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Abstract
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1 Introduction
Badea et al. [5] introduced the following operators known as GBS operators associated
with L.

Let I1, I2 ⊆ R be nonempty intervals, and let L : RI1×I2 → R
I1×I2 be a positive linear bi-

variate operator, where R
I1×I2 = {f |f : I1 × I2 → R}. If f (◦,∗) ∈ R

I1×I2 , then the bivariate
operators U : RI1×I2 →R

I1×I2 are defined by

Uf (x, y) = L
(
f (◦, y) + f (x,∗) – f (◦,∗)

)
(x, y), for (x, y) ∈ I1 × I2. (1.1)

In 1934, Karl Bögel [13] introduced the notion of B-continuity and B-differentiability. B-
continuity by means of bivariate mixed difference operator �2 : RI1×I2 →R

I1×I2 is defined
in [12].

We now recall some definitions and results based on B-continuity as follows.

Definition 1.1 A function f ∈R
I1×I2 is B-continuous if, for each (x, y) ∈ I1 × I2,

lim
(u,v)→(x,y)

�u,v[f : x, y] = 0, (1.2)

where �u,v[f : x, y] is the mixed difference defined by

�u,v[f : x, y] = f (u, v) – f (u, y) – f (x, v) + f (x, y).
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If the function f is B-continuous at any point (x, y) ∈ I1 × I2, then it is B-continuous on
the interval I1 × I2.

For any (x, y), (u, v) ∈ I1 × I2, if there exists M > 0 such that

∣
∣�u,v[f : x, y]

∣
∣ ≤ M

holds, then f is B-bounded.

Definition 1.2 A function f ∈R
I1×I2 is said to be uniformly B-continuous if, for any ε > 0,

there exists δ(ε) > 0 such that, for every (x, y), (u, v) ∈ I1 × I2 with |x–u| < δ(ε), |y–v| < δ(ε),
we have

∣∣�u,v[f : x, y]
∣∣ < ε. (1.3)

If f ∈ Cb(I1 × I2) and I1 × I2 ⊆R are compact intervals ofR, then f is uniform B-continuous
on I1 × I2, where Cb(I1 × I2) is the set of B-continuous functions. For more information,
we refer to [35].

Badea et al. [6] proved the following Korovkin type theorem to approximate bivariate
function in the space of Bögel-continuous (B-continuous) functions.

Theorem 1.3 Let {Lm,n} be a sequence of positive linear operators which maps RI1×I2 to
R

I1×I2 such that, for all (x, y) ∈ I1 × I2,
(i) Lm,n(e00; x, y) = L(1, x, y) = 1,

(ii) Lm,n(e10; x, y) = L(u, x, y) = x + um,n(x, y),
(iii) Lm,n(e01; x, y) = L(v, x, y) = y + vm,n(x, y),
(iv) Lm,n(e02 + e20; x, y) = L(u2 + v2, x, y) = x2 + y2 + wm,n(x, y),

where um,n(x, y), vm,n(x, y), and wm,n(x, y) converge uniformly to zero as m, n → ∞. Then the
sequence {Um,nf } converges uniformly to f on I1 × I2 for any f ∈ Cb(I1 × I2), where I1, I2 are
compact intervals of R; and Um,n is a GBS operator associated with Lm,n.

The mixed modulus of continuity is an important tool to approximate degree of B-
continuous functions introduced by Marchaud [25]. Let f ∈ R

I1×I2 and I1, I2 be compact
intervals of R. Then ωmixed : [0,∞) × [0,∞) → [0,∞) is defined by

ωmixed(δ1, δ2) = sup
{∣∣�u,v[f : x, y]

∣∣ : |u – x| < δ1, |v – y| < δ2
}

, (1.4)

for any δ1, δ2 ∈ (0,∞) × (0,∞) and (x, y), (u, v) ∈ I1 × I2.
Badea et al. [5] proved the following Shisha–Mond type theorem (introduced by

Mahmedov [24]) to evaluate the degree of approximation of Bögel-continuous (contin-
uous in Bögel sense) functions using GBS operators.

Theorem 1.4 Let L : Cb(I1 × I2) → Cb(I1 × I2) be a positive linear operator and Uf (x, y)
be the associated GBS operator. Then the following inequality holds for any f ∈ Cb(I1 × I2),
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(x, y) ∈ I1 × I2, and δ1, δ2 ≥ 0:

∣
∣f (x, y) – Uf (x, y)

∣
∣ ≤ ∣

∣f (x, y)
∣
∣
∣
∣1 – L(e00; x, y)

∣
∣ +

{
L(e00; x, y)

+ δ–1
1

√
L
(
(e10 – x)2; x, y

)
+ δ–1

2

√
L
(
(e01 – y)2; x, y

)

+ (δ1δ2)–1
√

L
(
(e10 – x)2; x, y

)
L
(
(e01 – y)2; x, y

)}
ωmixed(δ1, δ2).

Note that ωmixed(δ1, δ2) is a B-continuous function and ωmixed(0, 0) = 0. By the inequality
defined in Theorem 1.4 and the properties of ωmixed(δ1, δ2), it is possible to obtain the
uniform convergence for the sequence introduced by GBS operators.

In [10], Bărbosu defined Schurer–Stancu type GBS operators

Ũα1,β1,α2,β2
m,n,r1,r2 : C[0, 1 + r1] × C[0, 1 + r2] → C[0, 1] × C[0, 1]

as follows:

Ũα1,β1,α2,β2
m,n,r1,r2 f (x, y)

=
m+r1∑

k=0

n+r2∑

l=0

r̃m,k r̃n,l

{
f
(

k + α1

m + β1
, y

)
+ f

(
x,

l + α2

n + β2

)
– f

(
k + α1

m + β1
,

l + α2

n + β2

)}
,

where r1, r2 are nonnegative integers and αi, βi are real parameters with 0 ≤ αi ≤ βi (i =
1, 2). For αi = βi = 0 (i = 1, 2), the above operators reduce to the first GBS operators which
were introduced by Dobrescu and Matei [15]. For detailed study, one can refer to [7, 8],
and [19].

2 q-Bernstein–Schurer–Stancu GBS operators
Quantum calculus (q-calculus) plays an important role in approximation theory. First of
all, the q-calculus was applied by Lupaş on Bernstein polynomials. Then, focusing on
bivariate case, Bărbosu [9] introduced the generalized bivariate Stancu operators, and
many researchers have worked on different operators: Örkcü [32] established the q-Szász–
Mirakjan–Kantorovich bivariate operators; Mursaleen and Ahasan [28] introduced the
Dunkl generalization of Stancu type q-Szász–Mirakjan–Kantorovich operators; Ostro-
vska [33] determined the relation between the theory of q-Bernstein polynomials and limit
q-Bernstein operators. For detailed study, we refer to [3, 6, 11, 14, 20, 34], and [37].

Agrawal et al. [4] introduced the q-Bernstein–Schurer–Stancu operators

Sα,β
n,r : C[0, 1 + r] → C[0, 1]

as follows:

Sα,β
n,r (f ; q; x) =

n+r∑

k=0

[
n + r

k

]

xk
n+r–k–1∏

j=0

(
1 – qjx

)
f
(

[k]q + α

[n]q + β

)
, q ∈ (0, 1), x ∈ [0, 1 + r].

Recently Bărbosu et al. [12] introduced Bernstein–Schurer–Stancu type GBS operators
based on q-integers.
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For any (x, y) ∈ I = [0, 1 + r1] × [0, 1 + r2], the operators

Uα1,β1,α2,β2
m,n,r1,r2 : Cb

(
[0, 1 + r1] × [0, 1 + r2]

) → Cb
(
[0, 1] × [0, 1]

)

associated with Sα1,β1,α2,β2
m,n,r1,r2 are defined as follows:

Uα1,β1,α2,β2
m,n,r1,r2 (f ; q1, q2; x, y) =

m+r1∑

k1=0

n+r2∑

k2=0

[
m + r1

k1

][
n + r2

k2

] m+r1–k1–1∏

s=0

(
1 – qs

1x
)

×
n+r2–k2–1∏

t=0

(
1 – qt

2y
)
xk1 yk2{fk1 + fk2 – fk1 fk2}, (2.1)

where

fk1 (y) = f
(

[k1]q1 + α1

[m]q1 + β1
, y

)
, fk2 (x) = f

(
x,

[k2]q2 + α2

[n]q2 + β2

)

and

fk1 fk2 (x, y) = f
(

[k1]q1 + α1

[m]q1 + β1
,

[k2]q2 + α2

[n]q2 + β2

)
.

The operators (2.1) satisfy the following properties as proved in [12].

Lemma 2.1 Let ei,j : I → I , where I = [0, 1 + r1] × [0, 1 + r2] is the test functions defined by
ei,j(x, y) = xiyj (i, j are nonnegative integers). Then the following equalities hold:

(i) Sα1,β1,α2,β2
m,n,r1,r2 (e0,0; q1, q2; x, y) = e0,0(x, y),

(ii) Sα1,β1,α2,β2
m,n,r1,r2 (e1,0; q1, q2; x, y) = [m+r1]q1 x+α1

[m]q1 +β1
,

(iii) Sα1,β1,α2,β2
m,n,r1,r2 (e0,1; q1, q2; x, y) = [n+r2]q2 y+α2

[n]q2 +β2
,

(iv) Sα1,β1,α2,β2
m,n,r1,r2 (e2,0; q1, q2; x, y) =

([m+r1]2
q1 x2+[m+r1]q1 x(1–x)+2α1[m+r1]q1 x+α2

1 )
([m]q1 +β1)2 ,

(v) Sα1,β1,α2,β2
m,n,r1,r2 (e0,2; q1, q2; x, y) =

([n+r2]2
q2 y2+[n+r2]q2 y(1–y)+2α2[n+r2]q2 y+α2

2 )
([n]q2 +β2)2 .

3 (p, q)-Bernstein–Schurer–Stancu type GBS operators
In 2015 Mursaleen et al. [29] used (p, q)-calculus in approximation theory and defined first
(p, q)-analogue of Bernstein polynomials. Later on this idea was used to generalize several
operators, e.g., [1, 2, 16–18, 21, 26, 27, 30, 31]; for its applications, see [22] and [23].

We now recall some notations on (p, q)-calculus.
For any p > 0 and q > 0, the (p, q) integers [k]p,q are defined as follows:

[k]p,q = pk–1 + pk–2q + pk–3q2 + · · · + pqk–2 + qk–1 =

⎧
⎪⎪⎪⎪⎪⎨

⎪⎪⎪⎪⎪⎩

pk –qk

p–q , when p 
= q 
= 1

kpk–1, when p = q 
= 1

[k]q, when p = 1

k, when p = q = 1

(3.1)

k = 0, 1, 2, 3, 4, . . . .
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Also,

[k]p,q! =
k∏

j=1

[J]p,q = [k]p,q[k – 1]p,q · · · [1]p,q, k = 1, 2, 3, . . . , (3.2)

and
[

n
k

]

p,q

=
[n]p,q!

[k]p,q![n – k]p,q!
, for k = 1, 2, 3, . . . , (3.3)

(ax + by)n
p,q =

n∑

i=0

p
(n–i)(n–i–1)

2 q
i(i–1)

2

[
n
i

]

p,q

(ax)n–i(by)i, (3.4)

(x + y)n
p,q =

n–1∏

i=0

(
pix + qiy

)
= (x + y)(px + qy)

(
p2x + q2y

) · · · (pn–1x + qn–1y
)
. (3.5)

For y = 0, formula (3.5) becomes

(x + 0)n
p,q = p

n(n–1)
2 xn,

(1 – x)n
p,q = (1 – x)(p – qx)

(
p2 – q2x

) · · · (pn–1 – qn–1x
)
. (3.6)

For x = 0, formula (3.6) becomes

(1 – 0)n
p,q = p

n(n–1)
2 .

Now we define some useful notations which are used in this paper. For any nonnegative
integer k, we have

[n + k]p,q = pn[k]p,q + qk[n]p,q, (3.7)

[k]2
p,q = pk–1[k]p,q + q[k]p,q[k – 1]p,q, (3.8)

[k]3
p,q = pk–1qk–1[k]p,q + p[k]2

p,q[k – 1]p,q + qk[k]p,q[k – 1]p,q, (3.9)

[k]4
p,q = p2k–2qk–1[k]p,q + p[k]3

p,q[k – 1]p,q

+ qk[k]2
p,q[k – 1]p,q + pk–1qk[k]p,q[k – 1]p,q. (3.10)

For p = 1 in (3.1)–(3.10) all these reduce to q-analogues.
Now first of all, we construct a (p, q)-analogue of Bernstein–Schurer–Stancu operators

as follows:

Sα,β
n,r (f ; p, q; x) =

1

p
(n+r)(n+r–1)

2

n+r∑

k=0

[
n + r

k

]

p
k(k–1)

2 xk

×
n+r–k–1∏

j=0

(
pj – qjx

)
f
(

pn+r–k[k] + α

[n] + β

)
(3.11)

for any x ∈ [0, 1 + r] and 0 < q < p ≤ 1, where r is a nonnegative integer.
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Lemma 3.1 The operators (3.11) satisfy the following properties for the test functions ei = xi

(i = 0, 1, 2, 3, 4):
(i) Sα,β

n,r (e0; p, q; x) = 1,
(ii) Sα,β

n,r (e1; p, q; x) = [n+r]p,qx+α

[n]p,q+β
,

(iii) Sα,β
n,r (e2; p, q; x) = [n+r]2

p,qx2+pn+r–1[n+r]p,qx(1–x)+2α[n+r]p,qx+α2

([n]p,q+β)2 ,

(iv) Sα,β
n,r (e3; p, q; x) = [n+r]p,qpn+r(p–2–[n+r–1]p,q+3α+3α2)x

([n]p,q+β)3 +
[n+r]p,q[n+r–1]p,q{p2q+pn+r–3[2]p,q+pn+r–pn+r–1[2]p,q+pn+r–2q[2]p,q+3αq}x2

([n]p,q+β)3 +
[n+r]p,q[n+r–1]p,q[n+r–2]p,q{p2q2–pq2+q3}x3+α3

([n]p,q+β)3 .

(v) Sα,β
n,r (e4; p, q; x) = [n+r]p,q{4α3p3(n+r–1)+4αp2(n+r–1)+6α2pn+r–1}x

([n]p,q+β)4 +
[n+r]p,q[n+r–1]p,q{6α2q+pn+r–1+2qp2(n+r–1)+q[2]p,qp2(n+r)–3+4αq(pn+r–1+[2]p,qpn+r–2)}x2

([n]p,q+β)4 +
[n+r]p,q[n+r–1]p,q[n+r–2]p,q{4αpq2(1–p)+4αq3+pq+q([2]p,q+q)pn+r–qpn+r+1+2q3pn+r–1}x3

([n]p,q+β)4 +
[n+r]p,q[n+r–1]p,q[n+r–2]p,q[n+r–3]p,qp4q4x4+α4

([n]p,q+β)4 .

Proof

Sα,β
n,r (e0; p, q; x) =

1

p
(n+r)(n+r–1)

2

n+r∑

k=0

[
n + r

k

]

p
k(k–1)

2 xk
n+r–k–1∏

j=0

(
pj – qjx

)
= 1, (3.12)

Sα,β
n,r (e1; p, q; x) =

1

p
(n+r)(n+r–1)

2

n+r∑

k=0

[n + r]p,q!
[k]p,q![n + r – k]p,q!

p
k(k–1)

2 xk
(

pn+r–k[k]p,q + α

[n]p,q + β

)

×
n+r–k–1∏

j=0

(
pj – qjx

)

=
1

p
(n+r)(n+r–1)

2

n+r∑

k=1

[n + r]p,q!
[k – 1]p,q![n + r – k]p,q!

p
k(k–1)

2 xk pn+r–k

[n]p,q + β

×
n+r–k–1∏

j=0

(
pj – qjx

)
+

α

[n]p,q + β

=
[n + r]p,q

p
(n+r)(n+r–3)

2

n+r∑

k=0

[n + r – 1]p,q!
[k]p,q![n + r – k – 1]p,q!

p
k2–k–2

2 xk+1 1
[n]p,q + β

×
n+r–k–1∏

j=0

(
pj – qjx

)
+

α

[n]p,q + β

=
[n + r]p,qx
[n]p,q + β

+
α

[n]p,q + β
,

Sα,β
n,r (e2; p, q; x) =

1

p
(n+r)(n+r–1)

2

n+r∑

k=0

[n + r]p,q!
[k]p,q![n + r – k]p,q!

p
k(k–1)

2 xk
n+r–k–1∏

j=0

(
pj – qjx

)

×
(

pn+r–k[k]p,q + α

[n]p,q + β

)2

=
1

p
(n+r)(n+r–1)

2

n+r∑

k=0

[n + r]p,q!
[k]p,q![n + r – k]p,q!

p
k(k–1)

2 xk
n+r–k–1∏

j=0

(
pj – qjx

)
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× p2(n+r–k)[k]2
p,q + α2 + 2αpn+r–k[k]p,q

([n]p,q + β)2

=
[n + r]2

p,qx2 + pn+r–1[n + r]p,qx(1 – x) + 2α[n + r]p,qx + α2

([n]p,q + β)2 , (3.13)

Sα,β
n,r (e3; p, q; x) =

1

p
(n+r)(n+r–1)

2

n+r∑

k=0

[n + r]p,q!
[k]p,q![n + r – k]p,q!

p
k(k–1)

2 xk
n+r–k–1∏

j=0

(
pj – qjx

)

× p3(n+r–k)[k]3
p,q + α3 + 3αp2(n+r–k)[k]2

p,q + 3α2pn+r–k[k]p,q

([n]p,q + β)3 . (3.14)

After solving, we get

=
[n + r]p,qpn+r(p–2 – [n + r – 1]p,q + 3α + 3α2)x

([n]p,q + β)3

+
(
[n + r]p,q[n + r – 1]p,q

{
p2q + pn+r–3[2]p,q + pn+r

– pn+r–1[2]p,q + pn+r–2q[2]p,q + 3αq
}

x2)

/
((

[n]p,q + β
)3)

+
[n + r]p,q[n + r – 1]p,q[n + r – 2]p,q{p2q2 – pq2 + q3}x3 + α3

([n]p,q + β)3 .

Finally, we have

Sα,β
n,r (e4; p, q; x)

=
1

p
(n+r)(n+r–1)

2

n+r∑

k=0

[n + r]p,q!
[k]p,q![n + r – k]p,q!

p
k(k–1)

2 xk
n+r–k–1∏

j=0

(
pj – qjx

)

× p4(n+r–k)[k]4
p,q + α4 + 6α2p2(n+r–k)[k]2

p,q + 4αp3(n+r–k)[k]3
p,q + 4α3p(n+r–k)[k]p,q

([n]p,q + β)4 .

By using (3.8), (3.9), and (3.10), we obtain (v). �

Rao and Wafi [36] introduced a (p, q)-analogue of Bivariate–Schurer–Stancu operators
in the following form:

Let I1 × I2 = [0, 1 + r1] × [0, 1 + r2], 0 < q1 < p1 ≤ 1, 0 < q2 < p2 ≤ 1, and m, n ∈ N × N.
Then, for any f ∈ C(I1 × I2), the operators Sα1,β1,α2,β2

m,n,r1,r2 : C(I1 × I2) → C([0, 1] × [0, 1]) are
defined by

Sα1,β1,α2,β2
m,n,r1,r2 (f ; p1, p2, q1, q2; x, y) =

m+r1∑

k1=0

n+r2∑

k2=0

sp1,q1
m,r1,k1

(x)sp2,q2
n,r2,k2

(y)

× f
(

pm–k1 [k1]p1,q1 + α1

[m]p1,q1 + β1
,

pn–k2 [k2]p2,q2 + α2

[n]p2,q2 + β2

)
, (3.15)
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where

sp1,q1
m,r1,k1

(x) =
1

p
(m+r1)(m+r1–1)

2
1

[
m + r1

k1

]

p1,q1

p
k1(k1–1)

2
1 xk1

m+r1–k1–1∏

s=0

(
ps

1 – qs
1x

)
,

sp2,q2
n,r2,k2

(y) =
1

p
(n+r2)(n+r2–1)

2
2

[
n + r2

k2

]

p2,q2

p
k2(k2–1)

2
2 yk2

n+r2–k2–1∏

s=0

(
ps

2 – qs
2y

)
.

In the following, we define a (p, q)-analogue of the bivariate Schurer–Stancu operators
as follows:

Let I1 × I2 = [0, 1 + r1] × [0, 1 + r2], 0 < q1 < p1 ≤ 1, 0 < q2 < p2 ≤ 1, and m, n ∈ N × N.
Then, for any f ∈ C(I1 × I2), the operators Sα1,β1,α2,β2

m,n,r1,r2 : C(I1 × I2) → C([0, 1] × [0, 1]) are
defined by

Sα1,β1,α2,β2
m,n,r1,r2 (f ; p1, p2, q1, q2; x, y)

=
m+r1∑

k1=0

n+r2∑

k2=0

sp1,q1
m,r1,k1

(x)sp2,q2
n,r2,k2

(y)

× f
(

pm+r1–k1 [k1]p1,q1 + α1

[m]p1,q1 + β1
,

pn+r2–k2 [k2]p2,q2 + α2

[n]p2,q2 + β2

)
, (3.16)

where

sp1,q1
m,r1,k1

(x) =
1

p
(m+r1)(m+r1–1)

2
1

[
m + r1

k1

]

p1,q1

p
k1(k1–1)

2
1 xk1

m+r1–k1–1∏

s=0

(
ps

1 – qs
1x

)
,

sp2,q2
n,r2,k2

(y) =
1

p
(n+r2)(n+r2–1)

2
2

[
n + r2

k2

]

p2,q2

p
k2(k2–1)

2
2 yk2

n+r2–k2–1∏

s=0

(
ps

2 – qs
2y

)
.

The operators (3.16) satisfy the following properties.

Lemma 3.2 Let ei,j(x, y) = xiyj, 0 ≤ i, j ≤ 2, be two-dimensional test functions. Then
(i) Sα1,β1,α2,β2

m,n,r1,r2 (e0,0; p1, p2, q1, q2; x, y) = 1,
(ii) Sα1,β1,α2,β2

m,n,r1,r2 (e1,0; p1, p2, q1, q2; x, y) = [m+r1]p1,q1 x+α1
[m]p1,q1 +β1

,

(iii) Sα1,β1,α2,β2
m,n,r1,r2 (e0,1; p1, p2, q1, q2; x, y) = [n+r2]p2,q2 y+α2

[n]p2,q2 +β2
,

(iv) Sα1,β1,α2,β2
m,n,r1,r2 (e2,0; p1, p2, q1, q2; x, y) = [m+r1]p1,q1 (pm+r1–1

1 +2α1)x
([m]p1,q1 +β1)2 + q1[m+r1]p1,q1 [m+r1–1]p1,q1 x2

([m]p1,q1 +β1)2

+ α2
1

([m]p1,q1 +β1)2 ,

(v) Sα1,β1,α2,β2
m,n,r1,r2 (e0,2; p1, p2, q1, q2; x, y) = [n+r2]p2,q2 (pn+r2–1

2 +2α2)y
([n]p2,q2 +β2)2 + q2[n+r2]p2,q2 [n+r2–1]p2,q2 y2

([n]p2,q2 +β2)2

+ α2
2

([n]p2,q2 +β2)2 .

Proof From Lemma 3.1, (i) follows immediately.

Sα1,β1,α2,β2
m,n,r1,r2 (e0,0; p1, p2, q1, q2; x, y)

= Sα1,β1,α2,β2
m,n,r1,r2 (e0; p1, q1; x, y)Sα1,β1,α2,β2

m,n,r1,r2 (e0; p2, q2; x, y) = 1.
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Now for (ii), again from Lemma 3.1, we have

Sα1,β1,α2,β2
m,n,r1,r2 (e1,0; p1, p2, q1, q2; x, y) = Sα1,β1,α2,β2

m,n,r1,r2 (e1; p1, q1; x, y)Sα1,β1,α2,β2
m,n,r1,r2 (e0; p2, q2; x, y)

=
[m + r1]p1,q1 x + α1

[m]p1,q1 + β1
.

Similarly, we obtain (iii).
Further, for (iv), we have

Sα1,β1,α2,β2
m,n,r1,r2 (e2,0; p1, p2, q1, q2; x, y) = Sα1,β1,α2,β2

m,n,r1,r2 (e2; p1, q1; x, y)Sα1,β1,α2,β2
m,n,r1,r2 (e0; p2, q2; x, y)

=
[m + r1]p1,q1 (pm+r1–1

1 + 2α1)x
([m]p1,q1 + β1)2 +

α2
1

([m]p1,q1 + β1)2

+
q1[m + r1]p1,q1 [m + r1 – 1]p1,q1 x2

([m]p1,q1 + β1)2 .

In a similar way, we get (v). �

Now, motivated by q-Bernstein–Schurer–Stancu type GBS operators (2.1), we construct
(p, q)-Bernstein–Schurer–Stancu type GBS operators as follows.

For any (x, y) ∈ I = [0, 1 + r1] × [0, 1 + r2], the (p, q)-Bernstein–Schurer–Stancu type
GBS operators Uα1,β1,α2,β2

m,n,r1,r2 : Cb([0, 1 + r1] × [0, 1 + r2]) → Cb([0, 1] × [0, 1]) associated with
Sα1,β1,α2,β2

m,n,r1,r2 are defined by

Uα1,β1,α2,β2
m,n,r1,r2 (f ; p1, p2, q1, q2; x, y) =

1

p
(m+r1)(m+r1–1)

2
1

1

p
(n+r2)(n+r2–1)

2
2

m+r1∑

k1=0

n+r2∑

k2=0

[
m + r1

k1

]

×
[

n + r2

k2

]

p
k1(k1–1)

2
1 p

k2(k2–1)
2

2

m+r1–k1–1∏

s=0

(
ps

1 – qs
1x

)

×
n+r2–k2–1∏

t=0

(
pt

2 – qt
2y

)
xk1 yk2{fk1 + fk2 – fk1 fk2}, (3.17)

where

fk1 (y) = f
(

pm+r1–k1
1 [k1]p1,q1 + α1

[m]p1,q1 + β1
, y

)
, fk2 (x) = f

(
x,

pn+r2–k2
2 [k2]p2,q2 + α2

[n]p2,q2 + β2

)
,

fk1 fk2 (x, y) = f
(

pm+r1–k1
1 [k1]p1,q1 + α1

[m]p1,q1 + β1
,

pn+r2–k2
2 [k2]p2,q2 + α2

[n]p2,q2 + β2

)
.

Lemma 3.3 Let ψx,ψy : I →R be defined as

ψx(u, v) = |u – x|, ψy(u, v) = |v – y|, for any (u, v) ∈ I and (x, y) ∈ I,

where I = [0, 1 + r1] × [0, 1 + r2]. Then the following equalities hold:

Sα1,β1,α2,β2
m,n,r1,r2

(
ψ2

x ; p1, p2, q1, q2; x, y
)

=
(((pr1

1 – 1)[m]p1,q1 + qm
1 [r1]p1,q1 – β1)x + α1)2 + pm+r1–1

1 [m + r1]p1,q1 x(1 – x)
([m]p1,q1 + β1)2 (3.18)
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and

Sα1,β1,α2,β2
m,n,r1,r2

(
ψ2

y ; p1, p2, q1, q2; x, y
)

=
(((pr2

2 – 1)[n]p2,q2 + qn
2[r2]p2,q2 – β2)y + α2)2 + pn+r2–1

2 [n + r2]p2,q2 y(1 – y)
([n]p2,q2 + β2)2 . (3.19)

Similarly, we have

Sα1,β1,α2,β2
m,n,r1,r2

(
ψ4

x ; p1, p2, q1, q2; x, y
)

=
1

([m]p1,q1 + β1)4 [4α1

{
[m + r1]p1,q1 pm+r1–1

1

(
α2

1p2(m+r1–1)
1 + pm+r1–1

1 +
3
2
α1

)

– α2
1
(
[m]p1,q1 + β1

)
}

x +
{

[m + r1]p1,q1 [m + r1 – 1]p1,q1

(
6α2

1q1

+ pm+r1–1
1

(
1 + 2q1pm+r1–1

1
)

+ q1[2]p1,q1 p2(m+r1)–3
1 + 4α1q1pm+r1–1

1
(
1 + [2]p1,q1 p–1

1
))

– 4
(
[m]p1,q1 + β1

)
[m + r1]p1,q1 pm+r1

1
(
p–2

1 – [m + r1 – 1]p1,q1 + 3α1(1 + α1)
)

+ 6α2
1
(
[m]p1,q1 + β1

)2}x2 +
{

[m + r1]p1,q1 q1[m + r1 – 1]p1,q1 [m + r1 – 2]p1,q1

× (
4α1p1q1(1 – p1) + q2

1
(
4α1 – 2pm+r1–1

1
)

+ p1
(
1 – pm+r1

1
)

+ pm+r1
1

(
[2]p1,q1 + q1

))

– 4[m + r1]p1,q1 [m + r1 – 1]p1,q1

(
[m]p1,q1 + β1

)(
q1

(
p2

1 + 3α1
)

+ pm+r1
1 + [2]p1,q1 pm+r1–3

1
(
1 – p2

1 + q1p1
))

+ 12α1
(
[m]p1,q1 + β1

)2[m + r1]p1,q1

+ 6pm+r1–1
1 [m + r1]p1,q1

(
[m]p1,q1 + β1

)2 – 4α1
(
[m]p1,q1 + β1

)3}x3

+ [m + r1]p1,q1 [m + r1 – 1]p1,q1 [m + r1 – 2]p1,q1 [m + r1 – 3]p1,q1 p4
1q4

1x4 + α4
1

+
(
[m]p1,q1 + β1

)4x4 +
{

–6pm+r1–1[m + r1]p1,q1

(
[m]p1,q1 + β1

)2

– 4
(
[m]p1,q1 + β1

)
[m + r1]p1,q1 [m + r1 – 1]p1,q1 [m + r1 – 2]p1,q1 q2

1
(
p2

1 – p1 + q1
)

– 4
(
[m]p1,q1 + β1

)3[m + r1]p1,q1

}
x4]. (3.20)

Finally, we obtain

Sα1,β1,α2,β2
m,n,r1,r2

(
ψ4

y ; p1, p2, q1, q2; x, y
)

=
1

([n]p2,q2 + β2)4 [4α2

{
[n + r2]p2,q2 pn+r2–1

2

(
α2

2p2(n+r2–1)
2 + pn+r2–1

2 +
3
2
α2

)

– α2
2
(
[n]p,q + β2

)}
y +

{
[n + r2]p2,q2 [n + r2 – 1]p2,q2

(
6α2

2q2

+ pn+r2–1
2

(
1 + 2q2pn+r2–1

2
)

+ q2[2]p,qp2(n+r2)–3
2 + 4α2q2pn+r2–1

2
(
1 + [2]p2,q2 p–1

2
))

– 4
(
[n]p2,q2 + β2

)
[n + r2]p2,q2 pn+r2

2
(
p–2

2 – [n + r2 – 1]p2,q2 + 3α2(1 + α2)
)

+ 6α2
2
(
[n]p2,q2 + β2

)2}y2 +
{

[n + r2]p2,q2 [n + r2 – 1]p2,q2 [n + r2 – 2]p2,q2

× q2
(
4α2p2q2(1 – p2) + q2

2
(
4α2 – 2pn+r2–1

2
)

+ p2
(
1 – pn+r2

2
)

+ pn+r2
2

(
[2]p2,q2 + q2

))

– 4[n + r2]p2,q2 [n + r2 – 1]p2,q2

(
[n]p2,q2 + β2

)(
q2

(
p2

2 + 3α2
)

+ pn+r2
2

+ [2]p2,q2 pn+r2–3
2

(
1 – p2

2 + q2p2
))

+ 12α2
(
[n]p2,q2 + β2

)2[n + r2]p2,q2
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+ 6pn+r2–1
2 [n + r2]p2,q2

(
[n]p2,q2 + β2

)2 – 4α
(
[n]p2,q2 + β2

)3}y3

+ [n + r2]p2,q2 [n + r2 – 1]p2,q2 [n + r2 – 2]p2,q2 [n + r2 – 3]p2,q2 p4
2q4

2y4

+ α4
2 +

(
[n]p2,q2 + β2

)4y4 +
{

–6pn+r2–1[n + r2]p,q
(
[n]p2,q2 + β2

)2

– 4
(
[n]p2,q2 + β2

)
[n + r2]p,q[n + r2 – 1]p,q[n + r2 – 2]p,q

× q2
2
(
p2

2 – p2 + q2
)

– 4
(
[n]p2,q2 + β2

)3[n + r2]p2,q2

}
y4]. (3.21)

Proof By definition of ψx, ψy and the linearity of Sα1,β1,α2,β2
m,n,r1,r2 , we obtain the results (3.18),

(3.19), (3.20), and (3.21). �

Theorem 3.4 Let p1 = pm
1 , p2 = pn

2 and q1 = qm
1 , q2 = qn

2 such that

lim
m→∞ pm

1 = lim
m→∞ qm

1 = lim
n→∞ pn

2 = lim
n→∞ qn

2 = 1 with lim
r1→∞ pr1

1 = lim
r2→∞ pr2

2 = 1.

Then the sequence {Uα1,β1,α2,β2
m,n,r1,r2 } converges uniformly to f for any f ∈ Cb(I) on the interval

[0, 1] × [0, 1].

Proof The new operators are linear and positive in view of linearity and positivity of q-
Bernstein–Schurer–Stancu operators on [0, 1] × [0, 1]. Now we have to prove that the
(p, q)-Bernstein–Schurer–Stancu operators satisfy the hypotheses of Theorem 1.3. By
Lemma 3.2 (i), we have

Sα1,β1,α2,β2
m,n,r1,r2 (e0,0; p1, p2, q1, q2; x, y) = 1.

That is, condition (i) of Theorem 1.3 verified.
From the second condition (ii) of Lemma 3.2, we have

Sα1,β1,α2,β2
m,n,r1,r2 (e1,0; p1, p2, q1, q2; x, y)

= x +
((pr1

1 – 1)[m]p1,q1 + qm
1 [r1]p1,q1 – β1)x + α1

[m]p1,q1 + β1
, (3.22)

i.e., condition (ii) of Theorem 1.3 is verified with

um,n(x, y) =
((pr1

1 – 1)[m]p1,q1 + qm
1 [r1]p1,q1 – β1)x + α1

[m]p1,q1 + β1
.

In a similar way, we get

Sα1,β1,α2,β2
m,n,r1,r2 (e0,1; p1, p2, q1, q2; x, y)

= y +
((pr2

2 – 1)[n]p2,q2 + qn
2[r2]p2,q2 – β2)y + α2

[n]p2,q2 + β2
, (3.23)

where

vm,n(x, y) =
((pr2

2 – 1)[n]p2,q2 + qn
2[r2]p2,q2 – β2)y + α2

[n]p2,q2 + β2
.
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From statements (iv) and (v), again by applying Lemma 3.2, we obtain

Sα1,β1,α2,β2
m,n,r1,r2 (e2,0 + e0,2; p1, p2, q1, q2; x, y) = x2 + y2 + ωm,n(x, y), (3.24)

where

ωm,n(x, y)

=
((

[m + r1]2
p1,q1 –

(
[m]p1,q1 + β1

)2)x2 + pm+r1–1
1 [m + r1]p1,q1 x(1 – x)

+ 2α1x[m + r1]p1,q1 + α2
1
)
/
((

[m]p1,q1 + β1
)2)

+
((

[n + r2]2
p2,q2 –

(
[n]p2,q2 + β2

)2)y2 + pn+r2–1
2 [n + r2]p2,q2 y(1 – y)

+ 2α2y[n + r2]p2,q2 + α2
2
)
/
((

[n]p2,q2 + β2
)2).

From (3.22), (3.23), (3.24), and the hypotheses of Theorem 3.4, it follows that

lim
m,n→∞ um,n(x, y) = lim

m,n→∞ vm,n(x, y) = lim
m,n→∞ωm,n(x, y) = 0

uniformly on [0, 1] × [0, 1].
The desired uniform convergence is verified as a consequence of Theorem 1.3. �

In the next result, we express the degree of approximation of B-continuous functions f
by using (p, q)-GBS operators.

Theorem 3.5 For any f ∈ Cb(I) and (x, y) ∈ [0, 1] × [0, 1], the following estimation holds
true:

∣∣f (x, y) – Uα1,β1,α2,β2
m,n,r1,r2 (f ; p1, p2, q1, q2; x, y)

∣∣ ≤ 9
4
ωmixed(δ1, δ2), (3.25)

where

δ1 =
1

[m]p1,q1 + β1

×
√

4 max
x∈[0,1]

(((
pr1

1 – 1
)
[m]p1,q1 + qm

1 [r1]p1,q1 – β1
)
x + α1

)2 + pm+r1–1
1 [m + r1]p1,q1

(3.26)

and

δ2 =
1

[n]p2,q2 + β2

×
√

4 max
y∈[0,1]

(((
pr2

2 – 1
)
[n]p2,q2 + qn

2[r2]p2,q2 – β2
)
y + α2

)2 + pn+r2–1
2 [n + r2]p2,q2 .

(3.27)
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Proof By applying Theorem 1.3, since Sα1,β1,α2,β2
m,n,r1,r2 is a constant reproducing operator, we

have

∣
∣f (x, y) – Uα1,β1,α2,β2

m,n,r1,r2 (f ; p1, p2, q1, q2; x, y)
∣
∣

≤
{

1 + δ–1
1

√
Sα1,β1,α2,β2

m,n,r1,r2

(
ψ2

x ; p1, p2, q1, q2; x, y
)

+ δ–1
2

√
Sα1,β1,α2,β2

m,n,r1,r2

(
ψ2

y ; p1, p2, q1, q2; x, y
)

+ δ–1
1 δ–1

2

√
Sα1,β1,α2,β2

m,n,r1,r2

(
ψ2

x ; p1, p2, q1, q2; x, y
)
Sα1,β1,α2,β2

m,n,r1,r2

(
ψ2

y ; p1, p2, q1, q2; x, y
)}

× ωmixed(δ1, δ2) (3.28)

for any δ1, δ2 ≥ 0.
Since, for any (x, y) ∈ [0, 1] × [0, 1],

x(1 – x) ≤ 1
4

and y(1 – y) ≤ 1
4

.

Then

Sα1,β1,α2,β2
m,n,r1,r2

(
ψ2

x ; p1, p2, q1, q2; x, y
) ≤ 1

2
δ1, (3.29)

Sα1,β1,α2,β2
m,n,r1,r2

(
ψ2

y ; p1, p2, q1, q2; x, y
) ≤ 1

2
δ2, (3.30)

where δ1, δ2 are defined in (3.26) and (3.27), respectively. Thus, from (3.28), (3.29), and
(3.30), we obtain the desired result. �

Remark 3.6 Suppose p1 = pm
1 , q1 = qm

1 and p2 = pn
2 , q2 = qn

2 such that

lim
m→∞ pm

1 = lim
m→∞ qm

1 = 1, lim
n→∞ pn

2 = lim
n→∞ pn

2 = 1 and lim
r1→∞ pr1

1 = lim
r2→∞ pr2

2 = 1.

Then

lim
m→∞ δ1 = 0 and lim

n→∞ δ2 = 0.

It directly follows from (3.25) that the sequence {Uα1,β1,α2,β2
m,n,r1,r2 f }m,n∈N converges uniformly

to f for any f ∈ Cb(I) on [0, 1] × [0, 1].

Let LipM(γ1,γ2) (γ1,γ2 ∈ (0, 1]) be a Lipschitz class defined by

LipM(γ1,γ2)

=
{

f ∈ Cb(I) : �u,v[f : x, y] ≤ M|u – x|γ1 |v – y|γ2 , (u, v), (x, y) ∈ [0, 1] × [0, 1]
}

.

Theorem 3.7 Let f ∈ LipM(γ1,γ2). Then, for any M > 0 and γ1,γ2 ∈ (0, 1], we have

∣
∣f (x, y) – Uα1,β1,α2,β2

m,n,r1,r2 (f ; p1, p2, q1, q2; x, y)
∣
∣ ≤ Mδ

γ1
2

1 δ
γ2
2

2 . (3.31)
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Proof By the definition of the operators Uα1,β1,α2,β2
m,n,r1,r2 and linearity of the operators

Sα1,β1,α2,β2
m,n,r1,r2 , we obtain

Uα1,β1,α2,β2
m,n,r1,r2 (f ; p1, p2, q1, q2; x, y) = Sα1,β1,α2,β2

m,n,r1,r2

(
f (x, v) + f (u, y) – f (u, v); p1, p2, q1, q2; x, y

)

= Sα1,β1,α2,β2
m,n,r1,r2

(
f (x, y) – �u,v[f : x, y]; p1, p2, q1, q2; x, y

)

= f (x, y)Sα1,β1,α2,β2
m,n,r1,r2 (e00; p1, p2, q1, q2; x, y)

– Sα1,β1,α2,β2
m,n,r1,r2

(
�u,v[f : x, y]; p1, p2, q1, q2; x, y

)
.

By the hypothesis, we get

∣∣f (x, y) – Uα1,β1,α2,β2
m,n,r1,r2 (f ; p1, p2, q1, q2; x, y)

∣∣

≤ Sα1,β1,α2,β2
m,n,r1,r2

(
�u,v[f : x, y]; p1, p2, q1, q2; x, y

)

≤ MSα1,β1,α2,β2
m,n,r1,r2

(|u – x|γ1 |v – y|γ2 ; p1, p2, q1, q2; x, y
)

= MSα1,β1,α2,β2
m,n,r1,r2

(|u – x|γ1 ; p1, q1; x
)

× Sα1,β1,α2,β2
m,n,r1,r2

(|v – y|γ2 ; p2, q2; y
)
.

By using Hölder’s inequality with s1 = 2
γ1

, t1 = 2
2–γ1

and s2 = 2
γ2

, t2 = 2
2–γ2

, we have

∣
∣f (x, y) – Uα1,β1,α2,β2

m,n,r1,r2 (f ; p1, p2, q1, q2; x, y)
∣
∣ ≤ M

(
Sα1,β1,α2,β2

m,n,r1,r2

(
(u – x)2; p1, q1; x

)) γ1
2

× (
Sα1,β1,α2,β2

m,n,r1,r2 (e0; p1, q1; x)
) 2–γ1

2

× (
Sα1,β1,α2,β2

m,n,r1,r2

(
(v – y)2; p1, q1; y

)) γ2
2

× (
Sα1,β1,α2,β2

m,n,r1,r2 (e0; p1, q1; y)
) 2–γ2

2 .

Considering Lemma 3.2, we get the degree of local approximation for B-continuous func-
tions f ∈ LipM(γ1,γ2). �

4 Degree of approximation of B-differentiable functions
In this section, we consider the case of B-differentiable functions. Note that a function
f : R →R is called B-differentiable if, for each (x, y) ∈R, the following equality holds:

lim
(u,v)→(x,y)

�u,v[f : x, y]
(u – x)(v – y)

= DBf < ∞, (4.1)

where DBf is a B-derivative of f .
The mixed modulus of smoothness ωmixed : [0,∞) × [0,∞) → [0,∞) is defined as fol-

lows.

Definition 4.1 For any δ1, δ2 ∈ [0,∞) × [0,∞) and for all (x, y), (u, v) ∈ I1 × I2,

ωmixed(δ1, δ2) = sup
{∣∣�u,v[f : x, y]

∣
∣ : |u – x| ≤ δ1, |v – y| ≤ δ2

}
. (4.2)
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In [5], Badea et al. proved the following Shisha–Mond type theorem for B-differentiable
functions by using GBS operators. In what follows, we try to prove this result by using
(p, q)-GBS operators.

Theorem 4.2 Let L : Cb(I1 × I2) → Cb(I1 × I2) be a positive linear operator and Uf (x, y)
be the associated GBS operator. Then the following inequality holds for any f ∈ Cb(I1 × I2),
(x, y) ∈ I1 × I2, and δ1, δ2 ≥ 0:

∣
∣f (x, y) – Uf (x, y)

∣
∣ ≤ ∣

∣f (x, y)
∣
∣
∣
∣1 – L(e00; x, y)

∣
∣

+ 3‖DBf ‖∞
√

L
(
(e10 – x)2; x, y

)
L
(
(e01 – y)2; x, y

)

+
{√

L
(
(e10 – x)2; x, y

)
L
(
(e01 – y)2; x, y

)

+ δ–1
1

√
L
(
(e10 – x)4; x, y

)
L
(
(e01 – y)2; x, y

)

+ δ–1
2

√
L
(
(e10 – x)2; x, y

)
L
(
(e01 – y)4; x, y

)

+ (δ1δ2)–1L
(
(e10 – x)2; x, y

)
L
(
(e01 – y)2; x, y

)}
ωmixed(DBf ; δ1, δ2).

Theorem 4.3 Let Uα1,β1,α2,β2
m,n,r1,r2 be a GBS operators associated with Sα1,β1,α2,β2

m,n,r1,r2 and f has a
bounded B-derivative DBf . Then the following inequality holds:

∣∣f (x, y) – Uα1,β1,α2,β2
m,n,r1,r2 (f ; p1, p2, q1, q2; x, y)

∣∣

≤ M
√

([m]p1,q1 + β1)([n]p2,q2 + β2)

× {‖DBf ‖∞ + ωmixed
(
DBf ;

(
[m]p1,q1 + β1

)–1/2,
(
[n]p2,q2 + β2

)–1/2)}.

Proof Since f ∈ Cb(I), we have

�u,v[f : x, y] = (u – x)(v – y)DBf (λ,μ), with x < λ < u; y < μ < v,

where

DBf (λ,μ) = �u,vDBf (λ,μ) + DBf (λ, y) + DBf (x,μ) – DBf (x, y).

Since DBf ∈ B(I), we can write

∣∣Sα1,β1,α2,β2
m,n,r1,r2

(
�u,v[f : x, y]; p1, p2, q1, q2, x, y

)∣∣

≤ Sα1,β1,α2,β2
m,n,r1,r2

(|u – x||v – y|ωmixed
(
DBf ; |λ – x|, |μ – y|); p1, p2, q1, q2; x, y

)

+ 3‖DBf ‖∞Sα1,β1,α2,β2
m,n,r1,r2

(|u – x||v – y|; p1, p2, q1, q2; x, y
)
. (4.3)

Since the mixed modulus of smoothness is nondecreasing, we have

ωmixed
(
DBf ; |λ – x|, |μ – y|) ≤ ωmixed

(
DBf ; |u – x|, |v – y|)

≤ (
1 – δ–1

1 |u – x|)(1 – δ–1
2 |v – y|)ωmixed(DBf ; δ1, δ2).
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Now substituting in inequality (4.3), by linearity of the operators Sα1,β1,α2,β2
m,n,r1,r2 and by the

Cauchy–Schwarz inequality, we obtain

∣∣f (x, y) – Uα1,β1,α2,β2
m,n,r1,r2 (f ; p1, p2, q1, q2; x, y)

∣∣

=
∣
∣Sα1,β1,α2,β2

m,n,r1,r2

(
�u,v(f ; x, y)

)∣∣

≤ 3‖DBf ‖∞
√

Sα1,β1,α2,β2
m,n,r1,r2

(
ψ2

x ; p1, p2, q1, q2; x, y
)
Sα1,β1,α2,β2

m,n,r1,r2

(
ψ2

y ; p1, p2, q1, q2; x, y
)

+
[√

Sα1,β1,α2,β2
m,n,r1,r2

(
ψ2

x ; p1, p2, q1, q2; x, y
)
Sα1,β1,α2,β2

m,n,r1,r2

(
ψ2

y ; p1, p2, q1, q2; x, y
)

+ δ–1
1

√
Sα1,β1,α2,β2

m,n,r1,r2

(
ψ4

x ; p1, p2, q1, q2; x, y
)
Sα1,β1,α2,β2

m,n,r1,r2

(
ψ2

y ; p1, p2, q1, q2; x, y
)

+ δ–1
2

√
Sα1,β1,α2,β2

m,n,r1,r2

(
ψ2

x ; p1, p2, q1, q2; x, y
)
Sα1,β1,α2,β2

m,n,r1,r2

(
ψ4

y ; p1, p2, q1, q2; x, y
)

+ (δ1δ2)–1Sα1,β1,α2,β2
m,n,r1,r2

(
ψ2

x ψ2
y ; p1, p2, q1, q2; x, y

)]
ωmixed(DBf ; δ1, δ2).

By using the following equality for (x, y), (u, v) ∈ I1 × I2:

Sα1,β1,α2,β2
m,n,r1,r2

(
(u – x)2i(v – y)2j; x, y

)
= Sα1,β1,α2,β2

m,n,r1,r2

(
(u – x)2i; x, y

)

× Sα1,β1,α2,β2
m,n,r1,r2

(
(v – y)2j; x, y

)
,

i, j = 1, 2, from (3.29), (3.30), and Lemma 3.3, for any (x, y) ∈ [0, 1] × [0, 1], we get the re-
sult. �

Remark 4.4 For p = 1, all the above results reduce to q-analogues and for p = q = 1 these
results further reduce to the classical ones.
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