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1 Introduction
In this paper, we will consider the following nonautonomous stochastic Schrodinger lattice

system driven by multiplicative white noise:

ity ==Y J(n—m)uy, — idtty + fr(ty, t) + gu(£) + itty, 0 (2),
mel (1.1)

un(T) = Ut

and its Wong-Zakai approximations:

il == 3" J(n—myul, — iz + f,(ud, £) + gu(t) + iud G5 (B,),
meL. (1.2)
u(t) = ud

T,n’

whereneZ,7 e R, t> 7,8 € Rwith § #0, A is a positive real constant, i is the unit of imag-
inary numbers, u, are complex functions, the coupling parameters /() are real numbers
and satisfy J(m) = J(-m) for all positive integer m, f, are nonlinear functions with some

conditions, g(¢) = (g.(¢))uecz is a time-dependent sequence, Gs(0;w) is a random variable
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defined in (4.2), and w is a standard Wiener processes on a probability space (2, F, P).
The symbol o is interpreted in the sense of Stratonovich’s integration.

Note that when /(1) are written as

% (2K :
Jomy =Y "7 ) (<18t
0 \/

where k is any positive integer, and 3, x is the Kronecker delta, system (1.1) can be changed

into the following stochastic system:

ity = —AN¥uy, — Ay + £y (th, £) + g(2) + ity 0 G(2), 13)

Mn(f) =Unzs

whereneZ, 1 €R,t>1,AKk=Ao---0A, ktimes, and A is defined by Auy, = tyi1 + ty1 —
2u,,.

Lattice dynamical systems, whose spatial structure is discrete, arise from various de-
velopments, such as neural networks with applications to image processing, brain sci-
ence, and others. The deterministic models have been discussed in [10, 27, 38], stochastic
models driven by additive white noise in [2, 39, 41], multiplicative white noise systems in
[19, 32, 34, 42, 44], and nonlinear white noise systems in [7, 8, 21, 33]. Furthermore, a kind
of lattice systems in weighted spaces were considered in [3, 4, 11-13, 20, 25, 30].

Nonlocal lattice systems arise naturally in a wide variety of applications. The dynam-
ics of DNA molecule has been described by nonlocal Schrédinger lattice systems in [24].
Later on, the long-term behavior for nonlocal Schrodinger lattice systems and their de-
lay systems were studied in [25] and [26], respectively. Recently, Chen et al. have proved
the existence of random attractors for nonlocal stochastic complex Ginzburg-Landau lat-
tice systems in [4]. At the same time, Wong-Zakai approximations of nonlocal stochastic
lattice systems have been investigated in [5]. These results have great significance in this
field.

Schrodinger lattice systems are widely applied in physics and biology, see, e.g., [14,
16-18]. Recently, Wang et al. [29] obtained the existence of weak pullback random at-
tractors for Schrodinger lattice systems with nonlinear noise. Jia et al. [15] studied the
existence and multiplicity of homoclinic solutions for Schrodinger lattice systems. Fur-
thermore, the existence of nontrivial solutions for stochastic Schrodinger lattice systems
has been studied in [40], and the existence of random uniform exponential attractors for
stochastic Schrodinger lattice systems with quasi-periodic forces has been studied in [42].
Other properties of solutions for Schrodinger lattice systems have been investigated in
[25, 26, 29, 43].

The Wong-Zakai approximation used in this paper was first proposed in [22, 28], where
the authors studied the chaotic behavior of the random system with G5(6;w). The work was
later extended in [3, 6, 9, 23, 35-37]. However, to our knowledge, the literature about the
Wong-Zakai approximations and random attractors for nonlocal stochastic Schrédinger
lattice systems with multiplicative white noise in weighted spaces is sparse. In this paper,
motivated by [4, 26, 37], we will consider the existence and uniqueness of tempered pull-

back attractors of Schrodinger lattice system (1.1) and the approximate system (1.2) in
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weighted space Z%. Then, we establish the upper semicontinuity of these attractors when
the step length of the Wiener shift approaches zero.

This paper is organized as follows. In Sect. 2, we introduce some definitions and condi-
tions. In the next Section, we prove the existence and uniqueness of random attractors of
system (1.1). Section 4 is devoted to the study of the limiting behavior of Wong-Zakai ap-
proximations associated with system (1.1). In Sect. 5, we study the upper semicontinuity

of random attractors for the Wong-Zakai approximations.

2 Preliminaries
In this section, we recall some definitions and introduce some conditions for the stochastic

lattice system (1.1). First, we consider the canonical probability space (2, F, P), where
Q={we CR,R): w(0) =0},

F is the Borel o -algebra induced by the compact-open topology of 2, and P is the corre-
sponding Wiener measure on (2, F). Define the time shift by

Oiw()=w(-+t)—w(t), weQandteR.

Then, (2, F,P,{6:}+er) is a metric dynamical system [1]. Additionally, there exists a

{6,};cr-invariant subset  C Q of full measure such that for each w € Q,

w(t

— ) — 0 as t — Foo0. (2.1)

For the sake of convenience, we will abuse the notation slightly and write the space 2 as
Q in the sequel.

In the sequel, we use (X, d) and || - ||x to denote a complete separable metric space and

the norm of X. Initially, we introduce some fundamental concepts related to random dy-

namical systems.

Definition 2.1 A mapping ¥ : R* x R x  x X — Xis said to be a continuous cocycle on
Xover R and (2, F, P, {0:}scr) if forall T € R, w € 2 and ¢,s € R¥, the following conditions
are satisfied:

D) ¥(,1,): R x @ x X— Xis (B(R") x F x B(X), B(X))-measurable;

(ii) (¢, 7, w,-) : X — X is continuous;

(iii) ¥(0, 7, w, ) is the identity on X;

iv) W(t+s,1,0,-) = V(T +5,0,w,) 0o V(s T,w,-).

Definition 2.2 Let D = {D(7,w): T € R,w € 2} be a family of non-empty subsets of X.
Then, D is called tempered if for every ¢ > 0,

lim || D(t +t,0:0)|x = 0,
t——00

where ||D||x = sup{||x|x : x € D}.
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In the sequel, we denote by D the collection of all families of tempered non-empty sub-
sets of X, i.e.,

D={D={D(r,w):t € R,w € Q}: D is tempered in X}.

Definition 2.3 Let D be a collection of some families of non-empty subsets of X and
K=K(t,w): 1t €R, we Q} €D. Then, K is called a D-pullback absorbing set for W if for
all 7 e R, w € ©, and for every D € D, there exists T = T'(D, T, w) > 0 such that

W(t, T —t,0_0,D(t —t,0_,w)) CK(t,w) forallt > T.

Definition 2.4 Let D be a collection of some families of non-empty subsets of X and
A={A(r,w): T € R,w € Q} € D. Then, A is called a D-pullback attractor for V¥ if the
following conditions are fulfilled:

(i) A is measurable, A(t, w) is compact for all T € R and w € ;

(ii) A is invariant, i.e., for every r e Rand w € Q,
Y(t, 1,0, Alt,w)) = A(t + t,6,w), VYt > 0;

(iii) A attracts every member of D, i.e., for every D = {D(7,w): 7 € R,w € 2} € D and
foreveryt e Rand w € €,

lim dx(V(t, T - t,60_0,D(t —t,0_,0)), A(t,w)) =0,

t—+00

where dx(X,Y) = sup inf |x — y|x.
rex YEY

Next, we introduce the weighted space l’,;. For n = (,)nez with 1, >0, 1 < p < o0, l’,; is
defined by

= fu= ez litn € C, Y nalial? < o0,

nez

Particularly, lf] is a Hilbert space with the inner product and norm given by

- 2 2
(u, V)n = Zﬂnuan ”””rz =(u, u)rp u,ve l,]-
nez

We further assume that weight 7, satisfies the following conditions:

Z Ny < +00, (2.2)
nez

and
Ay = SUP M < +00, Ym > 1. (23)

1/2 1/2
nez Y2y
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To obtain the existence of pullback random attractors for stochastic system (1.1) and the
approximate system (1.2) in 1,2’, the interaction J(m) needs to decrease quickly enough to

ensure that

D (1 + )l (m)] < +oo, (2.4)
m=0
and
B=r=2 aul(m)]>0. (2.5)
m=0

Moreover, for u = (u,),cz € 2, we introduce the following operator on /%:

(Au)y = Y J (1= m)ityy.

meZ

Using Lemma 3.1 of [4], we have

+00 2
Al < 20/l + 8( D2 Vo)l

m=1

which along with (2.4) implies that A is a bounded operator on 2.

Using the above notation, we can rewrite systems (1.1) and (1.2) in /2 as follows:

it =—Au—idu+f(u,t) + g(t) + iv o a(¢),

M(T) = U,
and

i’ = —Aud —idu® + f(l,t) + g(t) + i’ G5 (Bw), 27
wWt)=ul, '

where t> 7,1 € R, u = (Un)nez, f(U, ) = (s (s £))nez> 8(8) = (€u(E))nez.-

For all n € Z and z € C, we assume that f,(z, ¢) is Lipschitz continuous with respect to z,

i.e, there is a constant L > 0 such that for all z1,z, € C,

[fu(z1,8) = fa(z2, )] < Llz1 - 2a]. (2.8)
We further assume that forall 7 € Z and z € C,

Imf,(z,£)z=0, and |f,(z,t)| < h1,,(0)|z] + hou(t), (2.9)

where /11, and /1, are nonnegative, &1 = (h,,(E)nez € L (R, I%°), hy = (hyu()nez €
L%OC(R, l%).
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Example 2.1 Consider the real-valued function 7 : Z — R and assume that 7 = (77,,),ez €

¥ for some 1 < p < co. Define f by f,(u,, t) = ?ﬁz" Jforallm € Z, u = (u,),ez € 1,2] and t € R.

A simple calculation shows that the function f(u, £) satisfies (2.8) and (2.9).

In this paper, we need the following conditions to derive uniform estimates of solutions,
for every v e R,

/ e3/%)|g(s)||2ds < +00, (2.10)

(e ¢]

and for any ¢ > 0,

r——00

0
lim e”/ e%ﬁsﬂg(s +1)|2ds = 0. (2.11)

It is clear that condition (2.11) is stronger than (2.10), and both conditions only impose
restrictions on g(¢) as & approaches —oo, not as & approaches +00. As discussed in the
following section, condition (2.10) proves highly useful for constructing an absorbing set
of solutions in 1,27, while condition (2.11) plays a crucial role in ensuring the temperedness
of the absorbing set. In order to investigate the existence of tempered random attractors,
a tempered pullback absorbing set must be constructed. To guarantee the existence of
tempered absorbing sets, a temperedness condition needs to be imposed on g(£) as given
by (2.11). Since the positive number ¢ can vary arbitrarily, condition (2.11) roughly implies
that the growth rate of g(§) should be subexponential in l% as & approaches —co. In other
words, g(£) could exhibit behavior similar to a polynomial of arbitrary order but not like
an exponential function as & approaches —oo. Extensive studies have been conducted on

tempered attractors for autonomous stochastic equations in [1].

3 Pullback attractors of lattice systems

In this section, we will show the existence and uniqueness of pullback attractors for
stochastic Schrodinger lattice system (2.6) in 1,2]. To this end, we need to convert system
(2.6) into a pathwise deterministic one by v(¢, 7, ®) = e *Du(t, T, w), where u is a solution
of system (2.6). Then, for ¢ > 7 and 7 € R, v satisfies

i = —Av—ilv + e *Of (e* D, t) + e *Dg(t), (3.1
w(t) =y, |

where v, = e @y, For every w € @, 7 € R and v, € [2, system (3.1) is a deterministic
equation and the nonlinearity in (3.1) is Lipschitz continuous. Therefore, given T > 0, one
can show that system (3.1) has a unique solution v(-, t,,v;) € C([t, T + T),?). Further-
more, one may find that v(, 7, , v;) is (F, B(I?))-measurable in w € € and continuous in
v, with respect to the norm of /2. As shown below, this local solution is actually defined
forallt> 7.

Lemma 3.1 Suppose that g € L2 (R,[?) and (2.8)—(2.9) hold. For everyt € R, w € Q, v, €

loc

12 and T > 0, there exists My = My (t,w, T) > 0 such that forall t € [t,t + T, the solution v
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of system (3.1) satisfies
t
Itz ool < Malvel + s [ g1
T

Proof By (3.1), we have

%%anz + Im(Av, V) +Allv]? = e“PIm (f(e“’(t)v, b, v) + e""(’)lm(g(t), V). (3.2)
Note that
Im(Av,v) =Im Jn—m)v,, ) tv,
() =mi (2 )]
=Im{ > JO)val* + DY J0m) Vo + vmmm} (3.3)
ne’ nez m=1
=Im{ > " JO)val*+2) f ](m)Re(Dmmvn)} = 0.
nez neZ m=1
From (2.9), we get
e “OIm (f (€D, p), v) =0. (3.4)

For the last term in (3.2), using Young’s inequality, we have

-0 A
2

1
IvI? + ﬁe*2”<”||g<t>||2. (3.5)

Im(g(t), V)‘ <

It follows from (3.2)—(3.5) that

d 1
T IvI? + Alvl® < Xe’z‘”(”llg(t)llz- (3.6)

Multiplying (3.6) by ' and then integrating over (z,¢) with ¢ € [t, T + T], we obtain

1 t
vt T, 0, vl < e 0w || + - / e 7200 | o(5)]|°ds,

T

which along with the continuity of @ implies the desired estimates. O

Using Lemma 3.1, we find that the solution of system (3.1) is globally defined in /2, and
so is the solution of system (2.6). Then, we can define a mapping Wy : R* x R x Q x [ — [?
associated with system (2.6). For every t e R*, t e Rand w € ©, let

=Dyt 4 7,7,0_,0,v,), (3.7)

Wolt, T,0,u) = u(t + 7,7T,0_cw,u;) = €
where u, = e “CPy.. We can derive that the mapping W is a continuous cocycle over R
and (2, F, P, {6:}:cr). In order to study the long-term behavior of stochastic system (2.6)
in the weighted space {2, we need to extend the continuous cocycle ¥, from 2 to l%. Next,
we obtain the Lipschitz continuity of solutions in 1,2] as stated below.
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Lemma 3.2 Suppose that g1,g, € L2 (R, [?), (2.2)—(2.4) and (2.8)—(2.9) hold. Let v, and v,

loc

be the solutions of system (3.1) with g replaced by g, and g, respectively. For every T € R,
W€ Q, Vi,V €12 and T > 0, there exists a positive constant My = Mo(t,w, T) such that
forallte[r,T+T],

2
”Vl(t: 7,w, Vl,r) - Vz(t, 7,w, VZ,‘L’)”y]

t
<" v — v |+ My / e gy () ~ ga(s) Il ds.
T
Proof Let V =v; —v,. Using (3.1), we have

av
iz + AV +iAV = ® (f(e’”(t)vh 1) —f (e v, t)) +e (gl(t) —g2(t)>:

which implies

d
ZIVIZ+ 21m<AV, v) + 20| V]2 =2¢“Im (f(ew“)vl, 1)~ f(e*Ovy, 1), V)
n

" (3.8)
+ Ze_w(t)lm(gl(t) — o), V) .
n
Note that
2Im (Av, v) =20m 0, Y TV Vi
7 nez meZ
+00
= ZIm{ D TOMAVal? + Y 10 Y Jm) (Vi + vmm)vn}
nez nez m=1
=2Im Z Z](m)nn Visem ‘_/n +2Im Z Z/(Wl)'?mm |2 ‘_/n+m
nez m=1 neZ m=1
+00
=2Im Z Z/(Wl)(ﬂmm - Un)me Vn;
neZ m=1
which along with (2.3) implies that
+00 +00
2‘1m<AV, v) <23 Ty 2y Vaem Vil <2 IV 2. (3.9)
7 nez m=1 m=1
Using (2.8), we have
2¢7“®|Im (f Dy, 1) — f(eDvy, 1), V) ‘
n
) (3.10)
<267 i [fu€” Vi £) = (€ Pva ||V < 2LI V2,
nez
As to the last term of (3.8), using Young’s inequality, we obtain
—w(t) 2 —2w(t) 2
2e Im(gl(t) - (), V) ‘ =IIVI; +e lg1(®) - &Il (3.11)
n

Page 8 of 28
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It follows from (3.8)—(3.11) that

d +00
prildb s(zzamvwn +2L + 1) IVIZ + e Plgi@) - g0},

m=1

which along with (2.4) and Gronwall’s inequality implies the desired estimates. g
Next, we will extend the continuous cocycle ¥, from 2 to 1,2].

Lemma 3.3 Supposethat g € Lj, (R, 1), (2.2)-(2.4) and (2.8)-(2.9) hold. Then, there exists

a continuous cocycle Wy in Z% over R and (2, F, P, {6;}icr) such that for every t € R*, t € R,

w € Q and u, € 2, the value Vy(t, T, w, u,) is the unique solution of system (2.6).

Proof Givent € R, w € Q, T >0 and (v;,g) € I} x L*((t,7 + T),12). P x L*((z,7 + T),1%)
is dense in 2 x L*((tr,t + T),[), then there is a sequence (v,,g,) € I x L*((z,7 +
T),%) such that (v,,g,) = (v;,g) in £} x L*((r,t + T),[}). Lemma 3.2 implies that
{v(-,7,0_c 0, (v, 24))},5] is a Cauchy sequence in C([7,7 + T],lf]), and hence nEIPOO v(-, T,
0_rw,(Vy,gy)) exists in C([7,t + 77, 1,2]). Note that this limit is independent of the choice of
(Vugn) by Lemma 3.2. Define a mapping ¢: I x L*((t, 7 + T),2) = C([z, T + T, 1) by, for
every (v;,9) € 2 x L*((r,7 + T),[2), r e Rand w € ,

¢(Tr , (Vt»g)) = 1~l>r+1-loo V(’» T, Q—Ia), (Vmgn)), (3'12)

where (v,,g,) € P x L*((z, 7 + T),1%) with (v,,8,) = (v,€) in I} x L*((z,7 + T),[). By
Lemma 3.2, ¢(7,w, (v;,g)) is Lipschitz continuous in (v;,g) in l,zl x L2((t,T + T), lf]). For
every ¢t > 7, we find that v(t,7,0_,w, (v, g,)) is (F, B(I?))-measurable and the embedding
* < I is continuous. Then, v(t,7,0_rw, (v,g4)) is (F,B(l}))-measurable, which along
with (3.12) implies that ¢(t,w, (v;,2)(t) is (F, B(l%))-measurable for all £ > 7. We fix
gel*(t,t +T), l%) and define a map ¥y : R* x R x Q x l,zl — 1,2] by, for every t € R,
teR weQandv, €,

(L, 7,0, v7) = e’ (T,0, Ve, )t + T).

Therefore, Wy (t, T, , v;) is continuous in ¢ € R* and in v, € l%. Using the measurability of
¢, we find that Uo(t, 7,w,v;) is measurable in w € . Note that ¥, is a continuous cocycle
in l% over R and (2, F, P, {0;}:cr). Actually, U, is an extension of Wy to Z%, and we will not

distinguish ¥y and ¥, from now on. Moreover, the uniqueness of ¥, is ensured by the

uniqueness of the solution of the system (2.6). This completes the proof. O

The next Lemma is concerned with the uniform estimates of the solutions for stochastic
system (2.6), which is necessary to prove the existence and uniqueness of pullback attrac-
tors.

Lemma 3.4 Suppose that (2.2)—(2.5) and (2.8)—(2.10) hold. For every t € R, w € Q and
D={D(r,w):1 € R,w € Q} € D, there exists T = T(t,w, D) > 0 such that forall t > T, the
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solution u of system (2.6) satisfies

VR
||Ll('C, T- t1 9—10); M‘r—t)”% + E / eﬂs Zw(s)”u(s +7,T— t1 9—‘[(‘)! u‘r—t)”%ds
~t

4 0 Bs—2w(s) 2
== [ Vg s

(o ¢]

where u,_; € D(t — t,0_,w).

Proof Using (3.1), we have

1d
2 dt

Similar to (3.9), we get

+00 +00
IIm(AY, V), <D Y " i Tom) 2y Wasml Vil <l Im)] V]2

neZ m=1 m=1

Using (2.9), we get
e “OIm (f (v, 1), v) =0.
n
For the last term in (3.13), using Young’s inequality, we have

e—w(t)

A 1
m(g(0),v) | < JI05 + 5 e,

It follows from (3.13)—(3.16) and (2.5) that

d A 2
IV + S+ IV < S g1,

which implies that for every w € Q and ¢t € R”,

AT _
IV, T =t ve )l + 5 / P u(s, T — 8,0, v,y || 2ds

Tt

) 2 (%
<Ml e o f P20 o(5)| 2.

Tt
Replacing @ by 6_;w in (3.17) and by

o(s—T7)-w(-1)

u(s, T —t,0_w,u;_;) =€ v(s, T —t,0_rw,V_y),

we obtain for every w € 2,

)\ T
A R / PO (5, T — £,0_c 0, 1) || ds

-t

2 T
=M ey + < / P20 | g(s) | 2l

-t

2 0
—Bt—2w(— 2 —2 2
= N / e 2O||g(s + )| 2ds.

—00

Il + Im(Av, v)n A2 = e‘w(t)lm(f(ew(t)v, t),V)n N e—w(t)lm(g(t), v)n. (3.13)

(3.14)

(3.15)

(3.16)

(3.17)

(3.18)

(3.19)

Page 10 of 28
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Using (2.1) and (2.10), we get
2 (° Bs—2w(s) 2
5 / e lg(s + )l ds < +o0. (3.20)
—00

By u,_, € D(t — t,6_;w) € D, we find that

lim sup e P2y, |2 <lim sup e P 2*0|D(r —£,6_0)]2 =0,

t—+00 t—+00

which implies that there isa T = T(t,w, D) > 0 such that for all £ > T,
2 0
i U / e |g(s + 1) 2ds,
—00

which along with (3.19) and (3.20) shows the desired estimate. O

The next step involves deriving uniform estimates on the tails of solutions as £ — +00,

which will play a crucial role in establishing the asymptotic compactness of solutions.

Lemma 3.5 Suppose that (2.2)—(2.5) and (2.8)—(2.10) hold. For every t e R, w € Q, D =
{D(t,w):teR,weQ}eDande >0, thereexist T = T(t,w,D, &) >0and N = N(t,w,€) >
0 such that for all t > T, the solution u of system (2.6) satisfies

D (T, T = 1,0, U ) <,
[n|=N

where u,_; € D(t - t,0_;w).

Proof Let ¥ be a smooth function satisfying 0 < 9#(s) <1 for s > 0 and

0, 0<s<l1,
B(s) =
1, s> 2.

Let k be a fixed positive integer, which will be specified later, and set y = (y,),cz with
Y = ﬁ(%)vn. Using (3.1), we have

jt (| ')nn|vn|2——2AZ ( )nn|vn| ~2im(4vy).

nez

+2¢“OIm (f(e‘“(‘)v, 0, y) +2¢“OIm (g(t), y)n (3.21)

=2 (Bl + Zﬁ

nez
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The subsequent procedure entails the individual estimation of &; (i = 1,2, 3). First, we
estimate R; as follows:

(Avyy>n = Zﬁ(lz| )nn > T0mWamn

nez meZ
00 (Yt 35 100 (2,005,
nez neZ m=1
S I +m| 5
+ %;](M)ﬁ( . )nmmvnvmm.
Then,
|1+ m| |n| _
Im (v, ) - Im% ;]( ) (9 (2 ) s = 9 (2 )1 ) P .
=71+ 0y,
where
3= Imgzj ;]( m) (9 ('” . m') ﬂ(%))nwvmvn,
and

Jy=Im Z Z](Wl)l9 (%)(nzﬁm - nn)f/nwnvn'

neZ m=1

By the definition of ¥ (s), for any n € Z and m € N*, there exists a constant ¢g > 0 such that

o) e e () e

It follows from (2.3) that for all » € Z and m > 1,

pl2 < 12

v < 2+ a)n,

which along with (3.23) shows that for any / > 1,

3] <ZZ|}( )|\19('”””') ﬁ(%)

neZ m=1

Noem | Viam | Vi

<= Z m(2 -+ )T 0y 0 Wil [Val

nez

roo (3.24)
+2 ) @+ my 2 Wil vl

m=[+1 nez

me(z + ) Jom|[IvIIZ +2 Z @+ @) m) V]2,

m=1 m=l+1
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Using (2.3), we get

|J2|<Zam|1<m>|2 ( )2, e,

nez

%i |](m)|(Z (' l)nn+m|vn+m| £y 0 ( )nnlvn )

nez nez

which along with (3.23) implies that for any / > 1,

121 = Zam|/(m)| > o ()t
A
() ()

+ = Zam (m)| Z Nrm |V

+00

+ % > cnlfm) Y (2 ;m') - ﬁ(@)h Vasml? (3.25)
m=[+1 nez
<Zam|f<m>|2 (Y n|2+—2mam|1(m>|||v||2
nez
+ Y anlJmllIvII.

m=l+1

For any [ > 1, it follows from (3.24)—(3.25) and (3.22) that

|ﬁ1|<22am|1<m>|2 ( )nn|vn| +—Zm(2+am)|1<m)|||vn

nez

(3.26)
+00
+6 Y 2+ a)mlv]}.
m=l+1
Second, we estimate R,. From (2.9), we obtain
- |n] .
fy=2""Im) v (7)%& (e” vy, )9, = 0. (3.27)
nez
Lastly, we estimate £3. Using Young’s inequality, we have
sl =260 3o () )nn|gn<t>||vn|
ne’
(3.28)

<2 30 (Bl + o0 Y 0 (M malgn ol

nez nez

Page 13 of 28
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Then, it follows from (3.21), (3.26)—(3.28) and (2.5) that for [ > 1,
d

= o (W)l ﬁZ( Yot

/ +00
< 70 Zm@mm)u(mnnvn%, +6 3 @+ anmllviy

m=[+1

e 0N " malgu,

[n|>k

which implies that fort e R*, t e R, w e Q and [ > 1,

Z <|k|>nnlvn(Tt t,a)’vr’t”z_eiﬁtzﬂ(%>nnlvr—tm|2

nez nez

<20 Zm(zmm)u(mn / PO us, T - 8,0, v,y ds

(3.29)
+6 Z(zwm)v(mn/ (s, T — £y, v | s
m=I+1
1
e [ e Y igords
ot In|=k
Using (3.18) and (3.29), we get
|n]
> () malitar T = 100,
neZ
2 1 0 2 2
<efreC ”Zﬁ(—)nnmr onl? +X/_ooef“* YN nalguls + T)lds
nez |n|>k
3¢, ! 0
0 —2w
e > m(2+ ) |J(m)| / 2 (s + 7,7 — 1,0, )| ds (3.30)
m=1 -t
+00
+6 Y (2+am)|](m)|/ P2 |lu(s + 7,7 — £,0_c0, ey 2ds
m=[+1
4
ot
i=1

According to u,_; € D(t — t,0_,w) € D and (2.1), there exists T7 = T1(7,w,D, ¢) > 0 such
that for all £ > T7,

£
£ < 2 (3.31)
Using (3.20), we find that there exists N1 = N1(7, w, ¢) > 0 such that for all kK > Ny,
£
£, < 2 (3.32)

Page 14 of 28
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Furthermore, it follows from (2.4) and Lemma 3.4 that there are Ty = T»(t, w, D, ) > 0 and
Ny = No(t,w,¢€) >0 such that for all t > T, and k > N,

€
L= (3.33)
Using (2.4) and Lemma 3.4, we can choose [ = [(¢) large enough and ¢ > 75,
£
S= g (3.34)

Let N(t,w,¢) = max{Ni,N>} and T(t,w,D,&) = max{Ti, T,}. It follows from (3.30)—
(3.34) that forall t > T and k > N,

|7]
D Ml T =00, = 30 ()l T 000w < 6.
|n|>=2k nez
This concludes the proof. O

Next, we show that stochastic system (2.6) has a tempered D-pullback absorbing set as
stated below.

Lemma 3.6 Suppose that (2.2)—(2.5) and (2.8)—(2.11) hold. Then, the continuous cocycle
W associated with system (2.6) has a closed measurable D-pullback absorbing set K, € D,
which is given by, for each t € R and o € Q,

Ko(t,0) = {u € I} : |ull} < Ro(t, )}, (3.35)

where Ro(t,w) is given by

4 0
Ro(t,) = / e 2Olg(s +1)||2ds. (3.36)

o0

Proof Note that K; given by (3.35) is a closed random set in 1,21. Using Lemma 3.4 and (3.7),
we obtain that for every T € R, w € @, and D € D, there exists T3 = T3(7,®,D) > 0 such
that for all £ > T3,

Wo(t, T —£,0_10,D(T — £,0_,0)) C Ko(7, ).

This implies that K pullback attracts all elements in D. Next, we prove that Ko(t,w) is

tempered. Given { >0, T € R and w € 2, we have

EN|Ko(T +1,6,0) |} < € Ro(t +1,6,0)

4e2§r 0 B5-26r0(6) 5
_ s—20rw(s
= /iooe lg(s + 7 + )l ds

4e2§r 0
— eﬂs+2(w(r)—a)(r+s)) ”g(s T+ r)||2dS.
) "
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LetO<a < min{%, %}. By (2.1), for each w € Q, there exists T4 = T4(w) < 0 such that for all

r<Tiands<0,
lo(@)| < —ar, | +s)| < —a(r +s).

Then, we have foreacht e Rand w € Q,

. 2r , _ 4t 0 (B-20)s 2
limsup e’ || Ko(t + 7, 9,a))||n < —5 e lg(s + T + r)||nds

r——00 o0
46(2C—4a)r 0 8
5 2
ST/ eZ’|lg(s + T + 1)l ds
—00
46(2§—4a)r e

6"7/ e%lg(s + )1 2ds,

o]

<
- A
which along with (2.10) and (2.11) implies that

limsup e” || Ko(t +1,6,0)||, = 0.

r——00

On the other hand, it is evident that, for each t € R, Ry(7,-) : @ — R is (F, B(R))-
measurable. Consequently, Ko(7,w) is a closed measurable D-pullback absorbing set for
W, in D. This completes the proof. 0

We are now ready to present the existence and uniqueness of D-pullback attractors for
W

Theorem 3.1 Suppose that (2.2)—(2.5) and (2.8)—(2.11) hold. Then, the continuous cocycle
W associated with system (2.6) has a unique D-pullback attractor Ay = {Ao(t,w): 1T €
RweQleDinl.

Proof The key observation is that Lemma 3.6 demonstrates the existence of a closed mea-
surable D-pullback absorbing set K for Wy, while Lemma 3.5 implies that W is asymptot-
ically null in l% with respect to D. As a result, the existence and uniqueness of D-pullback
attractors Ay can be immediately deduced from Theorem 3.6 in [3]. This completes the
proof. d

4 Wong-Zakai approximation of lattice system

In this section, we propose a Wong-Zakai approximation of solutions for nonautonomous
stochastic Schrodinger system (2.6) by system (2.7). Given § # 0, define a random variable
Gs by

Gs(w) = @, forall w € Q. 4.1)

Using (4.1), we get

_ t t+8 0
Gs(6,0) = @t +9) - () and / gg(ésa))ds:/ @ds+/‘ @ds, (4.2)
8 0 ‘ 1) s O
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which together with the continuity of w implies that for all ¢ € R,

t
lim / Gs(Os)ds = w(2). (4.3)
§—=0 Jg

From [23], we find that this convergence is uniform on a finite interval as stated below.

Lemma4.1 Lett € R,w € Qand T > 0. Then, for every ¢ > 0, there exists § = S(e, T,w,T)>
0 such that for all 0 < |5| < Sandte[t,t+T],

t
’/ Gs(O;w)ds — w(t)| < €.
0

By Lemma 4.1, for all 0 < || < S and ¢ € [t,7 + T}, there exist ¢; = ci(t,w,T) >0 and
§=5(z,w,T) > 0 such that

‘ /0 tgg(esw)ds‘ <c. (4.4)

From (4.3), we see that G5(6;w) is an approximation of the white noise in a sense. Denote
by

Vi, T,0,00) = e~ Jo GG 3y oo u’) with v = g Jo GoCsdsy B (4.5)
Then, we get from (2.7) and (4.5) that

194 AV + 0 = e T BOOBLP 1) 4 e o GO g(r), £ 5, @6
W(t) =1,

System (4.6) is a deterministic functional equation and the nonlinearity in (4.6) is Lips-
chitz continuous from % to /*. Therefore, for every T € R, w € 2 and v% € 2, system (4.6)
has a unique solution v’(-, 7,w,v%) € C([7, 7 + T),*). As shown below, this local solution is
actually defined for all ¢ > . In addition, we find that v*(-, T, w,?) is (F, B({*))-measurable
in € © and continuous in v’ with respect to the norm of /2. Similar to Lemmas 3.1-3.4,
we know for every § # 0, equation (1.2) defines a continuous cocycle W; in l,zl, Givent € R*,
teR weQandu) €, let

t+T
s (t, 1,0, u‘i) =ut+1,7,0 0, ui) = el gsws"“’)dsva(t +7,7,0_ 0, vf).

Lemma 4.2 Suppose that (2.2)—(2.5) and (2.8)—(2.10) hold. For every Tt € R, w € Q and
T > 0, there exist § = 5(t,w, T) > 0, M5 = Ms(t,w, T) > 0 such that for all 0 < |§] < 8 and
t € [t,t + T1, the solution v° of system (4.6) satisfies

t t
S S\112 S SN2 S12 2
Wt zomIE+ [ 17600l <Ml + s [ lg)lids
T T
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Proof Using (4.6), we obtain for every w € 2,

1d -
5 75 2 VAP +Im D (A7 403l

nez nez nez

. t
= e DGO N f 1, )7, + BB Y g, (67,

nez nez

From (2.9), we have

t -
o Ji GsBsrdsy Z Mfa(@, )7 = 0. (4.8)

nez

Similar to (3.9), we obtain

‘Im > A,

nez

<Y /I 112 (4.9)
m=1

As to the last term of (4.7), we get

¢ Jo Gs(6se)ds

Im ) " n,8,(0)7,

nez

A si2, 1 -2 [ G5(6s)ds 2
5Znezznn|vn| + e P GBEOE Tnlg P, (4.10)

nez

It follows from (4.7)—(4.10) and (2.5) that

d A 2 o
2P+ S D P By ma P < e PR BEOET T, (411)

nez nez nez nez

Multiplying (4.11) by e/’ and then integrating over (t,t) with ¢ > 7, we obtain

)\' t
V@, 7,0,V + 5/ IV (s, T, 0,v2) | 2ds

) T: (4.12)
fe_ﬁ(t_r)”Vf—”g] + X/ eﬁ(s—f)e—ZfoSga(elw)dl”g(s)”ids’

T

which together with (4.4) completes the proof. d

Next, we establish uniform estimates of the solutions for stochastic system (2.7) in the
following lemma.

Lemma 4.3 Suppose that (2.2)—(2.5)and (2.8)—(2.10) hold. For every § #0,t € R, w € Q,
and D = {D(t,0): 7 € R,w € Q} € D, there exists T = T(t,w,D,8) > 0 such that for all
t > T, the solution u® of system (2.7) satisfies

A [0 0
4’ (x, 7 = £, 6_ce,ud )% + 5/ P2 GOy (5 7T 1,0 0,0 _) | ds
—t

< Rs(t,w),

where u‘i_t € D(t — t,0_,w), and Rs(t, w) is determined by

4 0
Ry(t,) = + / P52 [ 9ol (s 4 7)|}ds. (4.13)

o0
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Proof Foreveryt € R, € R* and w € , it follows from (4.12) that

)\. T

) 5 2 - ) ) 2

V(2,7 = ,6_c,V)_DII7 + E/ O (5,7 - 1,60_cw,V)_ )| ds
-1

) (4.14)
0
< el + / OGO g 5) | s,

Tt

which along with (4.5) shows that

A [0 0
lu’(z, 7 —t,6_r,u) I} + 3 f P2l GO (s 7T — 1,0 0,1 )| 2ds
—t

0 2 [0 0
< e"g”zf*‘g“(e"")dl||ui7t||§ + X/ P2 ga(elw)dl”g(s + ‘L’)||ids (4.15)
-t

Using (4.1) and the ergodic theory, we get

lim ! /S Gs(Oiw)dl = E(Gs(w)) = 0. (4.16)
0

s—>+o0 §

From (2.10) and (4.16), we obtain
0 0
/ efsr2Js GOl o(g 4 7)|[2ds < +oc. (4.17)
—00

Since u?_, € D(t - t,0_,w) and D € D, we find that there exists T5 = T5(t, w, D, ) > 0 such
that for all £ > T,

0 2 [0 0
e—ﬁt+217t ga(elw)dl”ui,tllz S X/‘ eﬁs+2f5 gﬁ(elu))dl”g(s_'_ 7:)||37ds,

—00

which together with (4.15) and (4.17) concludes the proof. (I

Lemma 4.4 Suppose that (2.2)—(2.5) and (2.8)—(2.11) hold. Then, the continuous cocycle
W, associated with system (2.7) has a closed measurable D-pullback absorbing set Ks =
{Ks(t,w): T € R,w € Q} € D, where forevery t e R and w € Q,

Ks(t,0) = {1’ € I ||} < Rs(, )}, (4.18)
where Rs(t,w) is given by (4.13). Additionally, we have for every t € R and w € €,

lim R (7, ) = Ro(7, ), (4.19)
where Ro(t, ) is given by (3.36).
Proof Note that K given by (4.18) is a closed measurable random set in l%. Given 7 € R,
w € ,and D € D, it follows from Lemma 4.3 that there exists T = T¢(7, w, D, §) such that

for all t > Tg,

\Ilg(t, T - t: e—tw; D(t - t’ e—ta))) g I((S(T’ C()),
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which implies that K pullback attracts all elements in D. Next, we prove K;(t, ) is tem-

pered. Given ¢ >0, T € R and w € 2, we have

e || Ks(t +1,6,0)||2 < €' Rs(t + r,6,0)

= 46;U /0 eﬁ”zfso gﬁ((’“'"’)dlllg(s +T+ r)||%ds
= 46;U /0 ePst2 i gS(Qlw)‘””g(s +T+ r)||%ds.
Using (4.2), we have
2 / ogg(elw)(ﬂ:—z / il)dl 2 /0 %l)dl (4.20)

Since }in(l) f(f %dr =0, there exists §; = §;(w) > 0 such that for all 0 < |§| < §;

2] / w(l)dl’ 4.21)

Let 0 < o < min{2 5,¢}. Similarly, there exists /; between s and s + § such that f 5+ ‘”(1) dl =

w(l1), which along with (2.1) implies that there exists 77 = T7(w) < O such that forall s < T
and |§] <1,

2

l
/ > o )dl‘ o —as (4.22)
Let §, = min{8;, 1}. From (4.20)—(4.22), we get for all 0 < |§| < § and s < T7,

<a-—as+1. (4.23)

According to (4.4), there exist § = 8(w) € (0,8,) and ¢3(w) > 0 such that for all 0 < 8] < &

and 77 <s <0,

@e)dl| < (@),

which along with (4.23) implies that for all 0 < |§| < § and s <0,

0

2 / ga(elw)dz‘ <a—as+ ), (4.24)
s

where c3(w) = 1 + ¢y(w). Using (4.24), we find that for all 0 < |5| <8, s <0 and r <0,

r 0
2 / ga(e,w)dl‘ < + 2’ / g,;(elw)dl‘ <20 +2cs — as — 2ar.
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Consequently, we have for each t e R and w € €,

e2o¢+2cg 0
e |IKs(z +1,6,0)|2 < Te<2€*2°f>’/ ePg(s + T +1)|2ds

00

4, e20t+263

0
B
<2 [ g eniias
; =

42023~ liki

v T g
<2 [ by s
Y . "

which along with (2.10) and (2.11) implies that

limsup e”||Ks(t +7,6,0)||, = 0.

r——00

The convergence of (4.19) can be obtained by Lebesgue’s dominated convergence as in
[23]. This concludes the proof. O

Lemma 4.5 Suppose that (2.2)—(2.5) and (2.8)—(2.10) hold. For every t € R, w € Q and

e >0, there exist § =8(@) >0, T = T(t,w,¢) > 0 and N = N(t,w,¢) > 0 such that for all
t> T and 0 < |8| < 8, the solution u’ of system (2.7) satisfies

3 it T~ 1,60, ) <e,
[n|=N

where u®_, € Ks(t —t,0_,0) with K defined by (4.18).

Proof Let ¥ be the function defined in Lemma 3.5 and y = (y,,) ez With y,, = ﬁ(‘ik')vz. From
(4.6), we have

==2A Z z?('%')nﬂvff - 2Im<Av‘s,y>]7

+2e o GsEs)dsy <f ), y) +2¢Jo Gs(Esrdsy (g(t), y)
n n

3
= —2)»219(%)77”1}%2 + ZS)T(,
i=1

nez

(4.25)

The next step involves separate estimation of 201; (i = 1,2, 3). Using the same calculations
as in (3.24)—(3.26), we have

+00 !
3
] <23 el )| Zﬁ(%)nnwif + 22 D m2+ an)ml V1]
m=1

nez m=1

(4.26)
+6 ) 2+ anlm)|V ]2,

m=l+1
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From (2.9), we have

M, = 2e o 96(9sw>d31m(f(u“, t), y) =0.
n

(4.27)
For the last term of (4.25), we have
|9015] < 2 Jo GsOserds Y (l |)nnlgn(t)llv |
nez k
. 1l 5 1l (4.28)
~ nl 8§12 . 2 -2 [¢ Gs(Osw)ds i 2
S B € LA Ry I Cey ERFACIR
nez nez
Then, it follows from (4.25)—(4.28) and (2.5) that
d |n|
a 20 () miir 8 0 (s
nez
I +00
3co
=< * Zm@ + ) |J ()] ||V6||3, +6 Z Q@ +anlm) v’ ||f, (4.29)
m=1 m=l+1
2 g (Osw)ds 2
+ e 2hGODE S g,
[n|>k
Given t € R*, T € R and w € , integrating (4.29) over (t —t, ), we have
|n| _ |n|
Yoo () mlvir T~k g e Yo (T v,
neZ neZ
< 70 Zm(z +am)|/(m)|/ LN (s, T - 0,0 ) 2ds
m=1
(4.30)

+6 Z(zwm)u(mn/ PN (s, T - 0,V ) ds

m=[+1

2 0
+ X/‘ eﬂ(S—I)+ZfS Gs(Ojw)dl Z N |gn(S)|2dS.
Tt

|n|=k

Replace w in the above inequality by 6_. w, then (4.5) and (4.30) yield that

> (B0l 6000,

nez

cematiamny o (W),

nez

3
c°Zm<2+am>|1(m)| f 2 DO (s v 1,6 0,10, 2ds

+00

+6 Z (2+am)|](m)|/ f‘3+2f 95(91w)dl||u S+T,T—t0_;0,ud u,_ t)||2ds

m=[+1

2 0
+ _/ eﬂs+2fs Gs(Ojw)dl Z nnlgn(s + T)|2d5
Ao |n|>k
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4
- Z N;. (4.31)
i=1
Assuming u,_, € Ks(t — t,0_,0), we get

0 4 [ 0 5.
ml < e_ﬂt+2f—t g5(91w)le / eﬁ5+2fs Qb(Gl_tw)dl”g(s +7— t)”?]ds
—00
(4.32)
-t
< e—ﬁt-f—ng g(;(@lw)dlé eﬂ(s+t)+2f;t g,;(@la))dl”g(s + T)”zds
f— Al - n M

oo

According to (4.24), there exists § > 0 such that for all 0 < |8| <8, s <0 and £ > 0,

0 0
/ ga(e,w)dz‘ + 2’ f ga(e,w)dz‘ < é + 20+ gt— gs, (4.33)

2

—t
/ Gyl <2

which along with (4.32) shows that for all 0 < |§] < 5,

IA

0
4eBt+2 5, GsOydl ot .
——— / eﬂ(s+t)+2fs gé(elw)dl”g(s + T)”?]Vlds

A

(o ¢]

(4.34)

=pt, 38

4e78 g +3c3 —t P
<— e73||g(s+r)||2ds—>0 ast — +00.
A oo K

Thus, there exists Tg = Tg(T,w, €) > 0 such that for all £ > Tg and 0 < || < S,

M <-—. (4.35)

| ™

According to Lemma 4.3 and (4.24), there exists Ty = To(7,®) > 0 such that for all £ > Ty
and 0 < |8] <3,

0
0
/ ePs+2 s GO 054 T T — 1,0, 0, u’i_t)Hf)ds
—t

8 [° :
<5 [ ey oyas (436)
—00

8€%+E3
<
Y

0 s
/ e5llg(s + )|%ds,
-0

which along with (2.10) implies that there exists N3 = N3(t, w, &) > 0 such that for all k >
N3, t>Toand 0< 8] <6,

Ny <—. (4.37)

L)

Using (2.4) and (4.36), we can choose [ = I(¢) large enough such that for all £ > Ty and
0< 18] <3,

Ny < - (4.38)

)
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From (2.10) and (4.24), we find that there exists Ny = N4(t, w, €) > 0 such that for all k > N,
and 0 <[5 <4,

2 0
Ny < Xeg*“/ e Z Nulgn(s + T)ds < —. (4.39)

© |nlzk

)

Let N = max{N3, N,} and T = max{Tg, To}. It follows from (4.31) and (4.35)—(4.39) that for
allt>T,k>Nand0<|8| <3,

|n]
Z 77n|uf,(fyf - tr 9—1'0)’ Mf—_[)|2 =< Zﬁ(7>nn|ui(f, T-— t; 9—1'(1)7 uf—_t)|2 <e.

|n|>2k nez

This concludes the proof. d

As a consequence of Lemmas 4.3—4.5, we obtain the existence and uniqueness of pull-
back attractors for system (2.7) as stated below.

Theorem 4.1 Suppose that (2.2)—(2.5) and (2.8)—(2.11) hold. Then, there exists §=8w)>
0 such that for any 0 < |§| < 8, the continuous cocycle Ws associated with system (2.7) has a
unique D-pullback attractor As = {As(t,0): 1 e R,w e Q} €D in l%.

Proof The proof is quite similar to Theorem 3.1, and the details are left to the reader. [
For the attractor 45 of Ws, we show the uniform compactness in the following theorem.
Theorem 4.2 Suppose that (2.2)—(2.5) and (2.8)—(2.11) hold. For every t € R and w € Q,
there exists § = §(w) > 0 such that U As(z,w) is precompact in lf].
0<|8|<8
Proof Let § = 8(w) be the same number in Theorem 4.1. For every & > 0, one can get that

U As(t,w) has a finite covering of balls of radius less than ¢. Denote by
0<|8|<8

B(t,w)={u’ € L:||u’||} < R(t,w)},
where R(t,w) is defined by

% +c3

0
R(t,w) = / e§5||g(s + z)||§ds. (4.40)

o0

Using (4.13) and (4.24), we get for all 0 < |§] < 5,
Rs(t,0) < R(t,w). (4.41)

Using (4.40)—(4.41), for all 0 < |§] < 5, 7 € R and w € , we obtain Ks(t,w) € B(t,w).
Therefore, for every r e Rand w € 2,

U At c | Ki(r,0) S B(r,0). (4.42)

0<|8|<8 0<|8|<8
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By Lemma 4.5, there exist T19 = T19(7,w,€) > 0 and N5 = N5(7,®,¢) > 0 such that for all
t>Tyand 0<|5] <§,

&
Z 7]n|’4f,(fyf -t,0_0, Mf—,;)|2 =< ) (4.43)

|n|>N5

for any u’_, € K5(t — t,0_,w). Using (4.43) and the invariance of .45, we obtain

2 _ ¢ _
> Ml < o forallu= ez e | Asr,0). (4.44)

[n|>N5 0<|8|<8

We find that (4.42) implies the set {(#,))jy<ns € |J As(t,w)} is bounded in a finite di-

0<[8]<8
mensional space and hence is precompact. This along with (4.44) shows that | J As(zr,w)
0<|8|<8
has a finite covering of balls of radius less than ¢ in l%. This completes the proof. d

5 Upper semicontinuity of pullback attractors
In this section, we will study the limiting of solutions for nonlocal stochastic Schrédinger
lattice system (2.7) as § — 0.

Lemma 5.1 Suppose that (2.2)—(2.5) and (2.8)—(2.10) hold. Let u and u® be the solutions
of (2.6) and (2.7), respectively. For every t € R, w € Q, T > 0 and ¢ € (0,1), there exist
§=8(z,w,T,¢) >0 and My = My(t,0, T) > 0 such that forallt € [t,7 + T] and 0 < |5] < 5,

4 (t, T, w, uf) —u(t, 7,0, u,)ll%

t
) 2 2 52 2
< Ml = 2+ Mae (e P+ 121+ [ lgo)2s).
T

Proof Let v =v° —v, where vand v’ are the solutions of (3.1) and (4.6), respectively. Using
(3.1) and (4.6), we get

1d

) ~ ~ ~n2 _ ( — [T Gs(Osw)d: —w(t) ~
5 dt”V”” + Im(AV,v)" + AV, = (e Jo 9 S—e )Im(g(t), v)7

' (5.1)
+Im (e‘ I ga(asw)dsf(efot GoOslds,p gy _ g=@Of gDy, 1), T/) .
7

Note that
t t ~
Im (e_ Jo ga(ﬁsw)de(efo Qa(9sw)dsv<3 ) — e—w(t)f(ew(t)v, 5, V)
n

t t =
- Im Z T (e’ 13 G5Oserdsf (ol Go(Oserds,p gy _ g (golt)y, t)) 7,

nez

t t t =
—Im Z e JEGs0sw)ds (fn (elo ga(ﬂsw)dsvi ) —file Jo 9sGserds,, t)) 5

ne’z

°t ot -
+Im n, (e— Jo Gs(6sw)ds _ e‘”"”)f,, (el 9osds,, 17T

nez

t -~
+Im Z npe °® (f,,(efo GoOsldsy, 1) — f(e”Dv,, t)) V.

nez

(5.2)
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According to (4.3)—(4.4) and Lemma 4.1, for every ¢ € (0, 1), there exists 83 = 35(t, w, T, €) >
O such that forall0< |§| <3 and t € [t,T + T,

‘e— I8 s 0serds _ o)

<& and ‘efé Gs(Os)ds—w(t) _ 1’ <e. (5.3)
From (2.8)—(2.9) and (5.2)—(5.3), for all 0 < |§| < 83 and ¢ € [t, T + T], we get
‘Im ( o J3 GsCslds o fo G GsMs,p gy _ g0l f (O, p) ];) ‘
n

~ 't o N ~ — ~
<L)l 42> (el POy ()v] + o (£)) 5] + LD S 0|V [T

nez nez nez

~ E rt ) E ot - £
<L|v|2+ Eefo GG | g (8) | o< 112 + Eefo BOOE @)l 1715 + 5 WO
& e & _ ~
+ §||v||§ +5Le “Olv]|? + SLe O (5.4)
Using (5.3), we getforall0< |§| <3 and £ € [t,T + T,
— [EGs(bsw)ds _ ~wl(t) = L .o 1 2
(e i Gattrts _ o) im (g0, 7) | < -l + elg@I2. (55)
n 2 ) "

Similar to (3.9), we have
1m(47,7) | <23 anlromiF;, (5.6)
m=1

Then, according to (5.1) and (5.4)—(5.6), there exists ¢4 > 0 such that for all 0 < |§] < 83 and
telr,t+T]

d ~n2 ~n2 2 5112 2 2
TP < callo + casCI, + VI + IgCON; + a7,

which implies that

t
~ — ~ — S
[F@)II2 < e DY) + cace ™™ / VI + V112 + g + 1 (s)]13)ds.
T

(5.7)

Then, using (5.7), Lemma 3.1 and Lemma 4.2, we find that there exist §4 € (0,83) and
¢s=c¢5(t,w,T)>0suchthatforall0< |§| <8sand t € [t,7 + T

V& 7,0,v0) =, T, 0,v0) |1

¢ (5.8)
" - 5
< O =2+ csee s (lve2 + V22 + / le@I2ds).
T
Notice that, for all ¢ € [z, T + T1,
t
W (t, T, 0,u0) — u(t, T, 0, ;) =elo 9o 0s)ds (v‘s(t, T,0,V) = v(t, T, 0, Vf)>
(5.9)

t
N (e JE G5 Oserds _ e‘”“))v(t, T, 0,v.),
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where v‘f, —eh gfs(esw)dsui and v; = ey, Then (5.3) and (5.8)—(5.9) imply the desired
estimates. O

Finally, we establish the upper semicontinuity of random attractors as § — 0.

Theorem 5.1 Suppose that (2.2)—(2.5) and (2.8)—(2.11) hold. Then, for every t € R and
w € 2,

;II% d[% (AS(T’ (U), AO(T) Cl))) =0.

Proof Let 8, — 0 and uf” — U, in l%. Then, using Lemma 5.1, for all t € R, £ > 0 and
w € 2, we obtain

W, (t, T, 0,ud") — Wo(t, T, 0, u,) in L2 (5.10)
Using (4.18)—(4.19), for all r € R and w € €2, we find that
lim [|K5(7, )]l < Ro(T, ). (5.11)

Then, (5.10)—(5.11), Theorem 4.2 and Theorem 3.1 in [31] imply the desired result. [
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