/ & *luo |l 5,0 ds < 00,  which implies u; € §,.
—00
Next, to show that

1
lells, = 3 sup{fu(m)]:0 =7 <t} + lluolg,,

we have, for —oo < s < 0, the following cases:

Fors<t+w <0, we find

|ut(w)| | t+w)|< sup]|u(r)|

Ift+w=>0,w<0, then we have

|ut(w)| | t+w)|< sup |u r)|
7€[0,z]

Thus, for ¢ € [0,a], we have |u,(w)| < sup, ;o) [4(T)] + sup, o, [u(T)].
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Consequently, for ¢ € [0, 4], we have

0
fuls, = [ & sup [ut)] ds

o) we(s,0]

0 0
5/ e> sup ‘u(r)}ds+f e> sup |u(r)‘ds
_ —00 ]

00 T€[0,z] T€[s,0

0 0
= / e*ds sup |u(r)| +/ 633||u0||[s,0] ds
— -0

00 7€[0,¢]

1
3 sup{|u(r)|: 0 < T <t} + luoll,-

Finally, we find

0
|u(t)] < sup |u(t+w)| < 3/ ||l s,0) ds = 31| 3,
-0

we(s,0]

Now, we choose 6(t) to be 6(t) = ¢ — €%, which is a continuous function and satisfies
6(0) = 0. Also, it is easy to show that 6 € §,, that is, f? 3516 5,01 ds < 0.

00 €

To illustrate Theorem 3.1, we choose

1+t 0 t
ftu) = (1;0) (/ eStan "l u, ds + %) (3.10)

and

0 3s |24 .
h(t,u;) = e ds +sint |. (3.11)

1
—\
4«/400+t< /_oo g + 1

Obviously, f and 4 are continuous functions, and conditions (H;) and (H3) are satisfied

P
with Ly = 1/40, «1(¢) = (Eé) (% + %) and «y(f) = if/:)l%z. Moreover,

Lin, A3~ 0.7951129808 < 1.

Thus, all the hypotheses of Theorem 3.1 are satisfied, and consequently, problem (3.9)
has at least one solution on (—00,2], with f(¢,u,) and h(¢, u,) given by (3.10) and (3.11),
respectively.

Next, to demonstrate the application of Theorem 3.2, we take

t 0
ftu) = (25564_”)2 (/Oo > sinu, ds + cos t) (3.12)
and
O p— 't/o 3y s+ — (3.13)
yU) = ————— S1n e urds+ —. .
Y7902 + £2) e T 255
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Clearly, conditions (A;) and (A;) hold true with C; = 1;—0, C = 2%, a(t) = ﬁ, and

H(llullg,) = lullg, + 1. Also, by condition (A43), we have W > 56.758894 such that

(1 - naC1A3)W N
(Co+ CipallOliz) Az + D (WY + pallOllg)a* As + 35 1C |

1.

As all the assumptions of Theorem 3.2 hold true, its conclusion applies to problem (3.9)
on (—00,2] with f(t, u,) and k(t, u,) given by (3.12) and (3.13), respectively.
Finally, Theorem 3.3 can be illustrated by taking

¢ 0
fltu) = (teT)z (f e¥tan ' u,ds + 1/16) (3.14)
+ —00
and
t 0 |Mt| _
h(t,u)) = —— 3 ds+tan~¢ ). 3.15
(bw) = 9()0+t(/ooe g +1 2 (3.15)

Notice that conditions (H;) and (Hs) are satisfied with L; = 1/90 and L, = €2/625. In addi-
tion, n,(L1 Az +LyAy) ~0.7597817128 < 1. So, all the conditions of Theorem 3.3 hold true,
and as a result, problem (3.9) with f (¢, 4;) given by (3.14) and (3.15) has a unique solution

on (—00,2].

4 Conclusions

In this article, we have investigated the existence of solutions to a new class of neutral
boundary value problems with infinite delay. By imposing an arbitrary phase space that
satisfies the fundamental axioms given by Hale and Kato [9] and applying Krasnoselskii’s
fixed point theorem, the Leray—Schauder type nonlinear alternative theorem, and the Ba-
nach fixed point theorem, we have presented three results related to our problem. Also,
we have illustrated our results by giving three examples defined on a specific state space.
Our results are a new contribution that enriches the literature on delayed fractional or-
der boundary value problems, whereas most of the previous studies on this topic were
devoted to differential equations of fractional order between 0 and 1, and to the best of
our knowledge, no work has been done on boundary value problems with infinite de-
lay and boundary conditions that involve Caputo fractional derivative; see, for example,
[16-19, 23-28].
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