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estimates provided, that the corresponding regularized solutions converge to the
true solution strongly in £2 uniformly with respect to the space coordinate under
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of the study, numerical results are presented and discussed illustrating the theoretical
findings in terms of accuracy and stability.

MSC: 35K99; 47J06; 47H10; 35K05

Keywords: Backward problem; Biharmonic equation; Polyharmonic problem;
Regularization method; Error estimate

1 Introduction
In this paper, we consider the non-homogeneous biharmonic equation

a4 4 04 .

Ay = ZTZ+23y325‘x2 +‘;TZ =p@,x), inQr:=(0,L)x £2,

u(y,x) = Au(y,x) =0, on X7 :=(0,L) x 952,
9 .

u(L,x) = g(x), au(L,x) =0, in £2,

Au(L,x)=h(x),  5HLx)=0, ing,

(1.1)

where 2 C R, d > 1 is an open bounded domain with a smooth boundary 32, and the
linear source function p € £>(0,L; £2(£2)). In practice, the data g, # € £L2(£2) are noisy and
are represented by the observation data g%, h* € £2(£2) satisfying

¢ _gHL2(Q) = L h”ﬂ(m = (1.2)

here « > 0 is a small positive number representing the level of noise.

There are many papers on different methods for approximating solutions to boundary
value problems for elliptic partial differential equations and most are centered on second
order equations where maximum principles are used to obtain asymptotic estimates for
the error [1-5, 7, 8, 11, 13-15, 17-19]. The theory for elliptic equations of order greater
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than two is less developed [8] (note that such equations arise in physics and in engineering
design and they also appear naturally in many areas of mathematics, including conformal
geometry, and nonlinear elasticity [1, 4, 5]).

The prototypical example of a higher-order elliptic operator, well known from the the-
ory of elasticity, is the biharmonic A? = A(A) = V%, and a more general example is the
polyharmonic operator A? = A(A...A), p > 2. The biharmonic equation arises in many

N

p times
engineering applications such as the deformation of thin plates, the motion of fluids, free

boundary problems, nonlinear elasticity and for historical details we refer the reader to
[2, 3,7, 14] (for a more elaborate history of the biharmonic problem and the relation with
elasticity from an engineering point of view we refer the reader to the survey of Meleshko
(11]).

In 1928, Covrant et al. [6] posed a difference analog for the first boundary value problem
for the homogeneous biharmonic equation

82 82 2
Lu=(22+2%) -0 (1.3)
ay?  Ix?

and proved that the approximate solutions converge to the exact solution as the mesh
is refined (however, no estimates for the error were given). In [10], the authors obtained
necessary and sufficient conditions for existence of a solution for the biharmonic equation
(1.3) in a rectangular domain [0, 7] x [0,L] in the space £2(0, 7). In [9] using a nonlocal
boundary value problem method, convergence of regularized approximation with a priori
parameter choice was proven, provided data noise level tends to zero (however, the authors
did not investigate error estimates). The method of nonlocal boundary value problems for
second order elliptic equations was used by several authors (see [13, 15, 17-19]). There
are many papers on the linear homogeneous case for the biharmonic equation, but, how-
ever, very little is known on regularization theory and numerical simulation for the linear
inhomogeneous case. Our main aim in this paper is to discuss regularized solutions for
problem (1.1). Using the Fourier truncation method introduced in [16], we propose the
regularized solution and give an error estimate.

The paper is organized as follows. In Sect. 2, the formulation of the problem and its ill-
posed property are given. In Sect. 3, stability estimates are proved under a priori condi-
tions on the solution. Numerical results are presented and discussed in Sect. 4 and, finally,
conclusions are summarized in Sect. 5.

2 Preliminaries
2.1 Notations and assumptions
We begin this section by introducing some notations and assumptions that are needed for

our analysis in the next sections.

Definition 2.1 Without loss of generality, we assume that —A has the eigenvalues 2,
(m e N*):

O<A A=Az S oo, (2.1)

and the corresponding eigenelements &,,(x), which form an orthonormal basis in £2($2).
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Definition 2.2 (Hilbert scale space, see [12]) The Hilbert scale space H?, (p > 0) defined
by

HP = {f € LX) ) W2l 6n0)) o) S 00 1 (2:2)
m=1

is equipped with the norm defined by

1 = D A2\ 6m)) o | < 0. (23)
m=1

For a Hilbert space X, we denote by £7(0, L; X) (respectively, C([0, L]; X)) the Banach space
of measurable (respectively, continuous) functions f : [0, L] — X, such that

L 1/p
Il croLix) = </ I/ ) ||1;( d)’) <00, l<p<oo,
0

Ifl zooo,L;x) = €ss sup \Lf@)”x <00, p=00,
0=<y=<L
respectively,
Ifllcoix = sup [fO)], < oc.
0<y<L

Throughout this paper, the function p is perturbed so as to contain errors in the form
of noisy p% € £>(0,L; £L*(£2)) satisfying

|lo*=p ||£°0(0,L;E2([2)) =a. (2.4)

2.2 Mild solution and ill-posed of problem (1.1)
The solution to problem (1.1) can be represented in the form of an expansion in the or-
thogonal series

u,2) = 3 @), With 1) = (40, 2), 6 (3] - (25)

m=1

By considering that the series (2.5) converges and allows a term by term differentiation
(the required number of times), we construct a formal solution to the problem. We obtain
the problems

Ul () = 2hmtil, ) + A2 ¥) = p(3), ¥ €(0,1L),
(L) = gy u, (L) =0, (2.6)
U, (L) = Aptg (L) = hypyy u(L) = At (L) = 0.

Here g,,, h,, and p,,(y) are Fourier coefficients of the expansion according to the orthonor-
mal basis {&,,(x)}uen+ of the functions g(x), i(x) and p(y,x), respectively:

€)=Y gutm®), &) =D hubn(),
m=1

m=1 =
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P,X) =D P()Em ().

m=1

By direct calculation, the solution to problem (2.6) has the form

L — y) sinh(\/A,,(L —
um(y)=cosh(\/E(L_y))gm+( y)SII;g( y))hm

(0)do

L(o = y) cosh(v/Au(o - y))
+ / o o

om(o)do. (2.7)

/ L sinh(y/Am(o - )
Y S/

Substituting the result into (2.5), we obtain the formal solution to problem (1.1).
Next, we give an example which shows that the solution of problem (1.1) does not de-

pend continuously on the final data.

Example For anyj € N*, letg, Zj and p; be as follows:

N

Tt (2.8)
p(,x) = <-&(x), Vye[0,L].

{g,-(x) = ii Ti(x) =0,

Let 7; be the solution of (1.1) with g, Zj and p;. One has

“ﬁi(}” ) “az(n)

=

Z COSh(\/E(L - y))@(x), Sm (x)>£2(9)§m (x)
m=1

£2(2)

o]

L (o —y)cosh(y/Amn(o =) |~
| <

2)\}’” p(o'lx)’gm(x))[}(g) dO’Em(x)

£2(2)

m=1

oo

/L sinh(v/%.(0 — )
T 2nm

(1’5(0!76)! é:m(x)>£2(9) dagm(x)

m=1 £2(2)
&i(x)

cosh(/Ai(L —y))—=
( j J’) ’_A,

£2(2)

L _ . _ —AjL
B / (o y)cos;(kﬁ(a y))eL dot )
y J £2(82)
2\ (L sinh(y/A(o ~ ) e
- do§j(x)

Since z > 0, we have

o -1
% < cosh(z) < ¢, — < sinh(z) < €7, (2.9)

Page 4 of 20
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and it follows that

56,0 >M_/L(L+;)d(,
o Nenar =75 5 ) oy g
IV <L 1 )

— +

2% 2/%

VL 1
> |—+——), 0<y<L. 2.10
=S (3 mE) 0o 210
Hence, we deduce that
1751 oo (0,1:c2(52)) = €ss sup | %(y; -) | £2(2)
O<y<L
> e ( L 1 ) (2.11)
— =+ —=), .
T2 \2h 24 /%
as j — 0o, we see that (for0 <y <L)
Jim (121l c2() + 17l c2)) = O (2.12)

L~ . e L 1
lIm ||I/l]'||£oo(0’L;£2(Q)) > 'llm —_—
j—>o00 j—>o00

25 \2y 2

= +00. (2.13)
Thus our problem is ill-posed in the Hadamard sense in the £2(£2)-norm.

3 Regularization and error estimate

In order to obtain stable numerical solutions, we propose two regularization methods
to solve the problem. As was shown in the previous section, for the linear biharmonic
problem (1.1), its solution (true solution) can be represented as an integral equation which

contains some instability terms. Indeed, we find that the four functions

cosh(y/A,,2),sinh(y/A,.2), z>0,

in (2.7) are unbounded, as functions of the variable m, for y € (0, L). Consequently, small
errors in high frequency components can blow up and completely destroy the solution
for y € (0,L). A natural idea to stabilize the problem is to eliminate all high frequencies
(truncation method) or to replace them by a bounded approximation (quasi-boundary
value method). We introduce two bounded operators as follows:

« For f € C([0,L]; £L*(£2)), we define

o0

QV(“)j’(y,x) = ZI{)EZ)V()/,JC)’Sm(x)>£2(9)€m(x)r (31)

m=1

Page 5 of 20
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where
7 = (1 + y(@)ame™) ™, ¥meN,
and y (@) > 0 is the parameter regularization which satisfies

lim y(a)=0. (3.2)

a—0t

« For f € C([0,L]; £L*(£2)), we define

BYf(y,2) = Y (f(0,), Em(®)) o (%), (3.3)

me'ﬂ';

where
T} := {m e N*|p,, <M.},
and M, > 0 is the parameter regularization which satisfies

11151 M, = +00. (3.4)
3.1 The main results

3.1.1 Result for quasi-boundary value method

Let us consider the following well-posed problem:

A2y @) - Qy(a)pa (%), in Qp,
@) = Ay’ @ =0, on Xy,
~ (3.5)
uV(“)(L,x) = QV(“)g“(x), ( x) = in £2,
A O(L, %) = Q" Ohe (x), Mu” 2 (L,x) =0, inf.
Theorem 3.1 ((QBV) method) Assume that the exact solution u of (1.1) satisfies
2!l zoo 0,50+ (2)) < E1s (3.6)
where p, E1 are positive constants. Choose y («) € (0, 1) such that
lim,_ o+ Y (&) =0,
. a—0 7/( ) ‘ (37)
limg_, o+ ﬁ = finite.
Then the estimate
C()\l,L) o
|67, ) = u@,)] 220 —— +Ey (3.8)
log(y( 1) \v(@)

holds.

Remark3.1 From condition (3.7), if we choose y (&) = a* for some k € (0, 1), then the error

. . . 1-k .
estimate in (3.8) is of order ID‘Z(—L), which tends to zero as @ — 0.
ok

Page 6 of 20
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3.1.2 Result for truncation method
Next, we propose a second regularized solution #“ solving the following problem:

A2y® = BMa pa (y, ), in Qg,
u® = Au* =0, on X,
- Y (3.9)
u*(L,x) =BMeg(x),  H2(Lx)=0, in £,
Au(L,x) = BMa o (), ag;“ (L,x)=0, in£.

Theorem 3.2 ((TR) method). Suppose that the problem (1.1) has a solution u satisfying
llull coo 0,57 (2)) < Ea (3.10)
for some known constant E, > 0. Assume that we can choose M, > 0 such that

]ima40+ Moz =400,

(3.11)
limg_ o+ ccesvVMe = 0.
Then
E,
||uﬂl (y’ ) - M(yr ) ||L‘,2(.Q) =< CeMLa + W (312)
o

Remark 3.2 Let us choose M, = LLZ log*(a™), for some £ € (0,1). Then the hypothesis
lim, aetVMe =0,
is fulfilled and (3.12) is of order

max{ozl‘z peN* (3.13)

|

Theorem 3.3 (Estimate H?) Let us choose My, > 0 such that lim,_, o+ My = 00 and
lir{)l aMge*/mL < 0. (3.14)
a—0*

Assume further that the problem (1.1) has a unique exact solution u satisfying u €
L%°(0, L; HP*9), for p,q > 0. Then, for all y € [0, L], we have

| () — () ”HP(Q)
< COu, L)MEe™Mel o 4 M| ]| oo (0 s a(2))- (3.15)

Remark 3.3 Letany x € (0,1). We choose

log*(ar)
= —>

M, B

00, asw goesto 0",
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Then condition (3.14) is satisfied as @ — 0* and the right-hand side of (3.15) is of order

1

}, p,q>0. (3.16)
3.2 Proof of Theorem 3.1
Problem (3.5) can be rewritten as the following integral equation:

o0

W@ (y,2) = > [cosh” @ (\/am(L - 5)) gl Jm(x)
m=1

[ (L - y)sinh?”® (/2. (L - 9))

2V hom

[ [ (0 —y)cosh” @ (/(o )
/ s

hfn]ém(x)

Pm(0) dO]Sm(x)

i /L sinh? @) (/Z,u(0 - y))
y

M i i

TR pﬁ(a)do}sm(x), (3.17)

1L

3
i

where we define the operators for z > 0

cosh” @ (\/A,,2) := I{)ﬁ‘:) cosh(v/A,2), (3.18)
sinh? @ (y/A,n2) := T/ sinh(y/A,,2), (3.19)

and
gz, = <ga(x)r‘§m(x)>£2(_@)’ hz« = <ha(x)’€':m(x)>llz(9)’
,0;,):1(0') = </0“(x; U): SVn(x)>£2(_Q)'

First, we shall prove some inequalities which will be used in the main part of our proof.
The following lemma is proved directly (we omit the proof).

Lemma 3.1 Forz > 0, we have

(@) |cosh(y/Anz)| < eV, (3.20a)
(b) |sinh(y/Am2)| < V2. (3.20b)

We need the following lemma.

Lemma 3.2 For z € [0, L]. The following estimates hold

@ L :| i

(@) [ecosh” ) (y/Au2)| < |:y(a)log(y(La)) , (3212)
o — L ]f

) |Smhy ( AWIZ)| = [y(a)log(y(La)) ‘ (3210)
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Proof (a) We have

|coshy(°‘)(\/Ez)| = |IV,<D‘)

eJEz e*«/m(L*Z)
< =
L+ y(@)vAmeVrnl y(@)/hy + e ml
e my
(v (@)/Fom + VL) T (y (@) /Ry + eVl T
1
< _. (3.22)
(v (@) /A + eVAnl) I
On other hand, it is easy to see that
1 L
= <
T e = gDy
for 0 < ¢ < Le. Hence if y (@) < Le, then we obtain
1 < L (3.23)
(@) + VAl ™ y (@) log(56s) '
It follows from (3.22) that
1 < [ L ]Z (3.24)
(y (@)D + V)T~ |y (@ )10g(),%) . .
The proof of (b) is similar. This completes the proof of the lemma. d
We are now in a position to prove the theorem.
Proof of Theorem 3.1 Using the triangle inequality, we have
()
||u]/ (.)/’) _u()/")HLZ(Q)
< ||uy(°‘)(y, )- QV("‘)u(y, ) ”LZ(Q) " H ﬁ”(“)u(y, )- ”("J’)HLZ(Q) . (3.25)
A B
We observe that
Q" “u(y,x) = Y [cosh?” (/AL = 9))gm |&m(x)
m=1
[ (L =) sinh” (V7 (L - ) ]
h
+ n; i 2@ m [Em (%)
[ [ (0 =y) cosh” (VR0 - y))
m ” d
3 /y — o) a}sm(x)
o r L .: (O()
Sinh? @ (/7 (0 — ) }
+ pm(0)do |&y(x). (3.26)
}; /y 2 Do
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We first estimate the term A%, Combining with (2.7) and (3.17) we obtain

uy(a)(y’ x) — ay(a)u(y, %)

= Z[coshy(a) (\/E(L —}’)) (ggn —gm)]ém(x)
m=1
2 (- ysmh)’“)(\/_(L )
+;- Wi (he, )]Em(x)
© r AL _ hY @ (o —
5 / (0 —3)cos nwr © I (o) - pm(g))dg]gm(x)
m=1-Y "
2|

i fL sinh” (/7 (0 — 5)
y

W (@) = pm(0)) da}ém(x)-

From Parseval’s relation we obtain

o0
’;47" }2 = 4Z’coshy(“)(\/ﬁ(L —y)) |2’gf‘n —gm‘z
m=1

+4i ( hom h |2
o 2V m "
00 L (@) 2
(0 —y)cosh” ' (VAm(o —9) , 4
) /y - (o10) = pule)) do
| (L sinh?” (T =) .
4 Y (0) = Pm d
) /y S ) p)
= A7 + AT + Af + A7,
Using (3.21a) we have
’A"‘ 4Z’coshy°‘) m(L — y)| ’gm gm‘
r L ‘H%zy 0
2
<4 ————— o -
=@ log(L) | ;‘gm ol
2
ql — = _
- -2
S ; azy
_V(a)log( 7)

where we have used the elementary inequality e* > z, for z > 0 which leads to

L

(@) log( L)

>1,

(3.27)

(3.28)

(3.29)

Page 10 of 20
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and thus it follows that

[ e ] <o, 0sy<lL
y@log L) = y@log(L)
It follows from (3.21b) that
o | L =) sinh” @ (VR (L - ) 2
|A2| :42 2 2om hm|
m=1 m
. Sy o
fi_ - L Z|h‘rxn_
Lyoeh)] &
2L-2y
y L 1 2
<—|— h* —h
M Ly (@) log(75) | I = e
27 L 7?
< | ——0| e (3.30)
M Ly () log(55) ]
Using Holder’s inequality, (3.21a) and (2.4), one has
Ly _ hY @ T (07 — 2
4% - 4 (o =) cosh”' (/X (0 —y)) (0%(0) = pul0)) do
2Am
= (o - y)cosh” @ (Tl =)
§4Z(L—y)/ Y o Y ) |02(0) = pm(0)| do
m=1 y m
20-2y
2 o) 2 2
< |— P2(0) = pulo)| do
1ty Ly(@)log(Ey) ;' (o)
e L
=4t Ly (@) log(E) ErOLLHD)
L L 2
< —2[7L} o, (3.31)
2 Ly@og(L)
Thus from (2.4) and (3.21b), by the Holder inequality, we have
sinh? @ (/A (0 — ¥)) 2
42| = / #(0) - o)) do
’ 4| ; ) 2}\m\/—m ( )
& L hy(a) om0 —
<4y [ [P ) \ 105(0) - pm(o) [ do
o g 2o
< oot -l
<5l | e el
13 Ly (@) log(5t5) £roLee)
L’ L >
< —3[ - } o? (3.32)
A7 Ly (e)log(57)

Page 11 of 20
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Combining (3.28)—(3.32) yields

~ C()xl,L) o

T - L 3.33
R P (3:39)

where C()1,L) is a positive constant that depends on A1, L but it is independent of y and
m. Next we have

Q" “uly, )~ uy,x) = D[] 1) = 1 () )

m=1

It follows from Parseval’s relation that

2

B[ = Q) ~ 0 ) o) = D|TE 0 10 0) = 00|

m=1
> 2 2
= > =T )
m=1
_i V(a)\/)&meml‘ 2|M (y)|2
- 1+ (@) TopeFml |

2
Ko )|

> 1
_ 2
) ; ’ (a)‘ Y (@) A + €l

Using inequality (3.23), we get

’@’z - yz(d)[ L }Zi)\?(lﬂ?)’um@”z
T M Ly(@)log(e) "

Vz(a) 2 2
E 1+2p L ”M”[:oo(o L'Hl”l(ﬂ))
M Ly (@)log(5i) v

C(h,L)E;
< [(I—L)l] , (3.34)
log(m)
for C(A1,L) a positive constant which depends on L and X;. Hence, we get
~ C(A,L)E
B2 < ConDB L) - (3.35)
10g(m)
Combining (3.25), (3.33) and (3.35), we deduce that
C(Aq, L C(r,L)E
“”V(a)()’:‘)—bl(y;')”y(mS ] ( 1L ) ? ) + 1( ! L) 1; (336)
Og(m) vix Og(m)
which leads to (3.8). The proof of Theorem 3.1 is completed. O

3.3 Proof of Theorem 3.2

It is easy to verify the following result.

Page 12 of 20
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Lemma 3.3 Forz > 0and )\, < M*, we have

(@) |cosh(y/an2)| <evM™,

(b) [sinh(y/A2)| < eV,
The solution of the regularized problem (3.9) is given by

u(x) = Y [cosh(yv/am(L - 3))ge]em()

me’]I‘Z
[ (L —y)sinh(VA,(L-Y)),,
+ ZTT_ N hm]sm(x)
[ (" (0 =) cosh(v/Au(o —))
" 2 /y 2
meTy
[ (" sinh(v/An(0 - %)) }
——————pp(0)do & (x).
+ Z _/y i p,(0)do X

By the triangle inequality, one has

””a(y’ ) = uy, ')”LZ(Q)

= ””a(y' ) - BMe u(y, ')||L2(9> + ”ﬁMaM(% ) — u(y, ')”52(9)'

Py (0) do}ém (%)

7 i

It is straightforward to see that

BMeyy(y, %) = Z [cosh(v/Am(L = 9))gm |&m()

meTz
[ (L — y)sinh(y/2,,(L - y))
+ Z i Wi hm]‘ém(x)
meTy
[ [+ (0 =) cosh(v/ Ao —))
" Z /y 2o
meT),
[ [ sinh(v/n(o —))
+ Z _/y Wﬂm(a)da]fm(x)o

Observe that, from (2.7) and (3.2), we get

u®(y,x) — BMe u(y, x)

= Z [cosh(\/)\_muz —)’)) (gf[n _gm)]fm(x)

me’]I‘Z
(L -y)sinh(VAn(L-9)) -,
+ ZT |: Zm (hm - hm):|gm(x)

meT,,

Pm(0) da]“;‘m(x)

(3.37a)

(3.37b)

(3.38)

(3.39)

(3.40)

Page 13 of 20
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L (o = y) cosh(v/Am(o -9)) ,
+ZT[/J, o ycosz)::_a Y (pm(a)—pm(o‘))da]sm(x)
meTy

Lsinh(VAn(0 =),

Using Parseval’s relation coupled with the basic inequality (a + b + ¢ + d)* < 4(a® + b? + ¢* +
c?), we have

T <4 ZA |cosh(y/am(L ~ 9)) (g5 — gm)|”

. 42 (L- y)SII;l:(/«/__(L 7)) (1.~ )

me’H‘;
(o = y) cosh(v/An(o - 7)) 2
o Z/y — Cosz,\m T2 (05(0) ~ pulo)) do
meTy
L h(VAn(o = y)) ., 9
H XT; /y‘ m;){;—d)i_/(pm(a)—Pm(G))da
= +)5 +J5 +5. 5.42)

We first estimate the term J{'. Using (3.37a) and (1.2), one has

e <4 Y g g, 2

T
meTy,

[e¢]
<4y g g,

4e>/ML |’|”g: 8|2y < 4> Meka?, (3.43)
It follows from (3.37b) and (1.2) that
2] <4 21 ol
<22 Y S = PSS
meT,,
ff—;i——iﬂh“-—hﬂﬁz ffffééﬁfff. (3.44)

For J§, applying Holder’s inequality and using (3.37a) coupled with (2.4) we have

(o —y) cosh(v/Am(o =) |*
2

Fl=a Y w-y /

me'ﬂ'[x

|0%(0) = p(o)|* do
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«/_(7
<LZ/(U )’)22 )

me?l‘a

L3 L > 9
< 5 [ |os(0) - puto)| do
1 Y m=1

L3 L 2
< Pesz/ ||pa(~,g)—p(-,0)||£2(9)d6

|

= )\1 p* _'O||[:°°0L£2 = A

Similarly, from (3.37b), (2.4) and Holder’s inequality, we deduce that

INEXDD
me’]I‘:,r,

/L sinh(v/2,,(0 —))
T 2

L g2y/Mg(o

<Y1 / S o) = pe) o

me’]I‘1

2/ My L
§Le /||p () =00 orgen

L2€2“/ My L L2€2“/ ‘MqL )
— .

<=0 -rl; <

= )"? IO p LOO(O,L;[,2(.Q)) —

Combining (3.42)—(3.46), we conclude that
|jz‘| < C(Al,L)e*/AT”La.

Also we have

= 37 100, @) 2 g

meN*\T},

= Z it kzp}”(yx Em( )> (9)’2]

meN*\T},

do

S

<MY 2|00, ) o )|

meNF\T},

—2 2
<M\ ullzooo mr(2))

Combining (3.39), (3.47) and (3.48), we get

E,
”u"‘(y,-)—u(y,-)”ﬂ2 <C(r,L)e FLa+Mp.

This completes the proof of the theorem.

2«/ L 2
2

(P5(0) = pu(e)) do

|0%(0) = p(o)|* do

2

(3.45)

(3.46)

(3.47)

(3.48)

(3.49)
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3.4 Proof of Theorem 3.3

Proof Using the triangle inequality, we deduce that

| () — uly, ')”Hp((z)

= ””a(y") - B ”(y")”Hp(g) + ””(Y’ ) _ﬁMa”(y")”Hp(.o)

From (3.41), we have

|| M“(y: ) - /B;Ma u(y: ) ||§Hp(9)

<4 Z 22| cosh(v/Am(L - 9)) (8% — gm)|”

me’]I‘Z

2

oy | (L =) sinh(VA,,(L-)) ,
+ 4}%;‘? A% o (H2, = h)
L
DI / il COSSEC/E(O =) (P(0) = pm(0)) do
meT,l 4 "

L o h _
£ YA /y %’jf_my”(pz(w—pmm)da

me’]l‘ﬁ;

Using similar arguments to obtaining (3.47), we deduce that
” ut () - B u(y,-) ”HI’(Q) = C()‘I’L)MfzemL“'
Similarly, we infer from (3.48) that

||u(y, ) _ﬁMau(y’ ')“Hp(rz)

= Y 2[00, En0) oy

meNA\TY,

<MY P (u(,%), En®) 2
meN*\T},

| 2

2, 2
< M ull zoo o, Lppra(2))-

Combining (3.50), (3.52) and (3.53), we get

””a(y’ ) — u(y, ')”Hp(sz)

< C(Al,L)Mge‘/AT"‘Lot + M;q ”u”[,OO(O,L;HP*‘I(Q)),
leading as a result to (3.15).

4 Numerical results

2

2

Page 16 of 20

(3.50)

(3.51)

(3.52)

(3.53)

(3.54)

In this section, we provide an example to illustrate how the proposed regularized solution

approximates the exact solution for the biharmonic elliptic problem. Let Q; := (0,1) x
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(0,7), and the problem has the following form:

Ay =-— sin(x)(—2 sin(x) cosh(y — 1)y* + 2 sin(x) cosh(y — 1)*
+ 4sin(x) cosh(y — 1)y + 4sin(x)y* — 6sin(x) cosh(y — 1)

- 8sin(x)y — y* + 4sin(x) + 2cosh(y — 1) + 2y — 1), (4.1)

subject to the conditions given by

u(y,0) = Au(y,0) =0, y€(0,1),
M(y,?’[) = AM()/,?T) =0, VAS (Or 1)’ (4'2)
u(1,x) = —sin(x), g—;‘u(l,x) =0, xe(0,m),
Au(l,x) = 2sin(x), "’(,f—y”(l,x) =0, x€(0,7).

The eigenvalues and eigenvectors of the operator —A depend on the specified boundary
conditions. For the Dirichlet boundary conditions, the eigenvalues are ,, = m? and the

corresponding eigenelements &,,(x) = \/g sin(mx) which form an orthonormal basis in
L£%(0,7).

Then we have the exact solution

u(y,x) = [(y —1)* — cosh(y — 1)] sin(x). (4.3)

Next, we generate the final measurement data with noise by

£%(x) = arand(size(g)) — sin(x),
h*(x) = o rand(size(k)) + 2 sin(x).

(4.4)

For the discretization, a uniform grid of mesh points (x;, ;) is used to discretize the space

and time intervals for i = 1, N, + 1,j = LN, + 1,

(=D (j-1r

1
Ax = 7 i ) =
¥ N, TN, =N,

) Ay =

7
N, ’
The inner product in £2(0, ) can be approximated by the 1-D composite Simpson rule of

numerical integration as

(Nx+1)/2

[ s~ S 3 [t + ) S, (45)

where x; = 1\%’ %0 =0, Xn.41 = TT.
The regularized solution of the problem (4.1)—(4.2) is as follows:

uy(a)(y, x)

= \/gZ[coshy(“) (\/)\_m(l -))g% ] sin(mx)
m=1
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o0 _ . () _
. \/2 5 (1 - y)sinh”@ (V7 y))hi(”:| sin(rix)
T m=1"%

2/ m
2 2T 1 (0 = y)cosh” @ (/Ru(o —y))
o3|
X r 1 . (a) _
s \/%Z; /y’ sinh” (/A (0 y))pf‘n(o)do] sin(mx), (4.6)

0, (0) do] sin(m1x)

2o
2o Fom

where we define the operators for z > 0

cosh” 9 (/huz) = I{)E? cosh(v/A,.2), (4.7)
sinh” @ (\/A,,2) := IZ(WI“) sinh(y/A,.2), (4.8)
and
2 2 .
g, = <g°‘ (%), 4/ — sm(mx)> , n, = <h°’ (%), 4/ — sm(mx)> ,
T £2(0,7) T £2(0,7)

2
pp(0) = <p°‘(x,a), - sin(mx)>
T £2(0,77)

The relative errors are evaluated by

= w207

Err = (4.9)

el 220,

Here, we present graphs illustrating the numerical example, which we are considering.
Table 1 shows that the smaller «, the smaller the error between the exact solution and the
regularized solution, and the errors are acceptable. Specifically, in Fig. 1, we can see the
evaluation results at y = 0.1 and y = 0.3. Moreover, we also show 3D graphs of the exact
and regularized solutions throughout the domain (0, 1) x (0,7) in Fig. 2. Seen from that

point of view, the result of the method of correction is effective.

5 Conclusions

Problem (1.1) was solved using two regularization methods based on problems (3.1) and
(3.2). Convergence and stability estimates, as the noise level tends to zero, are formu-
lated and proved. Numerical examples support the theoretical findings of the paper. In
future work we hope to consider extending the current study to nonlinear sources to

allow for an even wider range of physical applications in for example nonlinear elastic-

ity.

Table 1 The errors between the exact solution and the regularized solution at y = 0.1 and y = 0.3 for
o €{0.1;0.01;0.001}

Errors a=10" a=1072 a=1073

Err(y =0.1) 0.0575122776 0.0335725277 0.0267921267
Err(y =0.3) 0.1107632402 0.0724465656 0.0348216443
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-0.9

(a) The exact solution

Figure 2 3D graphs of the exact and regularized solutions

(b) The regularized solution
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