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1 Introduction

In 1970 Minlos and Halfina [12] proved for a limiting lattice gas with empty boundary
conditions, i.e., for some phase, that the fluctuations of the particle number have asymp-
totically for large volumes a normal distribution if the activity z is small enough. They
assumed Penrose stability in the sense of [18] and some regularity condition for the un-
derlying pair potential. Martin-Lof [9] obtained in 1973 similar results for the Ising model.
In 1975 Malyshev [7] proved a general result of this type under the assumption of expo-
nential decay of correlations.

To our knowledge, such results have not yet been presented for a classical continuous
gas without recurring to the lattice case. That the latter is possible has been noted already
by Minlos and Halfina [12] and was realized in a number of works (cf. [3-6]).

Our aim is to show a central limit theorem for the particle numbers of a classical gas in
Euclidean space by using point process methods, thereby avoiding the artificial recours to
lattice gas technics. Our assumptions on the potential ¢ are similar to the one of Minlos
and Halfina; particularly, we consider weakly Penrose stable pair potentials and a regularity
condition, which implies that the activity z is small enough such that the limiting Gibbs
process with empty boundary conditions, denoted by G, exists and is a Gibbs process in
the sense of DLR. For this pure phase of a Gibbs process G, using an equivalent form of
DLR equations given by Nguyen and Zessin [15], we show that the number of particles in
a bounded large region satisfies the central limit theorem.

For a proof we use the method of cluster expansions in an abstract form, developed by
Nehring [13] (see also [17]). Another important ingredient is Dobrushin’s approach to the
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central limit theorem (cf. [1]), which is based on an application of elementary facts of the

theory of analytic functions.

2 Synopsis of notions and methods
Notions not explained here can be found in [18].

2.1 Point processes

The underlying phase space (X, B(X), Bo(X)) is an lcscH, i.e., locally compact, second
countable Hausdorff topological space.! B(X) denotes its Borel sets and By (X) is bounded,
this means relatively compact, Borel sets. M(X) is the space of Radon measures on X,
which is Polish with respect to vague convergence, and M (X) is the Borel subspace of
simple point measures, i.e., locally finite subsets of X. X = M(X) denotes the measurable
subset of finite elements & in M’ (X) and X’ all £ € X with & # o, where o denotes the zero-
measure or vacuum. For notational convenience, we do not indicate always the underlying
space in the sequel. A, is the Dirac measure on M in 0. Dirac measures on X are denoted
by &.

Laws P on (M, B(M)) are called (simple point) processes in X.2 We use different func-
tion spaces: U is the collection of all bounded, nonnegative, and measurable functions f
on X with bounded support. F denotes the set of all nonnegative measurable functions
on the underlying space, which is not indicated. For f € U, the functional ¢; : i — p(f)
is a well-defined measurable function on M, which is vaguely continuous for continuous
f e U.If B e By(X), then we write {p instead of {;,,. {g counts the number of particles in
B.

Functionals of point processes £p(f) = P(e™¥),f € U, denotes the Laplace transform of

process P. Another important functional is the Campbell measure of P, defined by

Coll) = fM_ /X hx, Wu(dx)PAp), heF.

P is uniquely determined by both functionals. The Campbell measure of a process P de-

termines all moment measures of P. Indeed, the kth moment measure is given by

VA ® - ®f)=Co(fi ® (- ¢4))s fir-.fk €F.

If v{-ﬁ is a Radon measure, i.e., vll-ﬁ(f) < oo for all f € U, then P is called of order k. If P has
moments of all orders, then P is called of infinite order. The factorial measure of P of order
k is defined as the restriction of v1’§ to Xk = {(1,...,%) : (i #j = x; # %))} and is denoted by
V%. Thus for f € F(X*)

R(f) = /M P(d ) /Xk aR(day .. dag)f (o, ... %)

'For a classical gas, X will be the Euclidean space £ = R.

2In the sequel we call them processes.
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Here
A (day ... dag) = u(day) (1 — £2)(d ) .. ( Zs;q) dxg).

If P is of order k, then obviously also Vllﬁ.

2.2 The method of cluster expansions
We use the abstract form of this method as developed in [13, 14, 17] and explain it shortly
in the special case of a classical gas in Euclidean space. Let E denote the space R? with
Lebesgue measure A(dx) = dx. For a given activity z > 0, we set 0 = zA. Let ® be a pair
potential on E, i.e., a measurable function ® : E x E — (-00, +00]. We assume stability
and some regularity condition, which we will make explicit in what follows.

Consider next the associated Ursell function, defined by s¢(0) = 0, »¢(x) = 1, and

ey + -+ Ex,) Z 1_[ n>2.

y€Cn {xy}ey

This is a sum over all unoriented graphs y with n vertices, and the product is taken over
all edges of y.

The method of cluster expansions enables the construction of the limiting Gibbs process
with empty boundary conditions. And strengthening the assumptions on @ allows to show
that the limiting process is even a Gibbs process.

Consider the cluster functional

L=sA,,

i.e., the measure A, with density sz. Here A, is the measure g lifted to the collection of
finite configurations %, i.e.,

=1
Aolp) = Z i /E @(ex, + - +&5,)0(dx1)...0(dx,), ¢@€F.
}’1:0 . n

In general, L is not a well-defined mathematical object. To give to it a precise meaning, we
shall make assumptions ensuring that L is a signed Radon measure. This means that L is
locally a finite signed measure.

To be more precise, we consider the so-called variation of L

IL| = |5].Ay.

This is a positive measure on X’ := X \ {0}, but may be infinite. Our assumptions below on
the potential ® will assure that |L | is of first order. This means

it = [ EprA©n@s <o, feu )

By partial integration this is equivalent to saying that

/ﬂ@/lﬂ@+%Mdﬁmw@<w,er. )
E x/
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Indeed, by Mecke’s formula [10],

| [romaeeananee- [ [ o eeann,@e.

x JE x JE

We now localize L in the following way: Let B € By(E) and consider
LB = l{CBC=0}'L’

i.e., we restrict L to the collection X'(B) of configurations in B. This is a finite signed mea-

sure on X'. Indeed, assumption (P) implies
|Lg |(.’{’) < v‘lLI(B) < o0.

Moreover, condition (P) implies that the so-called modified Laplace transform of |L|,
defined by

Huf=|L|(1-¢%), fel,
is finite-valued, and thereby also . (f). Note here that 1 —e™¥ < ¢,f € U.
The local construction Let & denote the space of all finite signed measures on X: It is
well known that the space & is a real Banach algebra with respect to convolution * and

the total variation norm. Its unit is 1 := A,, the Dirac measure in the vacuum o.

Thus the finite signed measure L generates within & the signed measure

Sip =3 expLg, (1)
S}
where
= 1 *n
expLg = ngzo ;(LB) ,

Note that the integral |. 5 #(E) A5 (d&) is absolutely convergent because of condition (P).
The Laplace transform of L is

A, =exp(=I,), (2)
where

%JZLB(I—C_;Y), feL[

Page 4 of 13
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It is now decisive that 3 ; can be represented in the following form:

‘T (50). Ay, (3)

SLg =

ol -

where I' () is the algebraic exponential of the Ursell function, explicitly written as

TG+ +eg)= Y []2(@)e)

JeplkljeT

Here g[k] denotes the collection of partitions of the set [k]. On the other hand (cf. Ruelle
[19]), this coincides with the Boltzmann factor, i.e.,

['(») = exp(-Eo),
where E¢ denotes the energy based on @, i.e.,

Ep(ex, +--+6x) = Z o —x), x1,...,% €E.

1<i<j<k

We thus see that the above method of abstract cluster expansions leads for finite signed L
to the local Gibbs process for (0, ©) with empty boundary conditions.

The infinitely extended construction (For the details, we refer to [17].)

To construct the limiting process 3, we localize L as above and then go to the limit. To
be more precise: Let (B,,), be an increasing sequence of bounded Borel sets in E exhausting
E,ie., B, 1 E if n 1 0o. We assume that (B,), is regular in the following sense:

AB, N (B, —
lim MB N Ba=9) e
n—>00 A(B,)

Consider the sequence of finite signed measures
L,= lx/(B”). L

and the associated sequence 3, of local Gibbs processes. By means of Mecke’s continuity
theorem (cf. [11]), one then obtains the following.

Lemma 1 Under assumption (P) or (P’) there exists a limiting process I in E such that

S, converges weakly to 1. if n — oo. The Laplace transform of I is given by exp(—JL).

3L is the limiting Gibbs process with empty boundary conditions. In the sequel we write
G for 3r.

2.3 The cluster equation (cf. Mecke [11] and Nehring [13])
If L is of first order, then 3| is of first order and a solution P of the cluster equation

Cp = CL * P, (%Z)
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Here the operation * is defined by?

CL*P(h):/M./E/xh(x,E+,u)CL(dxd§)P(du), hePF.

Conversely, if L is of first order and P is a process that solves (¢°¢), then P = 3 .
We will see below that the cluster equation is very useful to calculate moment measures
of G as well as other properties.

2.4 Stationary processes
The group operation in E is written additively: T,z = z — x. It induces on M"(E) = M the

transformation
(Txu)(B) = u(B+x), Beb.

Write also Ty,u = u —x. This in turn induces on the level of processes P the transformation
T.P, i.e., the image of P under T. P is called stationary if

T,P=P, xcE.

More generally, we shall consider also the stationarity property for L.

For stationary P of first order, the first moment measure v} of P is stationary and thereby
of the form 1p - A for some ip > 0. 1p thus is the expected number of particles in a region B
with A(B) = 1.4

3 Classical continuous systems
We consider from now on a classical gas in the Euclidean space E = R? of the following type.

Conditions on the potential We consider pair potentials ® in E of the form

®(x,y) =px-y), xyeL,

where ¢ is an even, measurable function on E, and assume stability and regularity in the
following sense:
(Al) (weak or wg-stability) There exists a constant ¢ > 0 such that for every § € X’
there exists x € & with

Wy (x, &) > —c-&], &e€X.

Here |&| = £(E) denotes the number of particles in §; &, = & — ¢, is the
configuration without particle x and

Wy, £) =D ply—x)

y€éx

is the conditional energy of x given &. If ¢ is given, the regularity condition is

3Note that the Campbell measure, which was defined above for processes only, makes also sense for L.

4Throughout processes are assumed to be of first order without further mentioning.
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(A2) (modified c-regularity)
c+l ~1
ze C¢ <1.
Here C} = [ |¢|(y)e? ® dy, where ¢ = 1 if ¢ = +0c and otherwise coincides with ¢.
A remark is in order here: Ruelle [19] uses the constant C, = [, |1 - e~?0) | dy; whereas
in [18] we used C), = [,(1 - e ?I9)dy. It is obvious that
C, < Cy < Cy. (4)
Furthermore, wg-stability of ¢ implies the usual stability for the same constant, i.e.,
Ep(§)=-cl§l, &eX.
Under conditions (A1) and (A2), the measure | L | is of first order by Theorem 2.1 from
[16]. Lemma 1 therefore implies the existence of the limiting Gibbs process G = I with
empty boundary conditions. Moreover, G is a Gibbs process for (¢, 0) of infinite order by

Theorem 3 in [18]. This means that G satisfies the DLR-equations in the following equiv-
alent form (cf. Nguyen X.X. and Zessin [15]): G is a solution P of the following equation:

Cp(h) = /E /M. h(x, i+ &) e”Vo™ P(d u)o(dx), heF. (%)

Its correlation functions, i.e., the densities r; of the factorial moment measures V3 with
respect to the product measures 0", have the representation

&%) = f e Mol G(dp),  x1,...,%, €E, (5)
v
and satisfy the Ruelle estimate
rGn, .. %,) < e (6)
(For details, we refer to [18].) Here
We(ex, + - xyr 1) = Wo X1, 0) + Wo (Ko, b+ 8xy) + -+ + Wo (X b + 85 + -+ + E4,_,)-
We remark also that L is stationary since ® has this property. This implies that the lim-
iting Gibbs process G is stationary too. Indeed, since G is the unique solution of the clus-
ter equation for L, it follows that its translation 7, G equals J7,1., which coincides with

SL=G.

Another implication of the cluster equation is
vé = v]{ =z/ (€ +e0)Ap(dE) - M.
x

Thus the intensity of G is given by

I :Z/x%(g +80)Ao(dE).
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Finally, we evaluate for later use the variance V(¢x): Set

rL(0) - fx sl + s0) A, (dE), @)
P (x%,3) = fx sl + 65 +8,) A (dE). (8)

The variance V(¢x) = v3(K x K) — v5(K)? of the particle number {x in the region K €
Bo(E) with respect to the limiting Gibbs process G is given by Lemma 2.

Lemma 2
Vote) = [ weldne) + 10 oK), ©)
K
Proof Again using the cluster equation for L, we obtain

V& (K x K) = Co(1k ® £x)

=CLxG(1x ® Lx)

=/11<(x)(u+E)(K)%(S)E(dx)Ag(dS)G(du).

The right-hand side is a sum of two terms. The first is given by vl (K)vl(K) = vi(K)?,
whereas the second, which will give the right-hand side of (8), equals

| [et0osana s = [ [ e 6w+ )aaee@.
xJx KJx
Partial integration then yields the assertion. O

4 A lemma of Dobrushin

Let (B,), be some regular sequence of bounded Borel sets in E; take for example an in-
creasing sequence of balls of radius N centered in 0 where N 1 co. Consider the sequence
Sy = g, of counting variables defined on the probability space given by some simple point
process P in E of order two. Thus expectations and variances of the variables, i.e.,

P(¢g,) =vpBn),  Vp(Cs,) =P(¢5,) — vp(Bn)

are well defined and finite. Assume that all limiting variances are strictly positive. The
central limit theorem is valid for the sequence (¢z,), if for any real A,

. ¢, — vp(By) } 1 v/A 2
lim P 2——— <A = ——- e zdt.
{ VP(fBﬂ) V2 Jooo

n—00

The main lemma for a proof will be the following. Denote for R > 0 the centered closed
ball in the complex plane C

Op={aeC:lal <R}.
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Lemma 3 (Dobrushin [1]) Assume that for some R > 0 the Laplace transform of P, defined
by

W,(a) =P(e”Pn), ac O, (p1)
is finite-valued and does not vanish for all a € Og. Assume also that \V,, is continuous in

Or and analytic in its interior, and furthermore that there exists some constant K > 0 such
that

|In||W, (@) <K - |Byul, a€ O (92)

Here |V, ||(a) = G(| e®Bn |). Assume finally that there exists a constant d > 0 such that the

variances satisfy the condition
Vp(¢s,) = d-|Byl. (93)

Both (¢2) and (¢3) are valid for sufficiently large n. Then the central limit theorem is valid
for the random variables g, .

A proof can be found in [1] and is not repeated here.

5 Proof of the central limit theorem
We verify the assumptions of Dobrushin’s lemma for the counting variables of the limiting
Gibbs process G.

ad (p1)

Lemma 4 Forevery jp € M’ and B € By(E),

_ Z“B)e_l acC. (10)
n=1 n

(Note that the series on the right-hand side is a finite sum because (1(B) is finite.)

Proof Indeed, given u € M with u = Zj &x; and B € By(E) with £ = u(B),

@ h(B Z S [T -

n=0 IC[¢],|I|=n jeI

14

Z(e -1)" Z ng(x,)

n=0 IC[e),|l|=n jel
> ),
,O D

n

The next result uses the Gibbsian character of G for (¢, 0).
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Proposition 1 Under assumptions (A1) and (A2),

o0 ~n
Vi (B"
Up(@) =G ) =1+ 3 BB @1y, ae 0y
n=1 n!

Proof We show that the right-hand side of (10) converges absolutely almost surely with
respect to G: Let a € Oy, and thereby |e* —1| < 1. Iterating equation (%,) implies

L.

0 /CZ”(B") ., Y 00 1 i
; p” (e”-1) G(dM)SEE/M_M (B")G(dp)

1
= Z ; / / e—W¢(€x1+---+Exnlﬂ) G(dﬂ)Qn(dxl . dxn)
=1 /BT IM

< exp(e° Q(B)).

Here we also used Ruelle’s estimate (5). O

This shows that the function W3 is finite-valued in Oy,,. Moreover, it does not vanish
for all a € Oy, since Wp(—a) > 0 for all @ > 0. Furthermore, W3 is continuous in the closed
ball Oy, and analytic in its interior. Finally,

[Wgll(a) < G(eE), a e O, (11)
ad (p2) We know from Lemma 1 that

G(e™®) =exp(L(e™*®-1)), a>0.

Assume now that

00 ~£
Z 'E(B ) <+00, BeBy(E). (12)
(=1 :

This condition is due to Malyshev and Minlos in an equivalent form (cf. [8], Chap. 3, The-
orem 2).

Lemma 5 Under assumption (12),

=\ V(B

L(e®?-1) = -

L= (e*-1)", aeOp. (13)

n=1

It follows that the left-hand side of (13), considered as a function of a, is continuous in
O and analytic in its interior. The proof of the lemma is the same as for Proposition 1 if
G is replaced with L.

Particularly, formula (13) holds for all @ € [-In2,1n2]. Thus, using (11), one obtains for
alla e 01n2

|In | ¥s][|(a) < |L|(e“’5 -1)
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< T (B")

<> (14)
n=1

To obtain (¢2), we estimate the right-hand side by means of the following basic result due
to Ruelle (Cf. [19], estimate (4.37) of Theorem 4.4.8). Let L denote the Radon—Nikodym

derivative of V] | with respect to ¢, which is given by partial integration by

r"’Ll(xl,...,xn) = ‘/3.6 [5|(§ + &4y + -+ + 8x,)Ap(dE). (15)

It is worth to note that the result of Ruelle was given for the Radon—Nikodym derivative
of V1 | with respect to A" and for this reason he had an additional factor z" in the front of
integral (15).

Lemma 6 Under (A1) and (A2) (which imply Ruelle’s assumptions on the underlying po-

tential), the following estimate holds true uniformly in x:

/ lrl”u(x,xg,...,x,,)g(dxz)...Q(dxy,)
En-

(Zec+1 C¢)n_1

<n-Ne * ————.
- (I’l ) © (1_Zec+1 C¢)n

(16)

The lemma implies

n-1

X
1-x

VL (B") <eB)(n-1)te*

where x =ze®*! Cy. It follows for all z satisfying x < % that

> T"%L (B") e ¢ 1-y
Y <o) —log :
—~ n! X 1-2yx

which shows assumption (12) and thereby assertion (£2).

ad (»3) Note first that the limiting variance is given by

o=z [ e v eo)(IE] 4 1)A(0) (17)
Indeed, we know from Lemma 2 that

Valea) =2 LOME) + [ 7w )e@xoldy).

Translation-invariance of the potential implies for the second term on the right-hand side

| 7w e@nean - [ 70.90ENE - ).
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And since the B, are chosen in a regular way, we obtain

. Vg(¢s,
o= tim % .. (r;(m R /E rf<o,y>g(dy>).

This implies assertion (17) in view of definitions (7) and (8).

It remains to show that o2 is strictly positive. This follows from representation (17) by

means of Ueltschi’s tree graph bound (cf. [20]), which is valid under c-stability:

) <. 3 ] (1-e ), gex, (18)

te T (&) {xylet

Indeed, estimating the second term on the right-hand side of

o? :z<1 +f (& +0)(1€] + l)AQ(dS)), (19)
xl

we obtain from (18)

0y
/x/ (& +8o)(|“§| + 1)Ag(d“§)‘ < Z%ec‘(ul)(g . l)l(cé)f

=1

oo

Z ec+l qu

=1
2(c+1)
ze C¢

=
1-ze* ! C

In view of equation (19) it follows that the specific variance o2 is strictly positive if z sat-

isfies

1

_—. 20
< €C+1 C(;(l +CC+1) ( )

To summarize, we obtained the following central limit theorem.

Theorem 1 Let © be a pair potential in E, which is weakly g-stable for some constant
¢ > 0 and satisfies the strengthened modified regularity condition

1
1+ectl’

zestl C(’p' <

(21)

Then, along some regular sequence (B,), in E, the sequence of particle numbers (¢p,), sat-
isfies the central limit theorem for the underlying Gibbs process given by the limiting Gibbs

process G with empty boundary conditions.

Note that in view of inequalities (4) condition (21) implies condition (20) as well as con-

dition x < %, which is needed to obtain (2).
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5.1 Historical remark

The method of cluster expansions originated in the 1930s in statistical mechanics with the
aim to study classical gases. It was made rigorous by mathematical physicists in the 1960s,
in particular by Jean Ginibre in his pioneering work [2], where he develops the method for
quantum gases.
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